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O N  T H E  S T A B I L I T Y  O F  C H A R A C T E R I Z A T I O N  B Y  T H E  D I S T R I B U T I O N  
O F  A N Y  O R D E R  S T A T I S T I C *  

A.  P. Ushakova  and  V. G.  U s h a k o v  (Chernogolovka, Russia) UDC 519.2 

Some upper and lower estimates of stability of characterization of distribution by the distribution of any order 
statistic are obtained. 

1. I n t r o d u c t i o n  

Let X1 , . . . ,  X,~ be independent and identically distributed random variables. Let X~: n denote the r th  order statistic. 
Johnson and Kotz [1] showed that  the distribution of X'~:,~ characterizes (uniquely determines) the distribution of Xi.  
In this paper, we prove that this characterization is stable in the uniform metric and obtain some lower and upper 
estimates of stability. 

Let X 1 , . . . ,  Xn and Z1 , . . . ,  Z,~ be two groups of independent random variables identically distributed in each group, 
1 < r < n, and X~: n and Z~:,~ be the corresponding r th  order statistics. Denote the cumulative distribution functions 
of Xi, Zi, X~:,~, and Z~:,~, respectively, by F(x) ,  G(x),  F (~) (x), and G (~) (x). 

2. A u x i l i a r y  Resu l t s  

First we prove some elementary estimates connected with the integral of the form 

/ t r - l ( 1 - t ) n - r d t ,  l < r < n .  

Below we use the following notations: 

and 

Y 

I(1)n,, = / i f - l (  1 - t) " -~d t  

0 

1 

Z(2)n,r = f t r - l (  1 - t )  " -~dt ,  

1--y  

where 0 < y < 1. 

LEMMA 1. For any 0 < y < 1 and ali r = 1, 2 , . . . ,  n, the following inequalities hold: 

(1) 

(2) 

y > [rI~l~] l/r, (3) 

IE, in addition, 2 < r < n - 1, then 

(2) 1/('n--r+1) y _> [ ( n ,  r + 1)I~,r] . (4) 

y_> l  (1 , ( i ) , l / n  - - n l ~ , r )  , i = 1 , 2 .  (5) 
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P r o o f .  We have 

which implies (3), and, analogously, 

Y 

z~J,~ < t ' - '  d t = - ; y  , 
0 

1 

IL~.~, < f (i - t)  " - ~  at  = i ,,_~+~ 
- n _ r + l  y , 

1--11 

which implies (4), 
Now suppose that  2 < r < n - 1. Let us prove (5) for i = 1 (for i = 2 the proof is similar). Set 

n - 1  n - 1  
P =  r - l '  q =  n - r '  

then 1 / p  + 1/q ,  and, due to the HSlder inequality, 

I0, ) = / t ~-1 (1 - t) "~-~ dt  <_ t " - 1  d t  (1 - t) " - 1  dt = n - W P ( y n ) W P n - W q ( 1  - (1 - y )n ) l l q .  

0 0 0 

This implies tha t  either 
hi(I)  < y"  n , r  - -  

o r  

.I~(~ _< 1 - (1 - v)". 

Since yn <_ 1 - (1 - y)n, we come to the conclusion that  (6) holds anyway; (5) is a simple consequence of (6). 

LEMMA 2. I[O < y <_ 1/2, then  
y < 7.1/r~(,~-~)/r[r(0 1/r i = 1,2�9 

- -  -- t - n , r  

If 1/2 < y < I, then 
y < 2 (~-U/('~-~+*) (n - r + 1~ l / (n - r+ l )  [f(i)11/(,-~+D i = 1, 2�9 

- -  - /  L - n , r J  

P r o o f .  Let 0 < y < 1/2; then 
Y 

i ( 1 ) > 2 ~ _ ~ f t r _ l d t = l  1 
. . . .  r 2 "~-~ y~' 

0 

which implies (7) for i -- 1, and, analogously, 

(G) 

(7) 

(s) 

1 

i(2) > 1 f t~_ 1 1 1 
. . . .  2 , _ r  dt  = r 2-~7_~ (1 - (1 - y)r),  

1 - - y  

which implies (7) for i = 2. 
Now let 1/2 < y < 1; then 

y 1 

l ( 1 ) ~ 2 ~ _ l / ( 1 - t ) n - r d t =  . . . .  - - 1  f t ~ - "  d t  = 

0 1--y 

1 (1 y).-r+l) ,  
2 r _ l ( n _ r + l ) (  1 -- _ 

which implies (8) for i = 1, and, analogously, 

1 y 

l - - y  0 

1 n - - r+ l  

2 r - l ( n -  r + 1) y 
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which implies  (8) for i = 2. 

LEMMA 3. Let f (x) ,  0 <_ x < 1, be a nonnegative integrable function. I f  f (x )  is unimodal, i.e., there  exists 
x0 E [0, 1] such that f (x)  increases for 0 < x < Xo and decreases for Xo <_ x <__ 1, then 

b b - a  1 

/ f ( x )  d ~ _ ~ m i n { / f ( x ) d ~ ,  / f ( x )  d: r}  

a 0 1 - ( b - a )  

(9) 

for any O < a < b< 1. 
P r o o f .  W i t h o u t  loss of generali ty,  suppose  t h a t  f (x )  is cont inuous.  Set  

x + b - a  

F ( x ) =  / f ( t )  dt, O < x < l - ( b - a ) .  

T h e n  F(x) is a differentiable funct ion  and 

F'(x)  = f ( x + b -  a) - f (x) .  

Let  us consider  two cases: (1) b - a < xo and (2) b - a > xo. 
(1) b - a  <_ xo. I t  is easy to see tha t ,  in this  case, F'(x) >_ 0 for O < x < x 0 -  ( b -  a) and  F'(x) <_ 0 for 

x0 _< x < 1 - (b - a). Cons ider  the  in terval  (xo - (b - a), x0). In  this  interval ,  f ( x  + b - a) decreases and f ( x )  
increases; therefore,  there  exists  x l  E (xo - (b - a),  x0) such t h a t  F'(x) > O for xo - (b - a) <_ x _< x l  and F'(x) <_ O 
for x l  _< x < xo. Thus,  the  func t ion  F(x)  increases for 0 < x < x l  and decreases for Xl < x < 1 - (b - a), i.e., F(x) is 
un imoda l  in the  interval  (0, 1 - (b - a)).  Th is  obviously  implies  tha t  

F(x)  >_ m i n { F ( 0 ) ,  F (1  - (b - a))} 

for all x E (0, 1 - (b - a)). P u t t i n g  x = a, we ob t a in  (9). 
(2) b - a > xo. In  this case, f ( x  + b - a) <_ f ( x )  and, therefore,  F(x)  decreases for x E (0, 1 - (b - a)), i.e., 

F(x)  > F(1  - (b - a)).  

P u t t i n g  x = a, we obta in  

which implies (9). 

b 1 

a 1 - - ( b - - a )  

f(z)dz, 

3. U p p e r  E s t i m a t e s  

In  this section,  we ob ta in  some upper  e s t ima tes  of s tabi l i ty  of charac te r iza t ion  by the  d i s t r ibu t ion  of any order  
stat ist ics.  

then 

THEOREM i. If 

sup [F(~)(z) - V(~)(z)l < ~ _< 1, (10) 
z 

sup IF(z)  - a ( z ) l  < c(n, r)~ 1/=~x( . . . . .  +1), 
r 

where c(n, r) is a constant, depending only on n and r. 
P r o o f .  We have (see [2]) 

F(~) 
r(n + 1) f 

F ( O ( z ) =  r ( r ) - F ( n - - r + l )  j t ~ - l ( 1 - t ) " - ~ d t  
0 

(11) 
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and an analogous representat ion for G (~) (x); therefore, 

c(z) 

s  + 1) - t)'*-" dt.  
IF(')(x) - a(') (=)l r(r)r(n - r + 1) 1 f tr-'(1 

F ( x )  

(12) 

Let us fix an a rb i t ra ry  x. It is easy to see tha t  the function f(t) = t r -1(1 - t) '~-~ is tmimodal  in the interval [0, 1]; 
hence, from Lemma 3 and (12) we obtain 

IFC~)-C(x)I 1 
{ /  f } F(r)F(n- r + l) ~ (13) rain t~-l(1-t)~-~dt,  t r - l (1- t )~-~dt  <- F(n  + 1) " 

o 1-1F(x)-G(x)l 

If IF(x)  - G(x)l <_ 1/2, then, due to (7) of Lemma 2, (13) implies that  

[F(x)_G(x), <_ [ r ' (n - r ) ! ]  W~ n! 2(n-~)/~el/L 

If IF(x) - G(x)l > 1/2, then, due to (8) of Lemma 2, (13) implies that  

iF(x)_C(x)l < [ ( r - 1 ) ' ( n - r  + l)'.] 1/("-~+1) n! 2(r-  D/(n-~+Dr 

Since x is arbi trary,  (14) and (15) imply (11). 
R e m a r k .  In Theorem 1, one can take 

(14) 

(15) 

c(n, r)  = max(c1 (n, r), c2(n, r)), 

where 

and 

cl(nTr) = [r!(n--r)[] 1/r 
n] 2("-~)/r  

c2(n,r) = [ ( r -  1)! O n -  r + 1)!] 1/( '~-'+1)2(,_1)/(,_r+1) 
n! 

From Theorem 1 the following uniform (not depending on r)  est imate can be derived. 

C O R O L L A R Y .  If 
sup IF(~)(x) - G(r)(x)I <_ e < 1, 

z 

then 
sup IF(x)  - G(x)[ < 2 n - l e  1/n. 

x 

4. L o w e r  E s t i m a t e s  

In this section, we derive some lower est imates of s tabi l i ty  of characterization of a continuous dis tr ibut ion by the 
dis t r ibut ion of any order statistic.  Let us introduce the following notations. Denote the set of all continuous cumulative 
dis t r ibut ion functions by .A. Let F(x) E .A. Denote the set of all continuous cumulative dis tr ibut ion functions G(x) 
satisfying the condit ion 

sup IF(r)(x) - G(r)(x)l < e 
x 

by Ar(P,~). 
THEOREM 2. For any F(x) E .,4 the following estimate holds: 

sup sup [Fix ) - G(x)] >_ co(n, r)e I/max( . . . . .  +1), (16) 
G~A.(F,~) z 
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where co(n,r)  is a constant depending only on r and n. 

P r o o f .  Let  F(x )  6 ,4 .  W i t h o u t  loss of generali ty,  suppose  t h a t  e < 1/2. Deno te  by x (0  and x(~ 2) points  of the  real  
line such tha t  

F(r)  (x l  1)) -- r F ( ' ) ( x  (2)) = 1 - 

(if these points are nonunique, then any of them can be taken). Set 

0 for z < z(- '), 

/ ~ (= )  = F(~)(~)i---5;- ~ for =()) _< ~ _< =?) ,  

1 for x > x (2). 

It  is easy to see tha t  

Indeed, 

and 

sup  [ H , ( z )  - F(')(x)l  = ~. (17) 
g 

sup  [ H ~ ( x )  - F(')(x)[ = F(')(z(, 1)) = e, 
z<x (+ *) 

sup  ]H,(x)  - P ( ' ) ( x ) ]  = 1 - F ( ' ) ( z ~  2)) = ~, 
z>z~ 2) 

I H d x )  F(")(x)] sup - = 7-----~,_ ]2F(r)(x)  - 1[ < E, 
=~')<_=<=7-) 

because e < F( ' ) (x )  _ 1 - s for x{~ I) < x < ~(2) and,  hence, - ( 1  - 2s) < 2 F ( ' ) ( x )  - 1 _< 1 - 2~ for these x. 
Let  us consider  the  fol lowing equat ion  wi th  respect  to the  var iable  x: 

F ( n  + 1) / t )n_ r 
r ( r ) ~ - n - -  r -F 1) t r - l ( 1  - d t = a .  

0 

The  solut ion of this equa t ion  exists for any a 6 [0, 1]. In addi t ion,  if x 1 and  x2 are two solut ions  corresponding to 
the  r igh t -hand sides a l  and  a2, respectively,  and al  < a2, t hen  xl  < x2. This  implies tha t  there  exists a cumula t ive  
dis t r ibut ion funct ion G(x) such  tha t  

H , ( = )  = 

c(=) 

r ( n  + 1) f 
r ( , l r ( , ,  - r + 1) t"-1(1 - t )  ~ - ~  dt 

0 

for all x. In o ther  words, He(x)  = G(~)(x). 
Since 

we obta in  

which implies 

He(x(e ')) = 0, H~(x(~ 2)) = 1, 

a ( = i  ~)) = o, c ( ~ ,  (~)) = 1, 

sup [F(x)  - G(x)[ > max{IF(x~  ' ) )  - G(x~I))I , IF(x(2)) - G(x~2))] } = max{F(x~ l ) ) ,  1 - F(x~2))}. 
z 

(IS) 

We have 

= F(~)(=(.,)) _ c(~)(x(. , ))  = p ( ~ ) ( ~ , ) )  = r ( ~  + 1) 
r ( r ) r ( n  - r + 1) 

therefore,  due to (3) of L e m m a  1, 

�9 r 

- I n! 

F(zc(1) ) 

f t,_,(1 _ t),~_~ dt; 
0 

(19) 
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and, analogously, 
, = a ( ' ) ( = 7  )) - FC')(xl =)) = 1 - F(' ) (= i : ) )  

1 1 

/ / 
= r ( ~ ) r ( . -  ~ +  1) t ' - ' ( 1 - t ) " - ~ d t =  r ( ~ ) r ( . -  ~ +  1) 

F(=(. 2)) 1-(1-F(=(,~))) 

which, due to (4) of Lemma 1, implies that 

t ~- I  ( i  - t )  "~-~  dt, 

11/(,~-~+1) 
1 -- F(x(e2)) _> (r - 1)! (nn!- ~ + 1),j ~v( , - ,+ , ) .  (2o) 

Then (18)-(20) imply that 

{ [ ]'/(~-~+~) 
s u p I F ( x ) - C ( x ) t > m ~  L ,~t J ~ / "  ~! 

> co(n, r)e '/max( . . . . .  +,), (21) 

where one can take 

co(n,r) = n@n( [.r '(n-r) ']  1/r [(r--1) ' (n--r  + l)']'/('-~+l) 1 
-nT. ' n! 

From (17) and (21) we finally obtain (16). 
Using (5) of Lemma 1 instead of (3) and (4), we obtain the following estimates, which have worse order with respect 

to �9 than estimates given by Theorem 2 but better constants and, therefore, are sometimes more accurate. 

THEOREM 3. For any F(x) E .4 the following estimate holds: 

(~-  1 ) ! ( n  - ~-)! 
sup s u p [ F ( x ) - C ( = ) ! > l -  1 -  i~--z T)T 

GEA.(F,r 

5.  Conclusions  

We have proved (and estimated) the stability of characterization for a certain metric (uniform metric for distribution 
functions). If we take other metrics, the stability can fail. For instance, "local" stability (stability for density functions) 
does not hold. More exactly, for any e > 0 and any M > 0 there exist two probability density functions f(x) and g(x) 
such that 

but 

Let us construct the corresponding example: 

suplf(r)(x) -- g(')(x)l < 

s u p l f ( x )  - g(x)J > M .  
z 

Then 

but 

f ( = ) = g ( z )  = 0, z S - 1 ;  f ( = )  = g (= ) ,  = ~ n~ " - 1 .  

E 2 - n  E 

f (x )= n ' O<x<ne~- l ;  g(x)= ~---------,+n~_1 - l  < x < n e  ~-1. 

sup Jf(~)(x) - g(~)(x)l _< 

sup If(x) - g(x)l > M(n)z 2-'~. 

The right-hand side of the estimate given by Theorem 1 rapidly becomes close to 1 when n increases. On the other 
hand, Theorem 2 shows that this estimate is sharp (up to the constant in front of 21/max(r.,,-r+,)) for any distribution. 
This means that, although the distribution of any order statistic uniquely determines the distribution of a sample, 
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it always "forgets" the latter very fast when the size of the sample increases. Thus, in speaking of applications, one 
should keep in mind that extremal values of samples carry "essential" information about the distribution of samples 
only if the samples are "small." 
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