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POLYNOMIAL APPROXIMATIONS ON DISJOINT SEGMENTS
K. G. Mezhevich and N. A. Shirokov UDC 517.956

The problem on polynomial approximation of functions from some class defined on a compact set E of
the complex plane is studied. The case where E is the union of a finite number of segments is considered.

Bibliography: 12 titles.

Let E be a compact set of the complex plane, and let X be a class of functions on E. If E possesses
interior points, then the functions from X are analytic in the interior of E. The problem on description
of the class X in terms of the rate of polynomial approximation of functions from X is a classical theme
of complex analysis. Assertions from this field of approximation theory can be divided into the so-called
direct and inverse theorems. Direct theorems assert that any function from X can be approximated by a
polynomial of degree at most n with rate b(n,z), where Z € E or Z € oE. Inverse theorems assert that if
f can be approximated with rate c(n,z), then f € X. Assertions on the consistency of direct and inverse
theorems, i.e., b(n,z) < c¢(n, z), are essential.

The inverse theorems deal with general compact sets (cf. [1-3]). There are a few papers on direct
theorems for a disconnected set £. We mention the paper [4] of Walsh, which was published in the 30s,
and only three recent papers [5—7]. This is incommensurable with the hundreds of papers where E is a
continuum.

In this paper, we consider the case where E consists of a finite number of segments. Thus, E has no
interior points, which is a new (relative to [5]) property. The proof includes operations with continua of
types that never appeared in approximation theory.

§1. Construction of P,. The Geometric Stage

Let S}, C Sy be the segment such that the middle points of S), and S coincide and the length of ), is equal
to half of the length of S;. We take arbitrary points Z; € S} and construct a continuum I'(Z1,...,Zy,) D E.
Let Uy denote the rectangle such that Sy is the median and the length of the sides that are perpendicular to Sy
is equal to 43. We choose & > 0 such that the rectangles Uy, are pairwise disjoint. Let U; C Uy be rectangles
such that Sy, is the median and the length of the sides that are perpendicular to Sy is equal to 23. We choose
a point A outside the union of all U;. We connect A with a vertex T of U, k= 1,2,...,m, by a curve of
class C2 such that the obtained curves are pairwise disjoint. We define by Yo the union of these curves. Let
Tx(Zy) denote the segment of length & such that T4(Z;) is perpendicular to S, the first endpoint is Z, and
the second endpoint and T} lie on the same side of U;. We connect T; with the second endpoint of t(Z;)
by a curve Y, C Uy \ U] of class C? such that the curvature radius of Y; has a lower bound 6 > 0 that is
independent of Z;.
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LetT(Z,...,Zpy) = k[:Jl(Sk Utk(Ze) UYe) Uo-

§2. Formulation of the Theorem and Preparations

Let E be the join of segments S; = [ay, b), k = 1,2, ..., m, of the complex plane C.

Let wy, k=1,2,...,m, be moduli of continuity, let r¢, k = 1,2,... ,m, be nonnegative numbers, let
r(r1,72,...,rm) be an m-dimensional vector, and let w(wy,wy,...,wy,) be an m-dimensional modulus of
continuity. Let the moduli of continuity wy, ..., w,, satisfy the condition

x A
w;(t) wi(t)
/—l—dt-f—x 2 dt < cwj(x)
0 X

m
for every x € (0,4;), where A is the length of S;. Let E = J S, and let A7, (E) be the set of functions f
k=1
on E such that f () € Ay, (Sk), where

Awe(S1) = {@ is defined on Sy, [0(z) ~ @(0)] < Comwi(|2—C)) ¥z, € Se}-

We introduce the function pj(z) (cf. [8]), which defines the approximation rate. We consider Green'’s
function G(z,e0) for C\ E with a pole at infinity. Let L, = {z € C\ E, G(z,%°) = h}. For a sufficiently
small 2 < hy, let L’;;, k=1,2,...,m, be the closed part of the level line L, containing the segments S,
k=1,2,...,m. Let py(z) = dist(z,Lp).

Theorem. Let f € A} (E). Then for every n=1,2,... there exists a polynomial P,(z) of degree at
most n such that

1£(2) = Pu(2)] < P, (2)we(P1ya(2)),

where z € Sg, k=1,...,m, and c is independent of n and :.

We continue the function f € A},(E) to I'(Zy,...,Z,). On the common part of Yy, we have f = 0.
The derivatives f'(z), ..., f"¥(z) are defined for z € S;. On [Z, T], we define f in the form of the Hermite
interpolation polynomial (cf. [9]) f; with the properties

f(Zy) = filZy),
I (Z) = fi(Zy),

FU(Ze) = FHZ).

The number of these conditions is equal to r; + 1. Let
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i.c., the number of these conditions is also equal to ;. 4+ 1. Thus, we have 2r; + 2 conditions.

§3. Construction of an Approximate Polynomial

Let C\T'(Zy,...,Zm) = Q(Z},...,Zy). Let A= @z, .. z,(z) be a function with the normalization

. 7 e e A E
(th,., 7Zm (oo) = oo, llm (p 1 m(é)
z—0 z

>0

establishing the conformal mapping of Q(Z1,...,Z,) onto the exterior of the circle [A| > 1. The inverse
mapping is z = @z, 7. (A). We choose R = 1+ 1/n, where n is commensurable with the degree of the
polynomial. Let

Ero(8) =Ere(iz)... 2,1) = P(Re ®0(L)),

where § € Q(Z1,...,Zy). Let ¥(Zy,...,Z;) be a contour surrounding I'(Zy,...,Z,). We consider the
circuit of this contour in the positive direction. We take some sufficiently large p that is independent of z.

LetCey(Zy,...,Zm), letz € E, and let

! ot Era(l) (L4 Ero())~!
Go0 =7 Ero@)—27 T (e =27

Fe® =5 [ JOKELOL,

27
W2t i)

K(z,(,8) =

where [ is continued to I'(Zy,...,Z,). The function K(z,{,8) maps Q(Z\, ... ,Zx) onto the exterior of the
circle |[R| > 1. However, for {; and {; lying on different sides of a cut the values K(z,{;,6) and K(z, {,0)
need not coincide.

Remark. The constructed continuum has no interior points. Assume that f is an analytic function in
a small neighborhood of S;. For example, let f* approximate f in a neighborhood of E. Then we can use
the Cauchy formula. We modify the contour y(zj, ..., zx,). Let 7, be a contour that surrounds Sy and is close
to Sg. Let z € S, and let vy, be the contour such that the part of the initial contour surrounding Sy and the
part of 1;(Z;) surrounded by T, are replaced with 7. Then

SO 1 AQ 1 £(©)
7%= Tm‘y/ e ‘ﬁwm‘é?;fﬁo/ 7=

Yy,

f(z>=§%n[

F0)= 5 [ FOKGLOL, zes:

Y‘Ck
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We have

1 1
F(z,0)—f(z) = l it K(Za‘:ae)——‘_—z dg,
271: YelZiyeo 2} ( C )
o 1 —C+Erp (—C+E&rp)P! 1
e e (4 A T L P 0
_ (Erp—0)P
(Ere—2)P(L—2)
N (Ero— )
FeO) S0 =5 [ O a4
Yol Zi,e i Zm}
For z € Si, we represent the function f({) from (1) in the form
F©) = £+ £ EE=2) +ot 2 FEE = + 0l ) @
By (1) and (2), we find
F(2,0) - f(z) = _J‘/(f(z)JFf/(Z)(C—Z)‘*‘«--+if(r")(z)(c—z)rk
’ i) .y
o (Ere—0)
MACEl e i L 5
_ f@) (Ero —0)? f'(z) [ (Ere—C)”
2w / (Ero—2)P(L~2z) &~ 2mi / (Ero—2)P dc—...

T

_f(”k)(z)/ Ero—C\’ lg C+___/(P ) (Ero—C pdc
2miry! é;R,B —z 2ni éR,Q -z ’
Y
Lety; = Ty(z) + Y + S, and let ¥, = T}.(z¢) + Yk + T, where T} (z;) is the part of T4(z; ) that lies outside

Tx. Then
/ :/ +/§;<,/ +/ (4)

T )/ ~k

By (4), we can write the last term of (3) in the form

[ ] g e o ®

. i

We estimate the integral over ¥, from (5). By the Jacobi formula

g
/C o)L (FU(0) — £U9(2)) do

Ik—l ’
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We have
1 79@2) <§R,9 - C>pd2;

27'Ci~ Z—C_, &R:Q—Z

k (; ) p
_ i%?/ﬁ (A{—C Z/(C~cr)fk—1(f(r,‘.)(cs) —f(rk>(z))do) (2’;:_5) s (6)

k

If r, = 0, then @(C, z) = f({) — f(z). Hence the right—hand side of (6) has the form

w () -

If r, = 0, then this integral converges since the following estimate holds:

diam¥,

17(8) = 7(2)] wy (1)
7/—“:—:2'_% <e 0/ 20 as. (7

For ry > 0, the following integral converges:

g
/ l%c / (§—o) (" (o) — £ (2))do

Since the integrals (7) and (8) are convergent, we can pass to the limit in (3) and (5) as T, — 0. We have

_ fl) (Ero—0C)?
Feo =5y | G- 73 d-

_f(’.k)(Z) / (&R,G_C)p(g—z)rk_l
(Cro—2z)P

vz (e o 0) (25

§R9 1 ﬁRe—C)
+#zk2n/<pc7 e /cp(@ P

dg. (8)

dg

For a fixed large p, we fix v such that v > p and v is independent of n. Let

. 2v b4 . 2v
sinn0 sin#0
Jn(0) Cn’v< sin® ) ’ / nN( sin® )
-7

We introduce the polynomial
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§4. Estimate of g,(z) — f(z)

Let z € §;. We have

2.(2) = f(2) / Tu(0)(F (2,0) — F())d®

ol () [ e

Y(Zlﬁ"‘7Zm

* s (7 /C C-o (o)~ o ) (2222) ap - O

R
v 1 o (Gro—C)
%2""7,/([)@’ Go-7C 9"

1 (Ero —C)?
2m'70f R ey >"4d9

We write the first term of (9):

M) | (Ero— O)P(C—2)¥!
" 2mN! / J"(e)[ / Re(&ze,e—Z)” dc] 0.

- Ly-eevbm

where N > 0 and &g g = P(Re ©(L)). We recall that ¥(z1,. . . , z,) is a contour surrounding T'(Z1 . .. , Zy,).
We choose a sufficiently large rp such that the circle of radius ro /2 surrounds the continuum, i.e., || < ro/2.
Let ¢;, = {|{| = ro}. By the Cauchy theorem, we have

[ itim [

YZ1y-- 12, Cry

i.e.,

/J" [ / &Reéi?:(_CZ;pz)N }de /Jn(e) (/ gRe(_gi?:ECZ;pZ)N-IdC> 6

YZ1seee Zom)
_/(f; A 1(/1,1(6 (‘2;2:3)1)619)4@.

We choose a large ro that depends on I'(Zy, ..., Z,,). Forevery 0, we have |Egg —z| > by and by < |{—z| <
2rp. Hence

}/(c W= I/Jn (é’”’ )dedc)<max(bfov—l,(zro)N-l)-2nr0£117max/nf,,(e)1gk,9~;|Pde.

Ero—z
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As is known (cf. [10, 117), for the last factor we have
T
[ 74(©)lEro L0 < balv. pirt—
n

For z € S} and sufficiently large v, the following inequality holds:

Ero— do &r — &'
Ju(0) <c , Lv<p. 10
/ O e |aRe S Tep—a P 1o
If p is sufficiently large (depending on the geometric situation and the numbers ry,...,7,), then for
any j we find (cf. [1, 11, 12])
1§ —2z[¥IC—CrlP 117
—@m—ldCKCPm (Z1,..., Zp3z), OV, (11)

Y(Zl geen ,Zm)
where ¢ is independent of Z1,...,Z,, and p,(Z,...,Zy) is the maximal of the three distances to L.
We similarly estimate the third term and the fourth term of (9). It is more difficult to estimate the
second term:

Sz_/Jn 2m rk—l) y/(z—?;/c o rk)(c) f(rk(»d(y)dc(?:—C) 4%

By the definition of the class of functions under consideration, we have | %) (6) — fU0(z)| < wi(jo — z)),

¢ € §;. Consequently,
4

¢

1 oV (£ (g) — £ (2 - — ol Y (lo— 2

Z“CZ/(C &) (1 (0)~ " (2)do < QZ/IC o[~ w(|o— ) |do]
| e

— |l —o" tw(|z - = z2—EMw(jz =) = € — 2wz = ).

< gl o c|>2/1|do| g U= ) = el )
Thus,
e @0 [ g (g—2) |2 Tat
-7 Vi '

In view of the inequalities (10) and (11), we have

T _ P
sl <e e i)l [ k078 4 (g =tag)
Ero—2z
<c / (= 2’”
<c / g Ry ) ROZE g
Yee

1 )
< 65W<p>p<fk+l>+cw(p>pfk = cp"w(p),
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where p = p'l/n(ZL, ceoyZm,z). In (9), g4(z) depends not only on z, but also on Z|, ..., Z,,. Thus, we obtain
the estimate

|gn(le~ . ,Zm;z) _f(z)l < Cprkw(p)a z € .

§5. The Final Stage
On [d},b}] % ... x [a},,b},], we consider a function of the form
AZyy .\ Zw32) = AY(Z1) - An(Zin) X (2= Z))V (2= Zg) 7
such that
[ | Mo zinan) iz =TT [ a@)e-zo iz =1,
5] (bl nm

We can assume that the functions Az(Z;) are bounded.

Lemma 1. In the definition of A, we can assume that each Ai(Zy) is a polynomial.

Proof. There exists a polynomial #,(x) such that f tr(x)(z —x)" dx = 1 for every r. The last condition

holds if and only if

1
/xfr,(x)dx= (1), /xvtr(x)dx:O, v=01,....r—1.
0

We make a linear change of the variable. We obtain a polynomial Ax(Z;) such that
/ A(Z) (2 — Ze V¥ dzy = 1.
b
The lemma is proved.

Since Ay (Zy) is bounded, we have

A(Z1,... . Zm;2 |<cH[z Zy|F (12)
k—1
The inequality (12) implies that
/ FOAZL, . Zu2)dZ4) .. |dZo] = F (). (13)
@bl laby)

Let

Fulz) = / / Gu(Zts o Zui)AZL, .\ Zos )21 .. |dZn).
CARRACS
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The polynomial g, has degree at most n + r,, where r, = r{ +...+ry +m. From (12) and (13) we derive
the relations

\f(z)—gn(z)|:‘f(z)— / / en(Zss e Z IAZ1s e s Zos2)|AZ4] .. |d 2]

G A
/ / FOAZ,-..\ Zws2)ldZ1] .. .|dZ| —
[ab1] bl
— / . / 21, Zp2)A(Zy, ..., Zn;2)|dZ,| . . . |dZ,)
A A
f / F) = 8n(Zi, e Zi ) AZs s Zos 2)[AZ4 .. |d 0],
A AR
To complete the proof, we need some properties of the distances p,(z) and p;(Zi,...,Zn;z). These

properties can be easily obtained in the geometric situation under consideration (cf. [1, 10]).

Lemma 2. For z € 5, we have

Pi/n(z) = \/‘Z“akﬂz—bkl +— (14)
if
ay+ by lfb B ’
z ) 4 k— k|,
then l |
1l Ly 2
ifz € Sy and
ax+ by 1 b
then
P1/nZts- - Zm3 2) \/lé"aki |z — byl + (15)
We present some important corollaries. On [ay, b)), we have py/,(z) < 5 in view of (14). Thus, by

(14) and (15), we have

. 1
pl/n(zl7"'7Zm;Z)<Cp1/n(Z)E_—, ZGS]{- (16)

Zg|
From (11) and (16) and the inequality w;(AS) < Awg(S), A > 1,z € Sy, we find

6021 20i2) = 1)) < 0y ) g (P36 1
I I n lZ Zk| (17)
Z_Izk|;.k 2 _le‘Wk(P%(Z)) = C1(p’1_z(z))r"wk(p%(z)) !

< Tk —_—
\Cl(p}_l(z)) I lz_Zklrk_H
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If j#kand z € S, then 2 < |2 —Zj| < ¢3.
We complete the proof of the theorem. We introduce the function

= 1

H(Zh oo Zmyz) = kl;[1 IZ_Zklrk+1 .
m
By (17),for z € |J Si we obtain the inequality
k=1
lgn(Z1,..., Zm;z) — f(2)] < cp';"/n(z)wk(pl/n(z))H(Zl, cosZmiZ). (18)

Taking into account (12) and (18), for z € §; we find

NER AR RETACREY R ) ) A AEY § (A G AR
k=1

lay o1 (@bl

=...=cp, (wi(P1/a(2))-

The theorem is proved.

10.
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