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ON E X A C T  O R D E R  OF C O N V E R G E N C E  OF R A N D O M  P O L Y N O M I A L S  

A. Basalykas and  O. Yanushkev ich iene  (Vilnins, Lithuania) UDC 519.2 

Estimates for the rate of convergence of a random second-order polynomial to the distribution X 2 in uniform and 
LEvy metrics are obtained. Also, the low bounds in these metrics are constructed. 

1. I n t r o d u c t i o n  and  F o r m u l a t i o n  of M a i n  Resu l t s  

The increased interest in random polynomials(see, e.g., [1, 2, 5-7, 9, 10]) is due to the fact that in many cases 
linear models describe real situations not quite explicity. Naturally, the improvement of models by means of symmetric 
polynomials requires one to investigate their rate of convergence. 

Let 
P(~k)(x) = P(~k)(xl, . . . ,x~,),  x E R" ,  n = l , 2 , . . . ,  

be a sequence of homogeneous symmetric kth-degree polynomials. Denote 
r n  r n  S ( , ~ ) = x ~ + x  2 + . . . + x , ~ .  

This is a well-known Newton representation of symmetric polynomials that is expressed as follows: 

= " . ,zk)S(1 ). . S~ ) ,  ix + 2i2 + . . .  + kik = k) ,  

where i l , . .  �9 i,~ are natural numbers. 
This means that we can write a homogeneous symmetric polynomial of second degree in the following form: 

pr = a.S~l)  + b.S(~). 
In [9], the rate of convergence of a random polynomial 

1 ~ Xi - X? - ~ , 
Y" = n i=l i=1 

to the limit distribution was considered. Here Xt, X2 , . . . ,  X,~ are independent and identically distributed random 
variables. It was V. M. Zolotarev who first suggested considering the rate of convergence of such polynomials. As in 
[7], we also consider the second-order polynomial 

• Z . = a .  X~ + b .  X~ 
- - i = 1  " i = l  

with a~ = a/n,  b,~ = b/n, a, b E R, and a �9 b ~ 0. As compared to [9], we substantially improve here the estimates in 
a uniform metric. Moreover, we consider here polynomials of a more general kind, and lower estimates for the rate of 
convergence are obtained also. 

For simplicity, assume that EXx = 0 and EX~ = 1. It is easy to see that Z,~ will converge to the polynomial 
Z = aN 2 + b as n --+ ~ .  Here N is the standard normally distributed random variable. 

Denote ~, = EIX1 I" and suppose that 
/34+26<oc, 0 < ~ < 1 .  (1) 

This condition will be needed to apply the estimates in the central limit theorem given in [4] to the squares of 
random variables under consideration. 

Recall the definitions of probability metrics that will be used in this work: 
Ldvy metric 

L(X ,  Y )  = L ( F x ,  Fv)  = inf{e: Fx  (x) < F y ( x  + e) + ~, Fv (x )  < F x  (x + ~) + ~, x �9 R}, 

where F z  is a distribution function of the random variable Z; 
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L~vy-Prokhorov metric 

~r(X,Y) = ~r(Px,Py) = inf{e: P x ( A )  <_ Py (A  ~) + s, Py(A)  <_ P x ( A  ~) + e, A E 13}, 

where/3 is a system of Borel sets on R, and A e = {x : [x - y[ < e, y E A} is the e-neighborhood of the set A; 
Ky-Fan metric 

K ( X , Y )  = inf{e > O: P ( [ X - Y [ _ > e ) < e } ;  

uniform metric 

p ( Z , Y )  = sup{[Fx(x) - Yy(x)[: x �9 R}.  

The main results are the following propositions. 

THEOREM 1. H condition (1) is fulfilled, then there exists an absolute constant c > 0 such that 

p(Z, , ,aN2+b)<cf  /~3 l.v/- d min(logn,~_~))}. 
In particular, I clZ3 Z, \ ~  + ~ - ~ 7 ~ ) ,  ~=0, 

P (Z"aN2+b)<-  c f  fl3 ~ n ~ / 4 )  

kv,-~ + , ~ = 1 .  

THEOREM 2. If condition (1) holds for 0 < 6 <_ 1, then there exist absolute constants cl > 0, c2 > 0 such that 

where r ,  < c2EIX~ - 112+~(f34 - 1)-1-6/2n -~/2, 0 < 5 < 1, f14 • 1; r~ = 0 i[fl4 -- 1. 

R e m a r k .  Note that  iffl4 = 1 (or f14 = f12 = 1), then L(Z,~,aN 2 + b) = O(n-W2). The equality f14 -- 1 means that  
E(X~ - 1) 2 -- 0 or X~ = 1 with probability 1. It is easy to see that  in this case the summand b~'~= 1X~/n  in the 

polynomial Z,~ is equal to b. This shows that  the order lov/~-~/n in Theorem 2 is conditioned by the term b ~-~=x X~/n. 
In Sec. 4, we construct an example showing that  the orders of lower bounds in Theorems 1 and 2 are, respectively, 

n -1/4 and v ~ n / n ( i n  the case 5 = 1). 
In [7], the rate of convergence of random polynomials was also pursued. There strict restrictions were imposed on 

the class of polynomials. The results of that  work were obtained in the metrics ~(X, Y)  = f IFx(u) - Fy(u)l du and 
7r(X, Y). In the 7r(X, Y) metric, the order of the est imate was n -1/4. 

By the method of characteristic functions the estimates of the p ( X A X  T, ~A~ T) were obtained in [1] and [5]. Here 
X -- (X1, . . . ,X ,~) ,  ~ = (~1 . . . .  , ~ ) ,  ~i are s tandard normal independent random variables, whereas vectors X and 
are assumed to be independent, and A = (aij)l_<ib_<~ is a real symmetric matr ix with a i i =  0. The estimates obtained 
there are of orders n-WS(logn)S/3 and n -I/s,  respectively. Since the metric of the quadratic form Z~ has only one 
eigenvalue strictly distinct from zero (as n -~ 00), the application of these results in our case is impossible because the 
conditions in [5] are not fulfilled or else it yields a trivial est imate [1] (in [1] and [5], to obtain a meaningful result it is 
needed that  the matrix A should have at least two eigenvalues strictly distinct from zero). 

By c, cl,  c2 , . . . ,  we denote positive absolute constants that  may differ from line to line or from formula to formula. 

2. P r o o f  o f  T h e o r e m  1. E s t i m a t i o n  o f  t h e  R a t e  o f  C o n v e r g e n c e  in t h e  U n i f o r m  M e t r i c  

Denote 
Q(E,N 2) = s u p P { N  2 e [ u , u + e ] } ,  E > 0 .  

u E R  

It is easy to show that  
Q(e, N 2) < cv~. 

Denoting S,~ = (xl + . . .  + x , ) / v ~ ,  by the triangle inequality, we obtain 

p(Z,~,aN 2 + b) < p(Zn, aS~ -I- b) + p(aS~ + b, aN 2 + b). 

(2) 

(3) 
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By I1 a n d / 2 ,  respectively, denote the first and second terms of the right-hand side of (3). 
Since the metric p is invariant with respect to a shift by a constant, we have I2 = p(S~, N2). Then 

p ( S ~ , N  2) = sup [P{S~ < u} - P { N  2 < u}l G sup [P{S~ < v/u} - r  
u~O u>O 

c/~3 
+ s u p  t P { S ,  < - v / ~  } - @ ( - V ~ ) l  + 2d,  _ ~ + 2d~, (4) 

u > 0  V n  

where d,, = supu~R P{S,~ = u}. To estimate d ,  we make use of Lemma 6 (see [4, p. 59]). This implies that  for each 
u > 0  

d~ <-u-1 / [EeitS~[ dr" 

Itl<~ 

Since IEei~S-[ < e -t2/4 for [t[ < 3v~/(2/3a) ,  assuming u = 3v/'n/(2/33), we obtain 

d ~  c & / v ~ .  (5) 

Hence it follows that  

/2 <_ e/~a/v'-~. 

Let us now proceed to the est imation of the term I i .  It  is easy to see that  

where 

p(z.,=sX + b) = p =s~. + ~ ~ ( x  ~, - 1),~s = . 
FI. i = I  

By Lemma 7 (see [4, p. 30]), for any ~ > 0 

(0) 

vl 

Ii=(x) = max(P(aS~  < x + e) - P(aS2~ < x),  P ( a S  2 < x) - P(aS~ < x - ~)). 

Since max(u, v) < u + v for u, v > 0, we have 

supI12(x) < s u p [ P { [ a L S ~ < x + e } - P { [ a [ S ~  < x - e } [  < N 2 < - P  N 2 < + 

+ ~ < c + . (8) 

Estimate (8) follows from (2), (4), and (5). It now remains to est imate the term I n .  For this we decompose the 
random variables X/2 in the following way: 

x ,  = = ~ '  + u;' ,  

where 

v" = x ~ { l x ,  I <_ r 

It is easy to see that  EU[ + E U "  = 1. Then for any e > 0 
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i = 1 , 2 , . . . , n ,  

~,, = x=~l{IX, I > r  

P ( Z  2 > r -1 P (U~ - EU~) ' V '%U"  e _ = t 2 A  > 
- -  i = l  i = l  

p(Z,~, aS~ + b) < I n  + sup I12(x), (7) 
x E R  



_<P -E > ~ +P '-E ')> . (9) 

According to the Chebyshev inequality, 

P (U['- > 2-~ < (2[b[ 2 E 1 ~ff '(U"- (2[b[)2 . . . . .  c/34+2~b2 (10) 
- - -  - z _ _ . ,  , < ( ~ : ) 2 ~ " ~  - E U ; ' )  ~ <- ( ~ ( : ~ ) 1 + ~ / ~ ) 2  

_ \ r ] In i= l  

Again, by the Chebyshev inequality and Theorem 19 (see [4, p. 86]), for all p > 2 we have 

P - E U ' )  > < E - EU~)  

< E]U i' - EU~[ v + \,.... E(U~ - EU~)2} I'/2 
-- -- i=l 

< ( 2 v / - n ) ' - 2 ~ E ( U ' - E U ' ) 2 +  E ( U / - E U ~ ) )  ~_< \ ev:~ J " 
i=I ~i=l 

Combining estimates (6)-(11), we obtain that for all e > 0 and p > 2 

( /33 /~4+2'~b2 ~a~ (4p[bl~-44~v~ (12) p(Z,~,aN2+b)<c ~ + ( E ( v , ~ ) l + 6 / 2 ) 2  t- + \  ev/_ K j j .  

Assuming in (12) p = 6min{logn, 1/(1 - 6)}, ~ = 4pV"~4elbln -(4+'D/a~ we obtain 

P(Z"aN2+b)<-cf  f33 v~  , na/4 + ,lv]=~ v ~ 4  m i n / l b '  ( l - ~ ' l ~  ) ) 

+exp{_6(l+loffnO_a)/tO)min(logn, l l_~) } <_cf :+__n(,+4)/2~ ( l + V ~ w m m ~ l o g n , - i - - ~ _ ~ ) ] }  . / [ b [  . { 1 \ 

Theorem 1 is proved. 

3. P r o o f  of  T h e o r e m  2. U p p e r  E s t i m a t e s  of  the  R a t e  of  Convergence  in the  Ldvy  Met r i c  

According to the triangle inequality, 

L(Zn, aN 2 + b) <_ L(Z,~, aS 2 + b) + L(aS 2 + b, aN 2 + b) = ll + 12, (13) 

where la and 12 are, respectively, the first and second summands on the right-hand side of (13), Sn = (xl +... +x,~)/v/'n. 
Since the Ldvy metric is invariant to a shift by a constant, 

12 = L(aS 2, aN2). 

By the inequality L(X, Y) <_ p(X, Y), 

12 <_ p(aS~, aN ~) = p(S2~, N 2) < cfl3/v:'~. (14) 

Let us estimate ll. According to [3, p. 111], 

Z~ = L ( Z , ,  aS~, + b) < ~(Z , ,  aS2, + b). 

On the other hand, the Ldvy-Prokhorov metric is minimal with respect to the Ky-Fan metric (see [3, p. 59]); therefore 

lr(Z,~,aS2+b)<K(Z~,aS~+b)=inf r  ~ - i _ ~  t . _>E < ~  . 
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From this it is easy to see that 

~r(Z,,aS2 + b) < 2L(b ~'~f~=-~ X~ ,b ) .  

Making use of the invaxiance property of the Ldvy metric and by the triangle inequality, we obtain 

= L  b L b ~ ,  - ~ ,  ~ ) 

where ~i = X 2 - 1. In [9], for L0 = L(r as ~ -+ 0 the following expression was obtained: 

L0 = r + ~ + o(1) = V i l ~ l ~  + o ( l ~ i ~  ). 

(is) 

(16) 

Thus 

\ v~  ,o = v ~  

Let us now consider the first summand on the right-hand side of (16). Since L(X, Y)  < p(X, Y), we have 

where r,~ < cEIX~ - 112+a(f14 - 1 ) ( - a+6) / a (v~) -~ ,  0 < 6 < 1, f14 # 1, and r ,  = 0 for/34 = 1. 
Now (13)-(16) yield the proof of Theorem 2. 

4. O n  L o w e r  B o u n d s  for  t h e  E s t i m a t e s  in T h e o r e m s  1 a n d  2 

Let a = 1 and b = - 1 .  Then 

Denote 

It is easy to see that  

x = x l  + - - -  + x .  s2 y ~  x y  - ~ .  
71 ' = n  

i = l  

Z,, = n X  2 - S  2 - X  2 = ( n - 1 ) Z  - 2 - S  2. 

When Xi __d N(0,  1) it is well known that  the random variables X" and S 2 are independent  and nS 2 d= x2(n _ 1). 
Therefore, we can write Z,~n/(n - 1) as the sum of two independent random variables N 2 and -x2(n  - 1)/(n - 1): 

n N2 xa(n -- 1) 
1 Z ,  = n -  n - 1  

Let us investigate the distribution function H(x) of the random variable N 2 - x 2 ( n  - 1) / (n  - 1) (briefly N2 - X,-1).2 . 

oo 

H(x) = FN2_xL,(x ) = / FN=(x -- z) dP(-x2_1 < z) 

--oo 

= / FN=(~ + ~)r < -~) = 
or m,.x(O,-z) 

As FN2_I(-I ) = O, it is obvious that 

FN=(x + ~)m~(X2._I < ~). (i~) 

sup ]H(x) - FN2_I(x)[ _> IH(-l) - FN2_I (--i)] = H(-I) =/FN2(Z - -  I) dP(x2._1 < z). 
xER 

1 

(18) 
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Since 

we have 

dP  2 mr" - . . . .  1 ( n -  1)/2),  (X,,-1 <- z) = F--~e z dz (here m = 

m m 

F(m---') = c~ + ~ ) '  Co = (ex/~) -1 , ~ = O(llm),  
(19) 

oo oo 

H ( - I )  = co(l q- $m) / FN2(Z - -  1)e-rn(z-1)v/--mzm-I dz = co(l -[- ~m)V/'-m/FN2(Z)e-mZ(z -[- 1) ~ - I  dz 
1 o 

Thus 

1/";' 1/2 

=cv/-'m / FN~(z)e-~'(z + l)'~-l dz--cv/'m / ~ ( e - ' ( z  § l))"~ dz. 
o 0 

F o r 0 < z < l / 2 ,  
z 

FN:(z) 1 ~o e-"/2 
l + z  -- x / ~ ( l + z )  - - - ~ d u  ~ - -  

z 

2 f ~ d ~ = ~ : ~ .  
aV~;el/4 J V-~ 

o 

1/2 

H ( - 1 )  > cx,/'m/~/'z(e-=(z-+ - 1))'~dz. 

0 

The inequality e-=(1 § z) ~ e -=2/2 (0 _< z <_ 1/2) yields 

(2o) 

1/2 v~ /2  

H(-1)  > c v ~  ,,'~e-:'~"/~d~ = ~ ~e-~/~= = ~. 
o 0 

Since m = (n - 1)/2, we have H ( - 1 )  > c/r Note that  the passage from the random variable Znn/(n - 1) to Z,, 
does not change the order n -1/4 (see (30)). 

Let us deal with the Ldvy distance. By the definition, 

L(N 2 1, N 2 2 
- - X n _ l ) = i n f { 5 :  H ( x - 6 )  - 5~FN2_I(X ) ~ H ( x §  Vx E R}. 

Since for x _< --1, Fg2-1(x) = 0, we have 

i n f { 5 : F g ~ _ x ~ _ , ( x - - 6 ) - - 6 < O < F g 2 _ x ~ _ , ( x + 6 ) + 5  , x ~ - - l } = 6 o ,  

where 50 is the solution of the following equation: 

H ( - 1  - 5) = FN2_xI_,(--1 - 5) = 5. (21) 

For x > - 1 ,  we have 

7 
H(x - 6o) = / 

max(0,-=+5o) 

1+5o 

FN~(~- 5o + ~) dP(x~_I <~) < FN,(z + 1) / 
m a x ( 0 , - z + 6 o )  

dP(X~_l < =) 

i j + FN~(x- 50 + ~)dP(x~_I <=)=FN2(X+l)+ (FN~(x-5o+z)-FN2(~+I))dP(x~_I <=). 
1+6o 1+5o 

Since 

FN:(= - 5o + ~) _< FN-~ (= + 1) + FN~(-1  - ~o + ~), (22) 
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relation (22) yields 

H(z-6o) <_FN2_I(Z)+6o, z>- - l ,  
oo as 6o = f~+~o FN2(--1 -- 6o + z)  d P ( x ~ _  1 _< z). N o t e  t h a t  FN2(X + 1) = FN~-I(x). For  - 1  < x _< - 6 0 ,  we h a v e  

(23) 

i--6o 

H ( x  --~- 60) ~-'-: / FN2(x- . } - z -+ .60)dp(X2_l~Z)~  / 

-x -6o  - z - 6 o  

FN2(X+Z+~o)dp(Z2_l <_ z)+FN2(X+I) / dP(x2_I <_ z) 
I--6o 

= FN2(X+ I) - 

--z--6o 1--6o 

0 --z--6o 

T h e  inequa l i t i es  (for - 1  < x _ - 6 0 )  

{FN2(z+Z+~o)+FN2(1 --Z--6o), 
FN2(Z+I) <_ pN2(1  _ z _ 6o), 

- x - 6 o  < z < 1 - 6 o ,  

0 < z < - x  - ~o 

yie ld  t h a t  for - 1  < x _< - 6 0  we have  

H(x + 60) >_ FN2(x + 1) -- 

--z--6o i--6o 

f FN2(1-z-6o)dP(x2_I < z ) -  / 
0 - z - 6 o  

FN2(1 - z - 6o) d p ( x 2 _ I  < z) 

For  - 6 0  < x < r we h a v e  

i--~o 

= F~_~(~) - f FN~(1 -~ - ~o)dP(xL1 _< ~). 
0 

(24) 

oo 

H(x +6o) = f FN=(X + Z +6o)dP()(2_l ___ z) = 

o 

I--~o / 
/ FN,(X+Z+60)dP(x2_I <_ z)+ FN2(X+Z+60) dP(x2_I < z) 
0 I-6o 

A s  

t h u s  

I--6o 

> FN, (z  + 1) + f (FN~(x + z + ~o) - FN~(~ + 1)) dP(x~_I  < z). 
0 

F N ~ ( z + I ) < F N 2 ( z + z + 6 o ) + F N ~ ( 1 - z - ~ o ) ,  0 < z <  1 - 6 o ,  

l--6o 

H(x +6o) >_ FN,_I(x) -- f FN2(1 -z-6o)dP(x2_1 <_ z). 
0 

There fo re ,  for all x > - 1  

H ( x  + 60) > FN2-1(z )  - 

1 --60 

/ F~(1  - ~ - ~o) aP(X~_~ <_ ~). 
0 

W e  will show t h a t  

I =  FN,(1 - ~ - ~o) (X~_~ _< ~) < ~o. 
0 
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It is easy to see that 

I = 

1--36o 1--6o 

f FN,(1-z-6o)  dP(X2_I)+ f FN,(1-z-6o)dP(X~_, <z) 
0 1 --3~o 

1--36o I--6o 

0 1 --360 

d P  2 (X._I _< z) 

1--36o 

_ < F N 2 ( 1 - 6 o )  f dP(X~_ l _< z) -* coo~3/2 
0 

because FN2 (250) <_ cvZ~o. Now let us evaluate the integral 

(25) 

I' = 

1 --360 

f dP(XL, <_ ~). 
0 

By (19), 
1--36o 1--36o 

I' = co(l § em)em v/"rn / e-mZzm-l dz =--~(l+e,~)emc~ / d(e-Zz)ml = z 
0 0 

1 - -35o  

e"co(1 + e,~) f < 36ov/~ d(e-~z) '~ = co (1 + em)(e36~ - 360)) '~ 
- 36o v/-~ 

0 

Since e3~(1 - 3u) < e-~(1 + u), 0 < u < 1/3, we have 

2 7 (  1 )  ~m)(e-6~ + 6o)) "* I ' <  ~ 1 -  co c~ + 
- 6oJ-~  

Together with (25) this yields 

/ _ < C O o +  FN~(I +6o) I -- Co(l § 6~ 

Later we shall show that (see (29)) 

co(1 + E,~)FN~-(1 + ~o)(1 - 1/e)(e-6~ + ~))m < 50. 
6ov/--~m 

Thus 
_ ~,~3/2 27 

I < ~o + ~-i-6o < 60. 

This means that for x > - 1  
H(x + Jo) >_ FN2_I (x) -- &o. 

Therefore, 
L(N 2 1, N 2 2 - - x , , - 1 )  = 5o, 

where 6o is solution of Eq. (21). Let us solve this equation. Using (19), we write (21) in the form 

6 = coe'v"~(1 + ~,,,) i FN~- ( - 1  - 6 + z)e-'~'z m-1 dz, 
1+5 

C 0 ~ .  - -  
1 

ev~-~" 
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Denote 

If is not difficult to obtain that 

J = / F~2(-I - 5 + z ) e - " ' z  ~ - I  dz. 

1+6 

(26) 

f FN,(--1 --5 
1+,~ 

+ z)e-mZzm-l dz < / e-mZzm-l dz = / (1- z)e-mzzm-l z 
1+6 1+6 

: _i. / = 7  <-_:I ", 
1+6 

where S(z) = e-'z.  Integrating by parts, we obtain 

i ? d(S(z)) m I (e-(l+5)(l--[-(~)) '~ I i Sin(z) 
T:T = m 5 m (T:~ e= < 

1+6 1+6 

I (e-(I+6)(I + 5)) "~ 
m 5 

Therefore, 

J <  

Let us estimate J below. By the Taylor formula, 

1 (e-(I+6)(I + 6))"~ 
m 5 

(27) 

e-'/2 ~ (-l)~(1 + 5) k 
FN2(--1 - 5  + z) = FN2(Z) +C,-----~--k= 1 k! hk(z), (28) 

where clhk(z)e-Z/2/v/-~ -- F(Nk}2(z), cl ---- 1/v/2"~. Since [hk(z)[ $ 0, z -+ oo, and hk(z) < 0 for k = 2p, and h~(z) > 0 for 
k = 2 p -  1 (p E N), all terms in the second summand on the right-hand side of (28) are negative. As 1/(1 - z) > 1 / ( -5) ,  
putting (28) into (26) we obtain 

J = f dz ~ (-l)k(l + 5)k e-~/2 k! hk(z)----~e-""z "~-1 dz 
J 

1+6 k = l  I +6  

Since 

1 / FN2(:) d(S(z))~ + _ _  

= ~  -T-s-F-= 
1+6 

cl ~-,~ (-1)Ir +5)  k ? hk(z)d(S(z)) "~+3/2 
m + 3/2 ~ k! j ~(i - z) 

k = l  1+6 

/ ~ ( -1 )k (1+5)~h~(1+  5) / > -FN7 (i + 6) d(S(z))" + cl d(S(z)) '~+s/2 
- 5m (m + 3/2)k! (1 + 5)2(-5) 

1 +6 k = l  1 +6 

(e-O+6)(l + 6))" [" 
5m ~, Fm(i + 5) + - -  

clm ~ (-I)~(I 
m + 3/2 k=1 k! + 5)~ hk(1 + 6) 

(e-(~+Z)(l + 5)) 3/2 "[ 
(i + 5)~ J" 

cle -(1+6)/2 ~ (-1)k(1 + 5)khk(1 + 5) 

vff-T7 k! 
k = l  

= FN~(O) - FN2(1 + 5) = -FN2(I + 5), 

we finally obtain 

J ~_ ((,e-0+6),1 + 5))" 
5m FN2(I + 5) (i .~+3/2  / > 

(e-O+6)(I + 6))'~FN2(I + 6)(I --1 

Therefore, 

FN2(1)(1--1) (e-(1+6)(l + <J< 
( e - ( I+6) (1  + 5)) "~ 

5m 
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o r  

coFN2(1)(I\ - -/1)(1 4" :m)(e-a(15v/- ~ 4" 6))m < 5 < co(1 4. :m) (e-a(l(~/-~ 4. 5))m (29) 

If 5 << 1, then e-a(1 + 5) >_ exp{-5=/2}. On the other hand, (e-a(1 + 5)) m _< exp{-52m/2}exp{53m/3} < 
c3 exp{-52m/2} (we know (Theorem 2) the solution of Eq. (21) should not exceed c4(logn/n)l/2). Solving the equation 

c,e -~`''1` ( 1 )  
5 = 5V/- ~ , coFN~(1) 1 -- < c5 <_ 2Co, 

we obtain (see [8, p. 57]) 

Hence, 

or(as m = (n - 1)/2) 

~2 m 
2 = l o g ( ~  c5) - log log(csx/~) + " "  . 

~0 = ~ ( 1 + o ( 1 ) )  

/ log(n  - 1),,  
~ 0 = ~ V  ~ - 1  ~' +~ 

Note that the passage from the random variable N 2 2 - Xn-1 to the random variable ((n - 1) /n) (N 2 - X ~ - I )  cannot 
change the order ~ ,  because 

s u p H (  xn ~ _ g ( x )  < c/v/-n. (30) 
~ 1  \ n - l /  - 

This estimate follows, for example, from the Esseen lemma and 

]Eeit((n-1)/n)(N2-x~_,)_Eeit(N2-x2,,_l)[_~ ~ ( 1 +  ~ )  -(n-l) /2 

x ~ 1 1 ( l + 2 i t / n  )(n-1)/2 c~,t, 
- 2it/(n(1 - 2it)) - 1 + 2 i t / ( n -  1) < n(1 + t2)1/4' It[ <_ c~n. 

Estimate (30) may also be checked by straightforward calculation, using representation (17). 
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