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Green’s functions to 2-point simple type self-adjoint boundary value problems for bending
of a beam under relatively strong tension on an elastic foundation are studied. We have
9 different Green’s functions. All are positive-valued and have a suitable hierarchical
structure.
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1. Introduction

We treat several boundary value problems (BVP’s) for a 4th-order linear ordi-
nary differential equation (ODE) on a finite interval,

Lu=u® —pu’ +qu=f(z) 0O<z<L)

wm)(0) = i, w™(L) = B, (i=0,1) (1.1)

BVP(mo,ml;nl,nz) : {

where f(z) is a given function, ap, a1, fo, /1 are given constants, and coeflicients
p, q are positive constants. We can find the above equation, for example, in the
field of elastics [4], where u = u(z) represents deflection of a beam under tension
p > 0, which is supported by uniformly distributed springs with spring constant
g > 0 on a fixed floor, and f(z) is a density of a load.

m = (mg,m1) and n = (ng,n; ) take 6 different values (0, 1), (0, 2), (0,3), (1,2),
(1,3), (2,3). Among them, we here treat only self-adjoint cases m,n = (0, 1), (0,2),
(1, 3), which also have engineering importance and correspond to clumped, simply-
supported and sliding edges, respectively. Therefore, the following 9 kind of BVP’s
can be considered.

(m’ n) = (0, 17 0, 1)7 (0’ 1’0’ 2)’ (07 17 1’3)’ (07 27 0, 1)? (07 27 O’ 2)7 (0’ 2’ 1,3)7
(1,3,0,1),(1,3,0,2),(1,3,1,3)

* Late Prof. M. Yamaguti gave to the first author profound influence on the directions of research
and taught him the importance of application of mathematics to the other field of science. He
continuously encouraged younger researchers. We all the authors express their hearty thanks to
him.
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However, throughout this paper, we often focus our attention only on 6 BVP’s
among them,

(m,n) = (0,1,0,1),(0,1,0,2),(0,1,1,3),(0,2,0,2), (0,2,1,3),(1,3,1,3),

taking account of the symmetry.

Even though the above BVP’s originate from the age of Euler and Bernoulli,
the)" include many unsolved problems. Since equation (1.1) is linear, its solution is
written as

1 1 L
=0 j=0
(1.2)

where Ao(m,n, L; z), A;(m,n, L; z), Bo(m,n, L; z), B;(m,n, L; z) are fundamental
solutions satisfying relations,

Agm’)(m, n, L;0) = §; , Ag"")(m,n, L; L) =0,
B (m,n,L;0) =0, B (m,n,L;L) =6;; (i,j =0,1), (1.3)
and g(m,n, L; z,y) is a Green’s function. The purpose of the paper is to investigate

positivity and mutual relations of fundamental solutions and Green’s functions of
the 9 different BVP’s.

REMARK 1. Related eigenvalue problem

{u(4)=,\u (0<z<I) (1.4)

u”’(0) =u"(0) =u(L) =v'(L)=0
was treated by L. Euler. (See Ref. [1])

In this paper, we impose an inequality (p/2)? > g > 0, p > 0, in other words,
a tension is relatively much stronger than a spring force. Due to this inequality, we
see that the characteristic polynomial,

PQ) =X —pN+g= (N -a®)(\?-t?), p=a’+b’, q=ad’P’,

has 4 roots A = +a, *b. (a > b > 0). Under the above assumptions, 4th-order
differential operator £ is decomposed into a product of 2 formal positive operators,

= (i) (@) +om (@) +) (@) +0) w0

which suggests positivity of Green’s functions.
This paper is organized as follows. In Section 2, we derive fundamental solu-
tions and Green’s functions. In Section 3, it is shown that fundamental solutions
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are positive- (or negative-)valued. Concrete forms of Green’s functions are given in
Section 4. Section 5 is devoted to proving a hierarchical structure of Green’s func-
tions ¢(0,2,0,2, L; z,y), 9(0,2,1,3,L;z,y), ¢(1,3,1,3,L;z,y). In Section 6, we
prove the positivity of the Green’s function ¢(0,1,0,1, L; z,y), which is the most
difficult to prove. Section 7 presents the main theorem in this paper, which shows
a hierarchical structure of Green’s functions.

Throughout this paper, we use the notations,

ch(z) = cosh(z), sh(z) = sinh(z). (1.6)

For later convenience sake, we introduce the function Ko(z) defined by
1 -1 -1
Ko(z) = m(a sh(az) — b~ sh(bz)), (1.7)

which is a solution to the following Cauchy problem,

{ u® — (a2 + b + a*b?u =0 (0 <z <o), (1.8)

u(0) = u'(0) = w”(0) =0, u”(0)=1.

Employing the function Ko(z), we also put K;(z) = K(gj)(x) and K; = K;(L)
(j=0,1,2,...).

2. Fundamental Solution and Green’s Functions
We start with the uniqueness theorem of the solution to BVP(mg, my;ng,n1).

THEOREM 2.1 (Uniqueness). Let f(z) be a compler-valued continuous func-
tion on [0, L] and {ag, a1, 80,51} be 4 complex numbers. Then, for an arbitrary
set of data {f(z); o0, 1,080,051}, a 4 times continuously differentiable solution to
BVP(mg, m1;n9,n1) 8 unique.

Proof. It is enough to show a classical solution u(z), if it exists, is expressed
as (1.2). By putting u;(z) = u®(z) (0 < i < 3), f3(z) = f(z), (1.1) is rewritten as
follows;

w/(z) = Au(z) + f(2) (2.1)
um,(0) = &, un (L) =fi (i=0,1), (2.2)
where
0 1 00
u(@) = (o, w1, 42, 1)@, £(2) =4(0,0,0,f5(@)), A=| o o o0
-q 0 p O
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A solution to (2.1) is written as follows;
u(e) = E@u(0) + [ B -0)f )y (23)

The fundamental solution E(z) to the initial value problem is expressed as follows;

E(z) = K(z)K(0)™", (2.4)
where
0 0 01
K@ = (K@ ). KO=|g | o ) (25)
1 0 p 0

Substitution of (2.4) into (2.3) gives

wil@) = (- Kiys(z) - )K(0) u(0) + / *Ki(z - v) f(0)dv,
0<i<3) (26

From the boundary conditions (2.2), we have

(o 7)) s m0+] EO; L 0
o ma4i(0 . 0
IBO - e nol+JJ(L) K(O) lu(O) + / Kno (L - y) fS(y)dy.
B o Kpyyi(L) - Kn (L —y)
(2.7)
Since we have
( K2 — KoK, (m,n) = (0,1,0,1),
K1Ka— KoK3 (m,n) = (0,1,0,2),
KyK3 — K1 Ky (m,n) = (0,1,1,3),
gmogggg B —(K1Kz — KoK3) (m,n) = (0,2,0,1),
det K’"lﬁ(L) | =4 —(K3-KiKs)  (m,n)=1(0,2,0,2),
K:‘:::(L) e (Kg K1K5) (m’n) = (O’2a 1a3)a
(KQK3 - K1K,) (m,n) =(1,3,0,1),
—(K2 — K1 Ks) (m,n) = (1,3,0,2)
\ ( K2K6) (mv n) = (173, 1 3)

which will be shown to be nonzero in Lemma 3.1, the above matrix possesses an
inverse matrix for any choice of self-adjoint boundary condition (m,n). Eliminating
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K(0)~1u(0) from (2.6) and (2.7), we obtain the solution,

1

Kmo+j(0) N
uo(z) = (- Kj(x) ) g:::g((g;
« Kp,45(L) ---
Qg . 0 m
g:’ _/0 Kno(f(i—y) fsy)dy ¢ + /0 Ko(z ~ y)fs(y)dy.  (2.8)
ﬁl Kn,(L—-y)

Introducing fundamental solutions defined by

(Ao(m,n, L; z), Ay(m,n, L; z), Bo(m,n, L; z), By(m,n, L; x})

-1
. Km0+j(0) .

= (- Ky(m)-) | g:ﬂzj((gg ol (2.9)

- KnpaglD) -
we have

U(](.’l)) = (A()(m, n, Lv x)? Al(ms n, L) .’17), BO(m7 n, Ly x)v Bl(ma n, La m))

[87)) 0

o L 0 t

ﬁ; _ /0 Ko(L—1) fa(y)dy ¥ + /O Y(z — y)Kolz — y) fs(y)dy,
ﬁl Kn, (L - y)

(2.10)

where Y(z) = 1 (z > 0), 0 (z < 0) is the Heaviside step function. We now obtained
the solution formula,

1 1 L
U[)(ﬂ’;) = E ajAj(mi n, L} ‘7‘.) + Z IBJB](m1 n, La .Z') + / g(m7 n, La X, y)f3(y)dy7
=0 =0 0
(2.11)

7=0

By putting ug(z), fa{x) as u(z), f(x) again, it is concluded that a classical solution
u(z) to BVP(m,n), if it exists, is expressed as

1 1 L
U(iL‘) = Z ajAj(m> n, L; (I)) + Z /Bij (ms n, L; 1:) + /0 g(m7 n, L; x, y)f(y)dy
j=0 j=0
’ (2.13)
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Since the right hand side of the above equation depends only on a set of data
{f(z); a0, a1, Bo, B1}, it is obvious that a classical solution is unique. |

On the other hand, a straightforward caluculation shows that u(z) defined by
(2.13) gives a classical solution to BVP(m,n).

THEOREM 2.2 (Existence of solution). Under the same assumption as The-
orem 2.1, u(x) defined by (1.2) is a classical solution to BVP(mg, my;n0,n1) for
an arbitrary set of data {f(z); a0, 01, B0, P1}-

3. Fundamental Solutions and Their Positivity

The purpose of this section is to prove that the fundamental solutions obtained
in the previous section are positive- or negative-valued. To this end, we first expand
them by means of K;(z) (0 < ¢ < 3). For later convenience sake, given an arbitrary
function u(z), let us rewrite its boundary data of type (m,n) = (mg, m1,n0,n1) as

BD(m,n, Lyu(z)) = (ul™(0), u™)(0), ul™) (L), u™)(L))
If u(x) solves a homogeneous ODE, u(¥) — pu” + qu = 0, one can find from the
uniqueness theorem that it is expanded as
1 1
u(z) = Zu("‘j)(O)Aj(m, n, L;z) + Z w")(L)B;(m,n, L; ). 3.1
=0 =0
Since u(z) = K;(z) solves the same ODE, we have
BD(m,n, L; Ki(z)) = (Ki+mo(0), Kitm, (0), Kitno (L), Kitn, (L)),

or, in other words,

1 1
Ki(2) =Y Kigm,(0)A;(m,n; L,z) + > Kiyn;Bj(m,n; L,z).  (3.2)

j=0 =0
Note that K; = K;(L). It should be noted that the relations,
Km,‘+mj (0) = Kni+nj (O) =0 (0 <4, 5 < 1):

hold under the assumption m,n = (0, 1), (0, 2), (1, 3). Putting i = mg,m; in (3.2),

we obtain
KmO(.’E) _ BO(m) n; La .’B)
(Kml (x)) = (Hmen) (&(m, n;L,x)>' 33

Taking the same procedures with respect to the solution u(z) = K,,(L — z),

(a2 = () (comss) () o0
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Therefore, we have reached the following theorem.

THEOREM 3.1.

(o) = (cra)(saem) " (577) 09

By(m,n; L, (K
O(m " x) = (Kmi+n‘) o (z) (36)
By(m,n; L, x) ’ K, (x)
It should be noted that the determinants of the above matrices are nonzero,
as will be shown in Lemma 3.1. Let us rewrite fundamental solutions under 6

boundary conditions in terms of Kj;(x). In the rest of this section, we simply
rewrite A;(m,n, L;z), Bi(m,n, L;z) as A;(z), B;i(z) as far as it is unmistakable.

1). (m,n)=(0,1,0,1)
D =D(0,1,0,1; L) = K? — Ko K>,

Ao(.’l?) = % [KlKl(L - £) - KQKQ(L — .'1))] s
Ay(#) = 5 KoK (L~ 2) ~ KiKo(L - )],
Bo(.’l,‘) = Ao(L - .’L‘), —Bl(a:) = Al(L ad .’1?)

2). (m,n)=(0,1,0,2)
D= D(O, 1,0,2; L) = K1K2 - KQK3,

Ao(a) = - [K1Ka(L — 2) — KsKo(L - 2)],

Ax(a) = 5 (KoK (L~ 2) — Ko Ko(L — )],

Bo(a) =  [K2Ki(2) ~ KsKo(®)], ~Ba(z) = = (KoK (2) - K1 Ko(@)]
3). (m,n)=(0,1,1,3)

D =D(0,1,1,3; L) = K2Ks — K1 K,

Ao(a) =  [KaKs(L — 2) — Kak (L — 2)],

A1(@) = [KiKs(L = ) — KoK (L - 2)]

Bo(a) = 3 [KsKi (@) ~ KaKo(®)], ~Bu(z) = K1 K (@) ~ KaKol2))-

4). (m,n)=(0,2,0,2)
D = D(0,2,0,2; L) = K2 — KoKq,
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Ao(z) = _]15 (K2 Ka(L — 2) — KaKo(L — )],
—Ay(z) = é [KoK2(L — ) — K2 Ko(L — )],
B()(.”L') = Ao(L - IE), —Bl (.’L') = ~-141(L — JI)

5). (m,n)=(0,2,1,3)
D = D(0,2,1,3;L) = K3 — K1 K,

Ao(a) = 3 [KsKs(L — 2) = KsKy(L — 2],

~A1(2) = 5 [KaKs(L ~ 2) — Kk (L - 2],

Bo(a) =  [KsKa(z) - KsKo(z)], ~Ba(z) = 5 [K1Kale) - KsKofz)]-
6). (m,n)=(1,3,1,3)

D =D(1,3,1,3; L) = K? — K>Kg,

—Ao(z) = % (K4Ks(L — ) — KeK1 (L — )],

Ar(z) = % (KsKs(L — 7) — KaKo (L — 7],

Bo(z) = —Ao(L — @), ~Bi(z) = AL(L — 2).

We next prove the following theorem, which ensures a definite sign of each
fundamental solution.

THEOREM 3.2. On an interval 0 < z < L, the following inequalities hold;

Ao(0,1,0,1,L; z) > 0, A;(0,1,0,1,L;z) >0, By(0,1,0,1, L; z) > 0,

B1(0,1,0,1, L; z) < 0, (3.7)
Ap(0,1,0,2, L;z) > 0, A1(0,1,0,2,L; ) > 0, By(0,1,0,2,L;z) >0,
B1(0,1,0,2, L; z) < 0, (3.8)
Ao(0,1,1,3,L;z) > 0, A1(0,1,1,3,L;z) > 0, Bo(0,1,1,3,L;z) >0,
Bi1(0,1,1,3,L;z) < 0, (3.9)
Ap(0,2,0,2, L;z) > 0, A;(0,2,0,2, L;z) < 0, Bo(0,2,0,2,L;z) >0,
B1(0,2,0,2,L; z) < 0, (3.10)
Ap(0,2,1,3,L;z) >0, A1(0,2,1,3,L;z) <0, Bo(0,2,1,3,L;z) >0,
B1(0,2,1,3,L;z) < 0, (3.11)

Ao(1,3,1,3,L;z) <0, Ay(1,3,1,3,L;z) >0, Bo(1,3,1,3,L;z) > 0,
B:1(1,3,1,3,L;z) < 0. (3.12)
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Let us start with the following two lemmas;

LEMMA 3.1. We have D(m,n;L) > 0, in the cases (m,n) = (0,1,0,1),
(0,1,0,2), (0,1,1,3), (0,2,0,2), (0,1,1,3), (1,3,1,3).

LEMMA 3.2. If x> 0, the following inequalities hold;

1(z) — Ko(z)K3(x)
b ( o<z)) S <o (313)
2(x) _ Ki(z)Ka(z) — Ko(x)Ka(z)
2 () - K3(@) <6 W
3(z) K (z)K3(z) — Ki(z)Ky(z)
< (m)> K2() < 0. (3.15)
Proof of Lemma 3.1. It is through simple calculations.

D(0,1,0,1;L) = K2 — KoKy = 1 [ch((a+b)L)—1 _ch((a—-b)L)_1} o,

2ab (a+b)2 (a—b)?2
(3.16)

L _ 1 [sh((a+b)L) sh((a—b)L)

D(0,1,0,2,L)—K1K2—K0K3—m[ ath - a’b ] >0,

(3.17)
D(0,1,1,3; L) = K2K3 — K1 K4 = % [Sh((:::)” + Sh((;l__;’)L)] >0, (3.18)
D(0,2,0,2 L) = K2 — KoKy = ib lch((a + b)L) — ch((a — B)L)] >0,  (3.19)
D(0,2,1,3;L) = K2 — K1 K5 = [ch((a+ b)L) + ch((a — b)L)] > 0, (3.20)
D(1,3,1,3;L) = K2 — K,Kg = 3213 [ch((a + b)L) — ch((a — b)L)] > 0. (3.21)
]

Proof of Lemma 3.2. Replacing L in (3.16), (3.17) and (3.18) with z, we come
to a conclusion given by inequalities (3.13)—(3.15). [ ]

Employing the above 2 lemmas, we finally prove the Theorem 3.2.

Proof of Theorem 3.2.
1). (m,n)=(0,1,0,1)

Ao(ﬁ) N l Kl(L—l‘) _ Ao(O) _ i
Ko(L—z) D [leo(L—x) 2] z\lo Ko K, 0,

Al(x) _ i Kl(L—l‘) _ Al(O) —
Ko(L—2) D [K"KO(L—x) K‘] oK O
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2). (m,n)=(0,1,0,2)
Ao(z) 1 Ky(L — ) Ao(0) 1
Ko(L—.’E)_B KIK()(L—JJ) K3:|m}(‘) K() _?0>0,
Al(.'L') _ l K2(L ) A](O) _
Ko(L-z) D KOKO(L z) KQ] z\g) K,
Frr il ro R N
_Bi(z) _ 1 [, Ki(z) ] Bo(L) _
K@ D |OR@m TR
3). (m,n)=(0,1,1,3)
Ao(l‘) _ l F K3(L .’17) AO(O) . 1
Ki(L-z) D _K2K1(L ) _K‘*] \13 KK
Al(z) _ 1 Kg(L—.’L‘) A1(0) _
K-z DK@z K3J DK O
B el -], 30 Bt
Bl(x) _ 1 I Kl(.’l,‘) Bl(L) _ K2 —KOK2
“Ko@ D | Ko@) ‘K2] 2K - KD
4). (m,n)=(0,2,0,2)
Ao(z) 1 K3 (L —1z) Ap(0) 1
KO(L—:L‘)_B[K 2Ko(L—7) K“]Qa K, Ko ¥
Ai(z) _1[, K(L-z) _A(0)
"Ko(L-z) D [KOKO(L—a:) K2] ,}) Ky O
5). (m,n)=1(0,2,1,3)
Ao(z) _ 1 [  K3(L-x) Ao(0) 1
Kil-2) D K3K1( L-2) K5] DK KR Y
A(z) 1 K3(L —z) A(0)
"Ki(L-z) D KlKl(L—x) K"] I})_ K, =0,
26 st -x] 3 30 B
Bi(z) _ i Ka(z) Bi(L) K K;— KoK3
“Ko(@) - D | Kolw) _K3] K - KD C
6). (m,n)=(1,3,1,3)
_ Ao(ZE) _ l K3(L - .'1)) _ A()(O) _ K3K4 - K1K6
Ki(L-z) D K4K1(L—x) Ks] z}o_ K, K.D

>0,
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Al(.’E) _ 1 I:K Kg(L—.’E) A](O) _ K2K3 —K1K4

LG R ) o A2 = :
KiL-2) D|Ki(L-2) 4]1\10 K. KD 0

4. Green’s Functions to BVP(mg, my;n9,n1)

We start with the theorem with respect to expression of Green’s functions
given by (2.12).

THEOREM 4.1. If 0 < z,y < L, Green’s functions are expressed as in the
following five ways;

g(m,n, L;z,y)
1
=Y(z —y)Ko(z —y) = ¥_ Bj(m,n, L;z)Ky (L - y) (4.1)
Jj=0
1
=Y Aj(m,n, L;z)(—=1)™ K (y) — Y (y — z) Koz — ). (4.2)
=
1
= ZAj(m,n, Liz Vy)(-1)™ K, (zAy) (4.3)
j=0
1
= —ZKnJ(L—:ch)Bj(m,n,L;x/\y) (4.4)
=0
-1
Kmo(x A y)
=—(Kp,(L—2zVy) Kp,(L—2zV Ko in, , (4.5
(KoL =2V 2) Kni(L=2VD) (Kmiin, ) (Km(w)> (45)
where
zVy=max(z,y), zAy=min(z,y).
Moreover, each Green’s function is symmetric with respect to x and y,
g(ma n,L,I,y) =g(m’ n, L7 Y, .’L‘) (46)

Proof. For each fixed y as a function of z, Ko(z — y) has the boundary data,

BD(m,n; Ko(z — y))
= (Kmo(=Y), Kmy (=Y), Kno(L — y), Kn, (L ~ y))
= ()™ Ko (1), (=)™ Ko, (4), Kno (L = y), Kn, (L= 1)), (4.7

Applying formula (1.2) to Ko(z — y), we have
1
Ko(z—y) =Y _ (Aj(m,n, L;z)(-1)™ K, (y) + Bj(m,n, L; 2)Kn, (L — 1)) ,

=0
(4.8)
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substitution of which into (4.1) gives (4.2). Combining (4.1) and (4.2), we have

1
g(m,n, Lyz,y) =Y (z —y) Y _ Aj(m,n, L;2)(=1)"™* Kum, ()
7=0

~Y(y-=)Y_ Bj(m,n,L;z)Kn (L —y) (4.9)
j=0

On the other hand from (3.5), (3.6), we have

—ZB (m,n, Ly z)Kn, (L —y) = ZA m,n, Lyy)(-1)™ ' Ky () (4.10)
=0
Combining (4.9) and (4.10), we have

1

g(m, n, L’x’y) — Y(]} — y) Z A](m, n, L, .’B)(—l)mrl—le] (y)
3=0
1
+Y(y—2))_ Aj(m,n, Liy)(-1)™ " K, (2)
3=0
1
=0

which proves (4.3). Equations (4.4) and (4.5) are shown in the same way. The
symmetry of Green’s functions (4.6) follows from (4.3) because z V y and x Ay are
both symmetric functions with respect to z and y. ]

Let us illustrate concrete forms of Green’s functions under 6 boundary condi-
tions.

9(0,1,0,1,L; z,y)
= Al(oa 1)03 I,L,IEVZI)KI(w A y) - AO(Oa ]-:Oa 1,L,.’L‘ \ y)Ko(l'/\ y)
=K (L-2Vy)(—B1(0,1,0,1,L;z A y)) — Ko(L —z Vy)Bo(0,1,0,1,L;x A y)
1 K2 —Kl Ko(.’l,‘/\y)
= (Ko(L—2zV Ki(L—-zV
510,10 (ol =V KL=z vy) (—K1 Ko)(Kl(sz)
(4.11)

9(0;1,0a2’L;m3y)
= Al(o, 1,0’ 27 L;(B \% y)Kl(x A y) - A0(07 1a0’2aL;J: N y)Ko(CII A y)
= K2(L -V y)(_Bl(O) 1a072aL;$ A y)) - KO(L -V y)B0(07 1,0,2,[/;1' A y)

_ 1 K3 —Ks\ (Ko(zAy)
~D(00,1,0,2,1) (Ko(L -z Vy) KoL -z Vy)) (—Kl K, ) (K(l)(a:/\y))

(4.12)
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9(0,1,1,3,L; z,y)
= A1(0,1,1,3,L;z Vy)K1(z Ay) — Ag(0,1,1,3,L;z V y) Ko(z A y)
= K3(L -z Vy)(-B1(0,1,1,3,L;z Ay)) — Ki(L —xVy)Bo(0,1,1,3,L;x A y)

3 1 Ky —K3) (Ko(zAy)
=~ D{©,1,1,3,L) (Ky(L—zVy) Ka(L—2Vy)) (~K2 K ) (Kl(x/\y))

(4.13)

9(0,2,0,2,L;z,y)
= (—41(0,2,0,2,L;z V y)) Ka(z Ay) — A0(0,2,0,2, L;z V y) Ko(z A y)
= Ky(L -z Vy)(—B1(0,2,0,2,L;z A y)) — Ko(L — 2V y)Bo(0,2,0,2, L;z A y)

_ 1 K, —-K; Ko(x VAN y)
= Dz05,D) (ol eV KL=z V) (—Kz Ko > (Kz(x A y))

(4.14)

9(0,2,1,3,L;z,y)
= (=41(0,2,1,3,L;z V y))Ka(z Ay) — Ao(0,2,1,3, Lz V y) Ko(z A y)
= K3(L-zVy)(-B:1(0,2,1,3,L;z Ay)) — Ki(L -2 Vy)Bo(0,2,1,3,L;z A y)

3 1 Ks -Ks3\ (Ko(zAy)
= b 13D Kl -2y Kl -avy) (—K3 K, ) (K2(x/\y)>

(4.15)

g(1,3, 1)3’ L; m)y)
=A,(1,3,1,3,L;zVy)Ks(z Ay) — (—A0(1,3,1,3, L;z V y)) K1 (z A y)
= K3(L —zV ’y)(—'Bl(l,3, 1,3,L;1§ A y)) - Kl(L -V y)Bo(1,3, 1,3,L;.’E A y)

_ 1 _ . K¢ —Ks\ [(Ki(zAY)
~D1,31,3L) (Ky(L -z vy) Ks(L-2Vy)) (—K4 Kz) (Kg(m/\y))

(4.16)

5. Green’s Functions without Clumped Edge Condition

In this section, we investigate Green’s functions to BVP(0,2,0,2),
BVP(0,2,1,3), and BVP(1,3,1,3). For this purpose, we clarify their relation with
Green’s functions in a whole line and under periodic boundary condition.

First of all, let us consider a BVP in a whole line,

u(4) —pu” + qu = f($) (—OO <r< OO),

u@(z) : bdd. (0<i<3). (5:1)

BVP(~00,00) : {
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One can easily confirm the following theorem;

THEOREM 5.1. Let f(z) be a continuous function on (—oo, 00) which satisfies

/—oo el f(x)|dz < oo. (5.2)

Then BVP(—00,00) possesses a unique 4 times continously differentiable solution
(a classical solution), which is expressed as

ue) = [ " g@ - v)fw)dy, (53)

where g(x) is defined by

1

—2(a2 — ) (ble% — g~ le7aT), (5.4)

9(z) = G(|z]), G(z) =

In the second place, we consider a BVP under a periodic boundary condition,

u® —pu” 4 qu = f(z) (—o0 <z < 00),

u(z + 2L) = u(x). (5:5)

BVP(P): {
We also assume that f(z) be a function with a period 2L. Then the next theorem

holds.

THEOREM 5.2. Let f(z) be a continuous function. Then BVP(P) has a
unique classical solution, which has the form,

2L
u@) = [ gLz - Wiy (56)
Green’s functions gp(2L; x) is given by
9(2L;2) = 3 g(z+24L)
_ 1 ch(b(jz| — L)) _ ch(a(|x| — L))
= 2(a2 - 12 ( bsh(bL)  ash(al) ) (lzf <2L) — (5.7)

and satisfies

d
2(a® — bz)agp@L; x)

= sgn(z) =0 (z=1), (5.8)
( sh(bL) sh(aL) >0 (L<z<2L),

sgn(z) = -1 (z<0), 0(z=0), 1(0<z),

sh(b(|z] — L))  sh(a(|z| - L))) { <0 (0<z<lL),
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and

i 2 . = N .
|§T1513Lg”( L;z) = gp(2L; L) > 0 59)

REMARK 2. (5.8) is shown by making use of the inequality,

a% (Z}}ll((zg) >0, (a>b>0, z>0), (5.10)

which also plays an important role in the next section.

The following theorem states that Green’s functions to BVP(m, n), where m,n
are not equal to (0, 1), are expressed by means of those under a periodic boundary
condition.

THEOREM 5.3.

9(0,2,0,2,L; z,y) = gp(2L; z ~ y) — gp(2L; 7 + y) (5.11)
= gp(4L;z — y) + gp(4L;x — y — 2L) — gp(4L;x +y) — gp(4L;z + y — 2L)

(5.12)

9(1,3,1,3,L; z,y) = gp(2L; 2 — y) + gp(2L; 7 + ) (5.13)

=gp(4L;z —y) + gp(4L;2 —y — 2L) + gp(4L;z + y) + gp(4L; 2 + y — 2L) )

(5.14

9(0,2,1,3,L;z,y) = gp(4L;x — y) — gp(4L;z — y — 2L)
—gp(4L;z +y) + gp(4L;x +y — 2L) (5.15)

Making use of the above theorem, we finally give the main theorem in this
section,

THEOREM 5.4. If 0 < z,y < L, we have the following inequalities;
0<g(0,2,0,2,L;z,y) < 9(0,2,1,3,L; z,y) < ¢9(1,3,1,3,L; 2, 9). (5.16)

Proof. Let us first prove 0 < ¢(0,2,0,2, L; z,y). From (5.11), it is enough to
show

9o (2L;z —y) — gp(2L;z +y) >0 (0<z,y<L). (5.17)

Considering the symmetry, we may suppose z > y. If ¢ +y < L, the positivity
is obvious due to the monotone decreasing property of g,(2L;z) in 0 < z < L. If
z+y>L, wehave 0 < 2L —xz—y < L and

gp(2L; T +y) = gp(2L; 2L —x — y) = gp(2L;z — y + 2(L — 2)) < gp(2L; 7~ 9)
(5.18)
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due to the symmetry of g,(2L; z) with respect to = L.
The second inequality ¢(0,2,0,2,L;z,y) < ¢(0,2,1,3,L;z,y), is shown as
follows;
((5.15) — (5.12))/2 = gp(4L;x +y — 2L) — gp(4L; 2 — y — 2L)
=gp(4L;2L — z — y) — gp(4L;2L — z + y)
=gp(4L;2L — x — y) — gp(4L; 2L — |z — y|) > 0. (5.19)

The third inequality ¢(0,2,1,3,L;z,y) < ¢(1,3,1,3,L; z,y) follows directly from
(5.14), (5.15). W

6. Positivity of Green’s Functions to BVP(0,1,0,1)

In this and next section, we put L = 1 without loss of generality and rewrite
g(m,n; L,z,y) as g(m,n;z,y) for simplicity.

THEOREM 6.1 (Integral representation of ¢(0,1,0,1;z,y)). In the domain

O<z,y<1,
1). Green’s function g(0,1,0,1; z,y) possesses the following integral represen-

tation;
(a +b)%(a — b)?[ (a + b)%ch(a + b) — (a — b)2ch(a — b)]¢(0,1,0,1; z,v)
= Y/~1 [ (ch(a(2 ~ |X — tY])) — ch(a|X — Y|))(ch(B|X — tY]) — ch(B|X - Y]))

— (ch(a|X —tY) - ch(e]X - Y())(ch(B(2 — |X —tY])) — ch(8|X — Y1) ]d¢

(6.1)
X=X(=z,y)=@VyA((1-z)vV(Q-y)),
Y=Y(@,y)=2AQl-2)AyA(1l-y), (6.2)
a=(a+b)/2, B=(a-b)/2. (6.3)

2). Green’s function g(0,1,0,1;x,y) is positive-valued.

The following table illustrates concrete forms and domains of functions X, Y.

X(z,y) | Y(z,y)
T Yy O<y<zA(l-2x) m
1-y l-z |0<l—-z<yAn(l-y) B
l-z l-y |0<1l—y<zA(l—2) m
Y z 0<z<yA(l-y) E

The functions X, Y satisfy inequalities,

0<Y(z,y) < X(z,y) N1 - X(z,y)). (6.4)
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Proof. Due to the symmetry of g(0, 1,0, 1; z, y) with respect to the linesy = z
and y = 1 — z we may suppose 0 < y < z A (1 —z). Then (z,y) is parametrized by
means of 0 << €< 1as (1 - 5%71, §%'l) and Green’s function is rewritten as

8(a% — £%)aB((6 sh())” ~ (a sh(8)))9(0,1,0,1;1 - “T” ng)

= [(e? - B%){a ch(a(1 - &)) sh(B(1 — £)) — B sh(a(1 — £)) ch(B(1 — £))}
+o® ch(a(l - £)) sh(B(1 + £)) + o*B sh(a(1 - £)) ch(B(1 +¢))
+ o ch(a(1 + £)) sh(B(1 — €)) + 8% sh(a(1 + €)) ch(B(1 - £)) ]

— (a® = %) [ e ch(a(1 — €)){sh(B(1 +n)) +sh(B(1 — 7))}

— B ch(B(1 — )){sh(a(1 + 7)) + sh(a(1 — ))} ]

— aB[afsh(a(1 +n)) ch(B(1 —n)) + sh(a(1 — 7)) ch(B(1 +n))}

+ B{ch(a(1 + n)) sh(B(1 —n)) + ch(a(1 - n)) sh(B(1 + 1))} ] (6.5)

through straightforward calculations. Differentiating both sides with respect to 7,
we obtain

- 2 l8((8sh(@)? - (@sh()?9(0,1,0,1;1 - £17, gT)]

= (ch(e(1 + n)) — ch(a(1 - £)))(ch(8(1 — 7)) — ch(B(1 —£)))
— (ch(a(1 = n)) — ch(a(l - £)))(ch(B(1 + n)) — ch(B(1 - £)))
0<n<é<l). (6.6)

Substitution of = £ in (6.5) gives 0. Combining this fact with (6.6) and integrating
both sides of the above equation with 7, we obtain the integral formula (6.1).
Finally we prove that the integrand given by (6.6) is positive-valued, which
guarantees 2) in the above Theorem. By putting, (z,y,2) = (1 +7n,1—n,1-¢),
which satisfy inequality 0 < z < y < z, right-hand side of (6.6) is rewritten as

— (ch(az) — ch(az))(ch(By) — ch(Bz))  (ch(ay) — ch(az))(ch(Bz) — ch(6z))
. { / " sh(ap)de / " sh(Bv)dy / ’ sh(ap)dp / ’ sh(ﬂw)dw}

= o { / “shap)de [ sh(@waw - [ sh(ap)de / ’ sh(ﬁw)dw}
—ap { /y “shap)de [ (vt - [ shlav)av / ’ sh(ﬁsa)dso}

- oo [ a0 [[aosoonaion) (35 - ) >

Last inequality is shown by means of the inequality (5.10). ]
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7. Positivity and Hierarchical Structure of Green’s Functions
In this section, we propose the main theorem in this paper.

THEOREM 7.1 (Main Theorem). If 0 < z,y < 1, Green’s functions consti-
tute a hierarchical structure shown in Figure 1, in which “g(m,n;z,y) —
g(m/,n';z,y)” represents that g(m',n';z,y) is greater than g(m,n;z,y) at every
point (z,y) € (0,1) x (0,1).

2(1,3,1,3;x,y)

20213 | [2(1302ix) |
0,2,0,2,x,y) 2(1,3,0,13x,)
g((.’ 40,23%,y) 3(0’200 15x,y)

2(0,1,0,1;x,y)

Fig. 1. Hierarchical structures of Green’s functions to 9 BVP’s.

Considering the symmetry g(m,n,L;z,y) = g(n,m,L; L — z, L — y), we have
only to prove the left half of the Figure 1, that is,

9(0,2,0,2;z,y)
<9(0,2,1,3;z,y) < 9(1,3,1,3; 2, y). (7.1)

071a173; )

Among them, we have already shown inequalities 0 < ¢(0,2,0,2;z,y) <
9(0,2,1,3;z,y) < ¢(1,3,1,3;z,y) and 0 < ¢(0,1,0,1;2,y) in Theorem 5.4 and
6.1, respectively. Inequalities which remain unproved are as follows;

9(0,1,0,1;z,y) < 9(0,1,0,2;z,y), ¢(0,1,0,2;z,y) < 9(0,2,0,2; z,y),
9(0,1,1,3;z,y) < ¢9(0,2,1,3;z,y), ¢(0,1,0,2;z,y) < g(0,1,1,3; z,y).

THEOREM 7.2.

g(oy 1;072;1"9?/) —g(O’laO; 17zay) = (—Bl(O, 1707 1a$))(_Bl(Oa 1,0727y)) > 0
(7.2)

Proof. We may assume 0 < y < z < 1. Subtracting (4.11) from (4.12), we
have
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9(0,1,0,2;z,y) — 9(0,1,0,1;z,y) = (41(0,1,0,2;2)) — A1(0,1,0,1;2)) K1 (y)
—(A0(0,1,0,2;2) — Ap(0,1,0,1; 2)) Ko (y).
(7.3)

Let us prove the following lemma;

LEMMA 7.1.
Ap(0,1,0,2;z) — Ap(0,1,0,1;2) = — Ky Bi1(0,1,0,1;z)  (7.4)
0\Y, 1, U, 4, o\Y, 4, U, 1, - D(0,1,0,2) 1I\WY, L, v, 4 .
A1(0,1,0,2;2) — A1(0,1,0,1;2) = — Ko Bi(0,1,0,1;2)  (7.5)
1Y, L, U, & 1w, L, Uy 4, = D(0,1,0,2) 1w, L v, 4 .

Proof. Since the boundary data of fundamental solutions are calculated as
BD(O’ 1)0, 1; AO(Oa ]-’ 07 2; Z‘))
= {A0(0,1,0,2;0), A5(0, 1,0, 2;0), Ag(0,1,0,2; 1), A5(0,1,0,2;1)}
={1,0,0, A5(0,1,0,2;1)},
BD(O, 1,0, 11 AO(O, 110a 1 IE))
= {40(0,1,0,1;0), 45(0,1,0,1;0), 4o(0,1,0,1; 1), 4(0, 1,0, 1; 1)}
= {170?0) 0}’

we have
BD(0,1,0,1; A¢(0,1,0,2;z) — Ap(0,1,0,1;x)) = {0,0,0, A5(0, 1,0, 2; 1)}.

Noticing that

1 K
Ap(0,1,0,2;1) = ———— -K. — -K =1
6(0:1,0.21) = 555 (K (K5 (0) = Ks(~Ka(0) = = 5155
we obtain (7.4) from the uniqueness theorem.
Taking the same procedures, we have
BD(0,1,0,1; A;(0,1,0,2; z) — A;(0,1,0,1; z))
={0,1,0, 47(0,1,0,2;1)} - {0,1,0,0}
K
={0,0,0, A41(0,1,0,2; 1)} = ¢ 0,0,0, - ——————
{7 L] 1(0a » Vs &y )} { It ] D(0,1,0,2)},

from which we obatin (7.5). u
By utilizing the Lemma 7.1, (7.3) gives
9(0, 1, 03 2; Z, y) - g(oa 1, O, 1; Zz, y)

= (-B1(0,1,0,1;)) (KoK1(y) — K1Ko(y))

1
D(0,1,0,2)
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THEOREM 7.3.
9(0,2,0,2;z,y) — 9(0,1,0,2; 2,y) = (-A1(0,2,0,2 7)) A1(0,1,0,2;5) >0 (7.7)
Proof. We assume 0 < y < < 1. Subtraction of (4.12) from (4.14) gives

g(Oa 2,0) 2) z, y) - g(07 170a 2a X, y)
= K2(1 - 113){(—31(0, 2a 07 2a y)) - (_Bl(oa ]-7 0’ 2, y)}
- KO(l - z)(BO(O’ 2,0, 2; y) - BO(Ov 1,0,2; y)) (78)

We first prepare the following lemma;

LEMMA 7.2.

Bo(0,2,0,2;2) — Bo(0,1,0,2;2) = ——12—4,(0,1,0,2 ) (7.9)

0\Y, 4, Y, 4, 0 D(0202)1 ) .
Ky

(—B1(0,2,0,2; z)) — (vBl(O,l,O,Q,x)) mAI(O 1,0,2;z). (7.10)

Proof. Calculation of boundary data gives

BD(0,1,0,2; Bo(0,2,0,2;z) — By(0,1,0,2;x))
= BD(0,1,0,2;By(0,2,0,2;z)) -~ BD(0,1,0,2; By(0,1,0,2; z))
= {0, B;(0,2,0,2;0),1,0} — {0,0,1,0}

K,
_ ? 9 . = e
{0, B;(0,2,0,2;0),0,0} { D(0,2,0,2) 0, 0}

Together with the uniqueness theorem, we obtain (7.9). Similarly, simple calcula-
tion shows

BD(0,1,0,2;(~B1(0,2,0,2;2)) = (~B1(0,1,0,2; z)))
Ky
_ ! . = e~
= {0, BI(O’ 2’07270)’0’ 0} { D(O 2 O 2) 0 0}

from which we obtain (7.10). n

From Lemma 7.2, we have

9(0,2,0,2;z,y) — ¢9(0,1,0,2; z,y)
_ 1
~ D(0,2,0,2)
= (—4A1(0,2,0,2;2))A:(0,1,0,2;y) > 0, (7.11)

(KoK2(1 —z) — K2Ko(1 — ))A:(0,1,0,2; )
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which completes the proof of Theorem 7.3. ]

THEOREM 7.4.
g(Ov 27 1a 3;-7:7 31') - 9(0; 1) la 3’ z, y) = (—Al(oy 2, 17 3a :E))Al(oa 1) 1’ 3v y) >0 (712)
Proof. We suppose 0 < y < z < 1. Subtracting (4.13) from (4.15), we have

!](O, 2) 1137 x, ZU) - g(Oa 17 1’ 37 l',y)
= K3(1 - 2){(-B1(0,2,1,3;y)) — (-=B1(0,1,1,3;9))}
— K1(1 — 2)(Bo(0,2,1,3;) — Bo(0,1,1,3;9)). (7.13)

We first prove the following lemma,;

LEMMA 7.3.
Bo(0,2,1,3;z) — Bo(0,1,1,3;2) = — 12— 4,(0,1,1,3;z) (7.14)
0\Yy 4y 1,9, 031av—D(0,2,1’3)1va’a .
K,
(—B1(0>27 1a3a (L')) - (_31(07 17 1,3,13)) - WAI(Oa 17 1,3,.’B) (715)

Proof. Through simple calculations, we have
BD(0,1,1,3; Bo(0,2,1,3;z) — B1(0,1,1, 3;))

K
= {0, B4(0,2,1,3; =40, ——> :
{0, B4(0,2,1,3;0),0,0} {o, D(0’2,1’3),0,0}

Together with the uniqueness theorem, we obtain (7.14). In the same way, making

use of the boundary data,

K,
BD(O, 1, 1,3, (—Bl(O, 2, ]., 3, .’L‘)) — (—Bl(O, 1, 1, 3, III))) = {0, m,o, 0}

we obtain (7.15). u

Owing to Lemma (7.3), we have

9(0,2,1,3;z,y) — 9(0,1,1,3; z,y)
_ 1
"~ D(0,2,1,3)
= (-41(0,2,1,3;))A1(0,1,1,3;9) > 0 (7.16)

(K1K3(1 —z) — K3sK1(1 — 2))A1(0,1,1,3;y)

which completes the proof of Theorem 7.4. |

The final theorem is the most difficult to prove.
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THEOREM 7.5.

g(O7 1; 173a z, U) - g(Oa 1’ 07 2a z, y)
= BO(O7 ly lv 3; z)(_Bl(Ov 17 0) 2a y))
- (_BI(O? 1, 17 3) z))[p(_Bl(Oa la O’ 27 y)) - BO(Oa 17 07 27 y)] >0 (717)

Proof. Let 0 <y <z < 1. Subtraction of (4.12) from (4.13) gives

9(07 17 173;1‘3 y) - g(O) 17072)$’y) = [Al(oa 17 1,3,$) - Al(Oa 17(), 2,.’1)) ]Kl(y)
- [ AO(Oa 1’ 1’37$) - A0(07 170a 2,.’13) ]KO(y)

(7.18)
We first prepare the following lemma.
LEMMA 7.4.
AO(O, 1$ 19 3; .’E) - AO(O) 1, Ov 2; .’E)
— K]Bo(o, ]., ]., 3; SC) - (pK1 - Ka)(—Bl(O, 1, 1, 3; .’L‘)) (7 19)
D(0,1,0,2) '
A1(0,1,1,3;z) — A1(0,1,0,2; x)
_ K()Bo(o, 1, 1, 3; .’L‘) — (pKo - K2)(_Bl(0, 1, 1, 3; .’l?)) (7 20)

D(0,1,0,2)
Proof. Straightforward calculations give

BD(Oa 1,1,3; AO(Oa 1,1,3; .’l?) - AO(O, 1,0,2 ‘T))
={0,0,-45(0,1,0,2;1), A5"(0,1,0,2; 1)}
1

=~ ___{0,0,K1,pK; — K.
D(O, 1’07 2) {07(), lapKl 3},

which proves (7.19). Similarly, we have

BD(0,1,1,3; A;(0,1,1,3;z) — 4;(0,1,0,2; x))
= {0,0,-A1(0,1,0,2; 1),—-A7"(0,1,0,2; 1)}

1
== Ko, pKog — K.
D(O,I,O, 2) {OaOa 0, P10 2}5

which proves (7.20). [

Employing Lemma 7.4, we have

g(O» 1; 1y3; z, 'y) - g(01 1; 0’ 2; xay)
1
D(0,1,0,2) [{KoBo(

0,1, 173; .’l)) - (pKO - K2)(—Bl(07 1,13 x))}Kl(y)
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- {KIBO(O’ L,L3; (E) - (pKl h K3)(—B1(07 1,L,3; IL'))} Kﬂ(y)]

= By(0,1,1,3; ) (KoK (y) — K1Ko(y))

1
D(0,1,0,2)

1
- (-B1(0,1,1,3; x”m

{p(KoK1(y) — K1Ko(y)) — (K2K1(y) — K3Ko(y))}
= Bo(0,1,1,3; 2)(—B1(0,1,0,2;y))
- (_BI(O! 17 17 3; w))(p(_Bl(O’ 17 O’ 2; y)) - BO(Ov 1’ 07 2; y)) (721)

Finally, we prove that the right hand side of (7.17) is positive. Dividing its
both sides by a positive function (—B1(0,1,1,3;z))(-B1(0,1,0,2;y)), we have

9(0,1,1,3;z,9) — 9(0,1,0,2;z,y)  Bo(0,1,1,3;x) + Bo(0,1,0,2;y)
(=B1(0,1,1,32))(=B1(0,1,0,%y))  —B1(0,1,1,3;z) = —B(0,1,0,2y) 7

(7.22)
Since a differential of the first term of the right hand side of (7.22) gives
i( Bo(0,1,1,3; ) ) _ (KoKs — K\ K4)(Ki(z) — Ko(2)Ks(2)) 0, (7.23)
dz \ -B4(0,1,1,3; ) (K1K:(z) — K2Ko(x))?
we have
By(0,1,1,3;2) K3Ki(z) — K4Ky(z) K3 (7.24)

—Bi(0,1,1,3;z) K Ki(z) - K2Ko(z) 200 K1

The limit value K3/K; is obtained applying twice L’Hospital’s theorem. This is
the most delicate point of our proof. In the same way, a differential of the second
term gives

d Bo(O, 1,0, 2; CE) _ (Kle b K0K3)(K12(1‘) - K()(ZL')KQ(:E))
- = >0, (7.25)
dz \ -Bi1(0,1,0,2; ) (KoKi1(z) — K1 Ko(x))?
from which one can find
By(0,1,0,2;z)  KyKi(z) — KaKo(z) K, (7.26)

—B1(0,1,0,2;z) KoKi(z) — K1Ko(x) 510 Ko’

Here L’Hospital’s theorem is used twice again. Hence, we have from (7.22)

(-—Bl(O,l,1,3;3:))(—31(0,1,0,2;y)) - 71 KO

. 1 sh(2a)  sh(2b)
~ 2(a? - ®)Ko K, ( - ) >0,

g(0a1,173; xa'y) —9(0,1,0,2;117,:1/) > K3 + K2

a b
(7.27)

which completes the proof of Theorem 7.5. |
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