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Abstract

For a one-parameter family of lower triangular matrices with entries involving continuous g-
ultraspherical polynomials we give an explicit lower triangular inverse matrix, with entries involving again
continuous g-ultraspherical functions. The matrices are g-analogues of results given by Cagliero and Koorn-
winder recently. The proofs are not g-analogues of the Cagliero—Koornwinder case, but are of a different
nature involving g-Racah polynomials. Some applications of these new formulas are given. Also the limit
B — 0is studied and gives rise to continuous g-Hermite polynomials for0 < ¢ < 1 and ¢ > 1.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In [12] Koelink, van Pruijssen and Roméan needed to invert a lower triangular matrix with en-
tries involving Gegenbauer (or ultraspherical) polynomials. The solution was given by Cagliero
and Koornwinder [5] in the wider context of a two-parameter family of lower triangular matrices
involving Jacobi polynomials. The inverse of this matrix is given in terms of Jacobi polynomials
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as well. Cagliero and Koornwinder [5] solved this problem using the Rodrigues formula for the
Jacobi polynomials and some variations on the product rule. Thereafter Koelink, de los Rios and
Roman [10] used the results of Cagliero and Koornwinder [5] with an extra free parameter.

In this paper we give a partial g-analogue of the result of Cagliero and Koornwinder [5]. In a
forthcoming paper [1], which is a quantum analogue of [11,12], the main Theorem 1.1 is used to
obtain an inverse of a lower triangular matrix with entries involving continuous g-ultraspherical
polynomials. Theorem 1.1 gives the inverse of this matrix in a more general situation. Theo-
rem 1.1 is the main result of this paper.

Theorem 1.1. Let 8 € C\ {0}, B # q% for k € Z. Define doubly infinite lower triangular
matrices LP(x) and MP (x) by

1
(B24%"; @)m—n
ﬁmfnq(mfl)(mfn)
B2
where m,n € Z and C,(x; B|q) are the continuous q-ultraspherical polynomials defined in

Section 2 for all B. Then MPB(x) and LP(x) are each other’s inverse, i.e. LP(x)MP(x) = I =
M’S(x)Lﬂ(x), where Ly n = 8., i the identity.

L (O mn = Cn—n(x; Bq"lq), n <m,

MP () pn = Conn(x; B¢ ™™ q), n <m,

The proof of Theorem 1.1 is given in Section 3.

Theorem 1.1 has a finite dimensional analogue, because the entries of L#M# only involve
finite sums of continuous g-ultraspherical polynomials. From Theorem 1.1 we have the following
corollary.

Corollary 1.2. For a non-negative integer N and € C \ {0} such that 8 # q*% for k =
0,1,...,2N — 2. Define lower triangular matrices LP (x) and MP (x)

1
(ﬂzqz"; Qm—n
,Bm—nq(m—l)(m—n)
B> @mn

Then MP (x) and LB (x) are each others inverse, i.e. LBE(x)MP(x) = I = MP(x)LP(x), where
1 is the identity matrix.

LP(mn = Cn—n(x; Bq"lq), 0<n<m<N

MP () = Cnn(x; B¢ ™q), O0<n<m<N.

The proof of Theorem 1.1 is not a straightforward g-analogue of the proof given by Cagliero
and Koornwinder [5]. The proof uses g-Racah polynomials and does not use Rodrigues formulas
or product rules of differentials which are the essential ingredients for the proof in [5]. In
particular, the ¢ — 1 limit of the proof presented here gives an alternative proof of the special
case ¢ = f of Cagliero and Koornwinder [5].

The coefficients of ¢'*? of products of two continuous g-ultraspherical polynomials are com-
puted and we express the coefficients in terms of terminating balanced basic hypergeometric
series 4¢3. For certain parameters this series transforms to a g-Racah polynomial. The orthogo-
nality relations of the g-Racah polynomials then lead to Theorem 1.1. The proof of Theorem 1.1,
for g — 1, gives an interesting new proof of [5, Theorem 4.1] in the special case « = §, showing
that the coefficients of e’*? of products of certain Gegenbauer polynomials are actually Racah
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polynomials. The entries of the matrix identity L(x)M (x) = I in [5, Theorem 4.1] correspond
to orthogonality relations of Racah polynomials, see Example 4.1.

In Section 5 we study matrices L? and M# for Theorem 1.1 for a suitable limit  — 0.
The entries of L? become continuous ¢-Hermite polynomials and the entries of M? converge to
continuous ¢ ~!-Hermite polynomials as 8 — 0.

We emphasise again that our proof is different than the proof of Cagliero and Koornwinder [5].
It is possible to extend the proof of Cagliero and Koornwinder [5] to a g-analogue for certain
polynomials in the g-Askey scheme [9]. For example [5, Lemma 5.1] has a g-analogue for the
g-derivative operator [6, Exercise 1.12]. Then with the use of Rodrigues’ formula and suitable
parameters for the orthogonal polynomials it is possible to find ¢g-analogues for [5, (4.1), (4.2)].
The author was able to extend [5, (4.1), (4.2)] to the little g-Jacobi polynomials. However these
results involve different g-shifts in the x of the polynomials and do not seem to lead to a result
similar to Theorem 1.1 or [5, Theorem 4.1]. Also Cagliero and Koornwinder [5] were motivated
by [4,12] to extend their formulas to a two parameter family of Jacobi polynomials. We lack this
motivation and therefore decided not to include these results for the little g-Jacobi polynomials
in this paper. We did not extend the results to other families of polynomials.

2. Preliminaries

We recall some facts on basic hypergeometric series and related polynomials, see Gasper and
Rahman [6] and Koekoek, Lesky and Swarttouw [9]. We fix 0 < ¢ < 1 and we follow notation
of [6].

For B € C, the continuous g-ultraspherical polynomials are given by

. (B D (B; Dn—k ol (=200
C(x; = —_— = 0), 2.1
(i Pla) = % (45 Dr(; @n—k ¥ = co® ey

see [6, Exercise 1.28] and [9, § 14.10]. Notice that the continuous g-ultraspherical polyno-
mials are defined for all 8. A generating function for the continuous g-ultraspherical polyno-
mials is

(Bte'?, pte™?; q)oo
(telgate 107 Q)oo

Zc (x; Blg)t" = : 22)

n=0
where |t| < 1 and x = cos(9) € [—1, 1], see [6, Exercise 1.29] and [9, (14.10.27)].
For«, B,y,8 € Rsuch that go = gV, B8q = g~V or yqg = ¢V, for N € N, define the
g-Racah polynomials

—n n+1

o , 7)6’ 5 x+1
ha 4 red ;q,q>, (2.3)

Ra(u(x): o, By, 8 q) = 4¢>3(q
aq, Bdq, yq

where (x) = ¢~ * +y8¢*T andn =0,1,..., N.If gqa = ¢~V and B = 1 the g-Racah poly-
nomials are not orthogonal with respect to a positive measure. Still the g-Racah polynomials are
orthogonal

Z (47" v8q:)x (=g "D wep

m R - (Sm nftm N 8, N
x=0 (q ]/8qN+2 q)x (1 — )/8 ) (M(.X)) (M(x)) (y )
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where R, (u(x)) = Ru(n(x);q V"1, 1,y,8:¢) and hu(y,8; N) is given in [6, § 7.2] and
[9, § 14.2]. It follows that if n = 0 we have

q"* R (1(x)) = 8m.0ho(y, 8; N, 2.4

i @V, y8q; ) (1 —ysg™*h
=g, v8q" 2 ) (1 —y3q)

where ho(y, 8; N) =8n.oify #q ‘and 8 # g™ with&,m =1,2,...,N.
Note that (2.4) can also be proved directly, also see [3]. To show this substitute (2.3) in (2.4)
so that

N N

3 @ N, ydq; @) (1 —ydg*th) Nxz(q"”,q a8 T @
N+2. .

= (q,v8q" T @) (1—ydg) = (q.97N,8q, vq; O

m—N
b

Then expand the left hand side of (2.4) in ¢g* observing that it is a polynomial in ¢g* of degree
N — k. Finally applying the summation formula [6, (I.21)] on the x-sum gives the right hand
side of (2.4).

Remark 2.1. One of the referees pointed out that if g& = ¢~ and B = 1 then from (2.3) it
follows that R, = Ry_,. Therefore forn > %N the polynomial R, will have degree N —n < n.
So there can be no non-degenerate orthogonality. However, the system of polynomials R, for
n < %N can still be orthogonal with respect to positive weights.

Sears’ transformation formula, [6, (III.15) and (II1.16)], for terminating balanced 4¢3 series is

# g ",a,b,c
el IR A
(ea™!, fa~';iq) g ", a,db™" dc™!
=a" . ~493 d. agl=ne-1 ggl-n -1 41 2.3)
(ev f7 Q)n ’aq 2 7aq f

_ (a.ef(ab)! ef @) q)n " ( g ea”, fa~' ef(abe)! ) o6
B (e, fref (abc)™'; q)n 3 ef (ab)~", ef (ac)~', ¢'"a~! 3 4.9 ), .

where abc = def g™ .

3. Proof of Theorem 1.1

The idea of the proof of Theorem 1.1 is to first expand a sum of products of continuous
g-ultraspherical polynomials in terms of /¢, where x = cos(f). We show that the coefficients
of ¢*? are balanced basic hypergeometric series 4¢3. For the continuous g-ultraspherical poly-
nomials with parameters as in Theorem 1.1 we show that the coefficients of e correspond to
the orthogonality relations for g-Racah polynomials. This proves the key Lemma 3.4 from which
Theorem 1.1 follows.

Lemma 3.1. Take n € N. Let oy, Bi and c(k) be constants for k =0, 1, ..., n. Then

n

D k) Coilx; aklg)Cilx; Belg) = D d(p) e ">, x = cos (), 3.1)
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where d(p) is given by
(@ @) p ks Qn—p—k (Brs Ok
@ Dp (G Pn—p—k (5 @k

X ab q 7, aké]""’_k &, Br ol
43q1pa_1’lkﬂ npk+l’qqkk

n—p
d(p) =) ck)
k=0

- @k; Qn—i Bis @) p—n-+k Brk; Dn—p
+ k
k:,,Z,:,H @ (45 Dn—k (G5 Q) p—n+k (G5 @Pn—p

qkfn, qpfn’ o, ’qukerfn

o2 11
X4¢3<q1n+kak—1,qk+Pn+1’qln+p13k—1 14,97y By ) (3.2

Proof. First expand the left hand side of (3.1) using (2.1), so that the left hand side of (3.1)
equals

ic(k) ”ik (o @)s (s Pn—k—s i (B e B D=t in—2(5+176 (33)
B = @G Ds (@ Dn-k—s = @D (G5 Pi—

Now fix p = s + ¢ and substitute s = p — ¢ in (3.3) so that the coefficient of ¢! *~27? becomes
n knp . . . .
Zc(k) Z (o q)p—t (o ‘])n—k—p+t Brs @)r Brs @k~ (.4)

= o @G Dot @ Dnkpr @D (G Dkt
For0 < k < n—psothatk+p—n < 0, the t-sum of (3.4) is, after simplifying the g-Pochhammer
symbols, the balanced terminating 4¢3
(rs @) p @rs Qn—p—k (B Dk
@G Dp (G Pn—p—k (5 Pk
q 7, aké]"*”*k K, Bx
a3l 1o pat gk gy npk+1’qqak Bt
Forn—p <k<n sothatk+p—n > ( substitute  — ¢ 4+ k 4+ p — n so that the 7-sum of (3.4)
is, after simplifying the g-Pochhammer symbols, the balanced terminating 4¢3
(ks Pn—k Brs @) p—n+k Bk Dn—p
(G Dn—k (@ Dp—n+k (G5 Pn—p
k—n _p—n k+p—n
q ,q » Ok, Brg . 2 1,1
x 4¢3(q1—"+kak_l, ghpn+l glontppt q.q97a; B ) (3.6)

Combining (3.5) and (3.6) gives (3.2). O

(3.5)

Remark 3.2. Since the continuous g-ultraspherical polynomials are polynomials in x the coeffi-
cients of ¢! "~P)? and ¢'P? of the left hand side of (3.1) must be equal. Therefore d(p) = d(n—p)
and (3.1) can be rewritten in terms of Chebyshev polynomials T), of the first kind, see [9, § 9.8.2],
as follows:

" (3]
D k) Coi(x; axlg)Ci(x; Brlg) = D (2 = 80, 2p)d(P) T2 (x).
p=0

k=0
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Remark 3.3. It is possible to write (3.2) uniformly

@ Dp B Dk (@ PDoo (@7 9o
d =
» kX_: ‘O Dp @ Dk (akq” e N A

X 4 q P, akq" Pk g7k By 2151
e ql—Pak_l,ql‘kﬁk e I L &

If 0 < k < n — p we have that (3.5) is equal to

@:Dp B Dk (@ Qoo @FPH 9
@ Dp @Dk g" P e (45900

q7, akqnfp*k ., Br
X4¢3<q1_ _1 1 kﬁ g SRR RN} O‘k IBk . 3.7
Use the convention
@' Do — ("N )
@ N T

sothatforn — p <k <n

,Q)oo Z ’4)00 Z C}é\:r]t

(q Qoo 2 (g, 9"~ 7q)t (q Do 7 (q.q @)

where N € N and C; are arbitrary constants. Then for N = k+ p —n we have that (3.7) becomes

@ Dp B Dk (@ Poo (P 9o
@ Dp @Dk " P9 (@ @oo

o0
X

@ P kg %P B, a5 @kt pn (qzoflﬁ 1)r+k+p—n
_ _ — o k k

=5 (q. g ) (g P g R B @)k pn

(o 9)p B P (o3 @)oo

@Dy (@ Dr (g F P @)oo
14+k+p—n.
o ]

L @)oo (@77, aug" P, By, q K Dkrpn (o 1 kP
q: 9) l—pg—1 g1k (qak’Bk>

q; 9)oo @' P a B @k pn

k—n k+p—n ,p—n
q*", ok, Brq . q _ 2 1ol
X4¢3<qk+pn+l7qkn+1ak—1,ql+pnﬁk—1 1q.qTay By ) (3.8)

Simplifying the g-Pochhammer symbols of (3.8) shows that (3.8) is equal to (3.6).
Lemma 3.4. For m,n € Z such that n < m, let B € C such that B> # ¢ =2+ ¢g=2m+2 .
g~ %", Then

m—n a- /32 2n+2k—1)

Z (‘32 2n+k—1.

= Sm.n- 3.9

o 1ﬁqu(k+n_l)cm—n—k (x; B¢"19)Cr(x; g 7 "1q)
m—n—+
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Proof. Apply Lemma 3.1 with n, oy, B specialised to m — n, g¥*" g, ql”f’" B! so that in
particular o 8 = g for all k. Then the left hand side of (3.9) is Z;";g d(p)e' ™29 where
x = cos(f) and

m—n—p (1 _ ﬂ2q2n+2k—l)

d(p)= Z (,32q2"+k_1;

’quk(k+n—1)

k=0 Q)m—n—i-l
y Bd* @) p BE™ @men—p—i B¢ 7K @)k
@q:9)p (G Dm—n—p—k (q; Dk

X st q . q7P, Bgm P g R g
493 ’Bqn’q—p—n—k—i-l‘B—l’qm—n—k—p—H 4.4

4 "f (21 2—/3,{2?12."”1‘_1) k gkthetn=1)
k=m—n—p+1 B*q*" 5 @ m—nt1
@B Dmnk @B D pminik @B D
G5 Dm—n—k (G5 @) p—m+n+k G Dm—n—p
X 43 < R L N q>- (3.10)
q ’3 17qk+p m+n+1,,3£]2" m+p+k

We transform the basic hypergeometric series 4¢3 of (3.10). Apply Sears’ transformation formula
(2.5) to the first 4¢3 in (3.10) to see that the 4¢3 is equal to

(q—n—k-i-lﬂ—l qm—n—k-i-l. Q)k .
b 9 _p
(q—n—k—p-l-llg—l’ qm—n—k—p—i-l; Q)k
-k _—p n—m+p p2 2n+k—1
997 ".q . B7q
><4¢3< Ban. Ban., gn—m ;q,q) (.11

Apply Sears’ transformation formula (2.6) to the second 4¢3 in (3.10) in order to see that the 4¢3
is equal to

(qH-p—m'B—l’ q" ", Bq"; (I)m—n—p
(ﬁq2n7m+k+p’ qlfmﬂfly qfk; q)m—n—p

qn7m+p, ﬁ2q2n+k71’ qu’ qfk
><4¢3< 4" pah. Ba" 4.9 )- (3.12)

The basic hypergeometric series of (3.11) and (3.12) can be written as the g-Racah polynomial
R (u(k); g" "1 1, Bg" Y, Bg™ s q), see (2.3). Therefore (3.10) becomes, after simplifying

the ¢-Pochhammer symbols using (¢"8~': ¢)¢ = (—1)‘54%E(Z—I)Jrrfdﬁ—l(ﬁql*r*f; q)¢ repeat-
edly,

Bg";s DpBa"; Dm—n—p = B¢ " Ok 1= B¢
2.2n. _ . . o Z 2 n+m. 1 — B2g2n—1
B4 Dm0 D p @ Dm—n—p (=5 (@ Bq"™ @k (A —=pq7)

x R, (uk); ¢"~" 11, 8", B4" s q). (3.13)
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The k-sum of (3.13) corresponds to the orthogonality relations (2.4) for the g-Racah polynomial.

Hence (3.13) becomes

_ (Bq"; @Im—n
(ﬁq2n§ Dm-n(q: Pm—n

d(p) 8p.0ho(Bq", Bq": m —n).

Since ho(Bq", Bq"; m —n) = 0if n < m and ho(Bq", Bq"; m —n) = 1 if m = n, the result
follows. O

Proof of Theorem 1.1. Multiplying the matrices L? and M?# it is sufficient to evaluate the
entries of L2 MP for m > n. Hence

(LP)YMP (X)),
m ﬁkfnq(kfl)(kfn)
B ,;n (B24%%; )m—k (B2q" 15 g)i

m—n a- ﬁ2q2n+2k71)

Con—i(x; BG" 1) Cr—n(x; ¢ ¥ 87119
—n

=Y Gromen gy A G B4 )G g T .
s m—n+

k=0

Applying Lemma 3.4 then yields the result. [

4. Applications

Example 4.1. The limit ¢ — 1 in the proof of Theorem 1.1 gives a new proof for [5, Theorem
4.1] for « = B. Lemma 3.1 gives

n n
3 et P ) =3 d(p)el 0, x = cos(@),
k=0 p=0

where C ,ia)(x) are the Gegenbauer polynomials, see [9, § 9.8.1], and

= (@) p (@in—p—k Bk
d(p)_,;dk) Pl i—p—h! K

- ’ak—l_n_ _k,_k, k
g g URREETEY

X 413 ;
l—p—ak, 1 —k—Bx,n—p—k+1

< (@) n—k (IBk)p—n+k (IBk)n—p
> R R —— S —

k=n—p+1
k—n,p—n,o, fr+k+p—n
x 4F3 ;2 —ap — B |-
l-n+k—ar,k+p—n+1,1—n+p—p
Then Lemma 3.4 yields, for0 <n <manda € C, 20 # —2m+1,-2m+2..., —2n,

)CIHFO () = 8,

2 n Tkt 20— Dy "

which is the key equation to show [5, Theorem 4.1] for the case « = B.
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Example 4.2. The problem of finding an inverse of the matrix L? in Theorem 1.1 originally
arose in [1] where the finite dimensional lower triangular matrix

men (@5 @Om(@% a1

Conen (x5 ¢*" 21,
@% P mint1@% gD, "

L(x)m,n =

with 0 < n < m < N, for arbitrary N € N appears. Using Corollary 1.2 in base g2 with 8 = ¢>
after conjugation with a diagonal matrix we find that the inverse matrix is given by

_ o @%@ gD min o 2
(L(x),,L, = g@mthem=m Con—n(x: g7*"1g?),
m 4% q®)om(q% g% "

with 0 < n < m < N. Note that the entries of L(x) and its inverse L(x)~! are independent of
the size of V.

Example 4.3. From the continuous g-ultraspherical polynomial generating function (2.2) it
follows that

_ (ateie, ate”t?; q)oo (aﬂtem, aﬁte_m; q)oo
(1€l te71%; )0 (atel? ate™0; q)og

D Culx; aBlg)t”
n=0

Y Culxs alg)Calx; Blgt™ (@t)",

m,n=0

Comparing the powers of ¢ shows
n
Ca(x; aBlg) = Yo" Coi(x; alq)Ci(x; Blg).
Now take 8 = a1, then (2.1) for B = 1 gives

n
S0 = Y_ " Coy(x:alq)Crlxag). 1)
k=0

On the other hand from Lemma 3.1 it follows that

n n
D & Curlxs alg)Crlxs a7t g) = Y d(p)e! ", x = cos(6). (4.2)
k=0 p=0

Combining (4.1) and (4.2) it follows that d(p) = &,,0. Writing out the explicit expression of
d(p) gives for n > 0 the identity

K@) @ Quepi (@ @) g P, aq" Pk g7 o7t
= Z“ 49 l—py—1 o 1=k n—p—i+1 * 9> 9’
= @ Dp @ Dn—p-k (4D g "PaT aq F, q" P

N Z”: o @ Dt () PR (s 7)
ken o1 @G Dn—k (@G Dp-ntk (@5 Dn—p

X 4¢p g " qP " o, gt P!
AP\ glonthg—1, ghtp—n+l ggl-ntp 1q.9°
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In particular if p =0

n . —1.

Zak (CY, Q)n—k (a ) Q)k — 0 (43)
= @G Dn—k @Dk

Remark that (4.3) also follows from the g-Chu—Vandermonde sum [6, (1.5.2)]. For p = 1 and

nt+ n+1wefind

n

Zak(a;qm @ g (1 (1 —ag" ") —¢%) ql_k>_an(a-1;q>n.
= (G Dn—k (@D (I —ag' )1 —g"t1=h) (4 @n

Remark that this result also follows from applying (4.3) twice.
5. Limit case § — 0

Define L%(x) and M%(x) by Lo(x)m,,, = limg_,o LA (X)m.n and MO(x)m,,, = limg_,g M8
(x)m,n where the limit is taken over 8 # g 5 , where k € Z. We show that the limits exist, that the
entries of L%(x) are given in terms of continuous ¢-Hermite polynomials and that the entries of
MO (x) are given in terms of continuous ¢ ~!-Hermite polynomials.

The continuous g-Hermite polynomials are given by

n

(q; @n i(n—2k)0
H = —_— , = 0), 5.1
i) ,;0 @ e Do ¥ = cos® oD

see [9, § 14.26]. The continuous g-Hermite polynomials are, apart from a different normalisation,
the special case 8 = 0 of the continuous g-ultraspherical polynomials

H,(x|q)

Cu(x;0lg) = — : (5.2)
(45 9)n
The corresponding generating function for the continuous g-Hermite polynomials is
o H 1
3 nOD) It < 1, x = cos(8), (5.3)

@ (el e g

see [9, (14.26.11)].

The polynomials H, (x|g~") are called the continuous ¢ ~'-Hermite polynomials and are de-
fined by taking ¢ — ¢~ !in (5.1), see [2]. The continuous g-Hermite polynomials are orthogonal
with respect to a positive measure on (—1, 1). However the continuous ¢~ '-Hermite polynomi-

als are orthogonal on the imaginary axis and correspond to an indeterminate moment problem,
see [2,8].

Theorem 5.1. The doubly infinite lower triangular matrices L°(x) and M°(x) are given by

-1
L0y = mon D g0y, = (g () HnenXla )
@ Dm—n 45 PDm—n

where m,n € Z so that n < m. M°(x) and L°(x) are each others inverse, i.e. L(x)M°(x) =
I = MO°(x)LO(x), where Ln.n = Om n is the identity.
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Proof. With (5.2) we have forn <m

Hy—n(x]q)
(,32 2”,61)m n Cinn(x: B4"19) = (G Dm—n ’

From (2.1) it follows that C,, (x; Blq) = (Bg~")"Cyn(x; B~'|g™"). Therefore write M# (x),,., as

LX) = hm LP(X)n = h

ﬁm—nq(m—l)(m—n)

B2q" " Omn
g—m=n

- (,326]’"+”_1; Dm—n
Upon taking the limit 8 — 0 and using (5.2) we find

Bl o (x5 Bg™ g ™h

Com—n(x; Bg" tg™h).

v Hacalolg™)
@ 5 g Dmn

g (5 B el ™)

(G5 @Pm—n

From Theorem 1.1 it follows that L°(x)M%(x) =T = M°(x)L°(x). O

MO (XY = = lim MP ()0

= (=

Corollary 5.2. For N € N define lower triangular matrices L°(x) and M°(x)

Bnon ) oy, = g () HnenlaT)

LO mn = ’
m, (G Dm—n 4G @Dm—n

where 0 < n < m < N. Then M°(x) and LO(x) are each others inverse, i.e. L°(x)M°(x) =
I = MO(x)LO(x), where I is the identity matrix.

Remark 5.3. Theorem 5.1 also follows from a generating function for the continuous g ~'-

Hermite polynomials. From [7, Theorem 21.2.1]

1
Z( 1)qg® ’Z( 'q) "= (tel 17 @)oe, |t] < 1, x = cos(0). (5.4)

Combining (5.3) and (5.4) it follows that for |t| < 1

_ et e (5 HnGila) | (2o Hexlah
o (teie,te_ig;q)oo B <Z ) <Z( 1) ( )n :

0 (g5 Pm
N (N Hpk &) Hixlg T
=3 (X Tt ORI
=0 \izo @ Dp—k (@; D

Take p = m — n so that we have

m—n 1
Z Hm‘—n—k(x|q)( )k ( ) Hi(xlg™") =8mn- (5.5)
5 @ Dm—n—k (@ D

From (5.5) Theorem 5.1 also follows.
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