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Abstract
A novel two-dimensional finite element method for modelling the diffusion which occurs in Fricke or ferrous sulphate

type radiation dosimetry gels is presented. In most of the previous work, the diffusion coefficient has been estimated

using simple one-dimensional models. This work presents a two-dimensional model which enables the diffusion

coefficient to be determined in a much wider range of experimental situations. The model includes the provision for the

determination of a drift parameter. To demonstrate the technique comparative diffusion measurements between ferrous

sulphate radiation dosimetry gels, with and without xylenol orange chelating agent and carbohydrate additives have been

undertaken. Diffusion coefficients of9.7±OA, 13.3±0.6 and 9.5±0.8 10-3 cm-h! were determined for ferrous sulphate

radiation dosimetry gels with and without xylenol orange and with xylenol orange and sucrose additives respectively.

Introduction

Individuals have endeavoured to measure spatial absorbed
radiation dose distributions over many years. In the 1950's
methylene blue dye was used to determine radiation dose from
colour changes in gels! and depth doses of X-rays and
electrons in agar gels using spectrophotornetry-.

In 1984, it was proposed that nuclear magnetic resonance
(NMR) relaxation measurements of particular irradiated
materials could be used to determine absorbed dose of ionising
radiations. The first dosimeter to be investigated was the
ferrous sulphate or Fricke dosimeters In this radiation
dosimetry system ionizing radiation causes ferrous (Fe2+) ions
to be converted to ferric ions (Fe3+) through radiolysis of the
aqueous system. Ferric ions exhibit a larger paramagnetic
enhancement than ferrous ions and the magnetic resonance
longitudinal (spin-lattice), RI and transverse (spin-spin), R2

relaxation rates (lITI and lIT2 respectively) of the dosimeter
are related to the concentration of Fe3+ produced, and hence to
absorbed radiation dose'. It was found that changes in the
relaxation properties of the irradiated dosimeters could also be
measured using magnetic resonance imaging (MRI). Ferrous
sulphate solutions were incorporated into a gel matrix in order
to stabilize the irradiated MRI absorbed dose signature
spatially. Longitudinal and transverse relaxation rate image
'maps' could then be used to quantify absorbed radiation dose
distributions spatially.
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Since it was first shown that MRI may be used to measure
absorbed dose distributions in ferrous sulphate gels many
workers have subsequently investigated various aspects of this
and other gel dosimetry systems. A major limitation in the
application of ferrous sulphate gel dosimetry is the diffusion of
ions in-the dosimeter, resulting in an unstable absorbed dose
distribution and subsequent error in the spatial dose
measurement. This limitation has been investigated by a
number of authorsvt-. The effects of using chelating agents in
reducing the diffusion of ions in ferrous sulphate gels has also
been investigatedt--!".

Table I summarises some diffusion measurements by
researchers in ferrous sulphate based dosimetry gels.

A number of previous studies on diffusion of ions in
dosimetry gels have acquired relaxation measurements and
subsequently calculated relaxation images. However, this
approach does potentially require prolonged imaging times. In
the current study, changes in image signal intensity have been
investigated similar to other authors in their studies in gel
dosimetry adopted this approach 12.15-17.

In a previous communication the development of a finite.
element method to model the diffusion problem in Fricke
based radiation dosimetry gels (Harris et al 1996) was
reported. The method was used to measure the diffusion
coefficient at different temperaturesvtv-t". It was stated that the
method could be extended to two or three-dimensions unlike
other published methods that are essentially one-dimensional.
An extended two-dimensional method along with the
associated mathematical formulation is presented here. Since
the determination of the diffusion coefficients is often
complicated by signal drift, the present method incorporates
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Reference Diffusion
Coefficient

(10-) cm-h-t)

Gel Type &
Concentration (%) Other Constituents (mM) Temperature (0C)

Schulz ( 1990)
Schulz ( 1990)
Olsson (1992)
Gambarini ( 1994)
Balcom (1995)
Balcom ( 1995)
Baldock (1995)
Baldock ( 1995)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Rae (1996)
Kron (1997)
Kron (1997)
Kron (1997)
Kron ( 1997)
Kron (1997)
Kron (1997)
Kron (1997)
Kron (1997)
Pedersen ( 1997)
Pedersen (1997)
Pedersen ( 1997)
Pedersen ( 1997)
Pedersen ( 1997)
Chu (2000)

18.3±IA
15.8±1.1
19.1±1.0

1O.9±1.6*
9.7±1.1
11.9±1.8
12.5±1.1
21.3±0.5
8.2±0.1
9.1±0.1
10.4±0.1
4A±0.·1

0.7±0.1
1.0±0.1
4A±0.1
6.5±0.1
6.1±0.1
6.3±0.1
8.3±0.1
14±3
20±5

22
II

5±1
9

9
HI

14.6±0.1
8.1±0.1
8.2±0.1
17.8±0.2
16.3±0.2

IA

Al
AI

A 1.5
Al
Al
Al
Agar
Agar
G4
G4
G4
G4
G8
G8
G4
G4
G4
G4
G4

A 1.5
A 1.5
A 1.5
A 1.5
G 10

A 1.5, G 3
A I, G2

A 1.5, G 3

G
G

G+ BA
A 1.5
A3

PYA 20

S 12.5, Fe3+ I
S 25, Fe3+ I
S 50, Fe2+ I
S 50, Fe2+ I, NaCI I
S 30, Fe2+ I
S 30, Fe2+ I
S 50, Fe2+ I, NaCI I
S 50, Fe2+ I, NaCI I
S 26, Fe2+ 0.2, BE 5
S 26, Fe2+ 0.2, BE 5, Fo 70
S 26, Fe2+ 0.2, BE 5, P 0.6
S 26, Fe2+ 0.2, BE 5, P 0.6
S 26, Fe2+ 0.2, BE 5, Fo 46
S 26, Fe2+ 0.2, BE 5, Fo 46, P 0.6
S 26, Fe2+ 0.2, BE 5, XO 0.2
S 26, Fe2+ 0.2, BE 5, BD 0.6
S 26, Fe2+ 0.2, BE 5, Fo 46, XO 0.2
S 26, Fe2+ 0.2, BE 5, AC 0.6
S 26, Fe2+ 0.2, BE 5
S 50, Fe2+ 0.5
S 100, Fe2+ 0.5
S 200, Fe2+ 0.5
S 50, XO 0.25
S 50 & 100, Fe2+ 0.5
S 50, Fe2+ 0.5
S 200, Fe2+ 0.5, XO 0.2
S 50 & 100, Fe2+ 0.5, XO 0.1 & 0.25
S 50, Fe2+ 1.5, XO 1.5
S 50, Fe2+ 1.5, XO 1.5
S 50, Fe2+ 1.5, XO 1.5, BE 5.0
S 50, Fe2+ 1.5, XO 1.5
S 50, Fe2+ 1.5, XO 1.5
S 50, Fe2+ OA, XO 0.4

25
15-17.5

22
22
5

24
10
20
10
10
20
20
10
10
20
20
10
22
22
22
22
22
22
22
22

20

Table l , Csummary or diffusion measurements in the literature. A = agarose. Agar = agar, g = gelatine. PVA = polyvinyl alcohol. S =

HlSO4' XO = xylenol orange. BE = benzoic acid. Fo <formaldehyde. P = phenanthroline, AC = acetylacetone, BD = bathophenanthroline

disulfonic acid • Diffusion coefficient calculated in Rae }996.

provision for modelling this effect by including a drift
parameter in the governing equations. The diffusion
coefficient and drift parameter are determined from
experimental data by finding the values which minimise the
difference between the distribution of the concentrations
obtained experimentally and distribution of the concentrations
obtained theoretically using the finite element method. This
minimisation process could be carried out using any standard
technique appropriate for solving an unconstrained
optimisation problem. To demonstrate the technique
comparative diffusion measurements between ferrous sulphate
gels with and without the xylenol orange chelating agent have
been undertaken. It was previously suggested that
carbohydrate additives might improve ferrous sulphate gel
sensitivity!", Diffusion measurements with sucrose additive
were also undertaken as part of this study.

20

It has been stated that the finite element method requires a
mathematical framework that is not readily available and that
potential problems existed in specifying initial boundary
conditions!'. This is clearly not the case as the finite element
method utilises mathematical resources available in most
university libraries along with software available as part of
numerous packages.

The technique presented here is a generic method for the
determination of the diffusion coefficient which may be used
for solving other diffusion problems not associated with either
MRJ or radiation sensitive gels.

Methods

Gel Manufacture
For this study three different formulations of ferrous
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sulphate agarose gels were manufactured. Preparation of the
dosimetry gels was according to the method of Zahmatkesh-''.

The first formulation of gel to be manufactured was
ferrous sulphate agarose gel with xylenol orange chelating
agent (FAX).

The FAX gel was manufactured using two glass beakers.
One glass beaker contained 125 ml of singly distilled water, 25
mM of sulphuric acid (H2S0 4), 0.4 roM ferrous ammonium
sulphate (Fe(NH4)z(S04)2) and 0.2 niM ofxylenol orange
chelating agent. It had previously been shown that for.
reproducible results the order that the ingredients were added
was important-''. The ferrous sulphate had to be dissolved
before adding the xylenol orange dye. The mixture was stirred
until a uniform solution was obtained. In the other glass
beaker, I% by weight ofagarose powder was added to another
125 ml of distilled water and stirred until mixed thoroughly.
The agarose glass beaker was heated to boiling in a microwave
oven until a clear liquid was obtained. The heating time
depended on the volume of the gel. For a 250 ml total volume
this heating time was about 4 minutes. The boiling agarose was
removed from the microwave oven to a water bath. It was
stirred continuously to produce a uniform temperature and
prevent setting of the gel on the walls of the glass beaker that
were colder due to contact with the room temperature water.
The gel was cooled to 60°C and was mixed with the solution
in the other glass beaker which was at room temperature. No
extra water was added to account for water loss by evaporation
during boiling or cooling. No aeration, oxygenation or
nitrogenation was applied to the gels. As the final volume of
250 ml of FAX gel was convenient for measurement and
weighing of ingredients, all gel volumes were prepared in
multiples of250 ml. The mixed solution was stirred to produce
a uniform solution and immediately poured into respective
calibration vials or diffusion phantoms and. placed in a
refrigerator.

The second formulation of ferrous sulphate gel was FAX
gel with additional sucrose. 500mg of the carbohydrate per
250ml of final gel volume was added' to the glass beaker
before agarose was added. Once the sucrose granules had
dissolved the agarose powder was added.

The third formulation of ferrous sulphate gel was the
traditional Fricke gel, referred to as FA gel in this
communication. The method of preparation was the same as
for the FAX gel but without either xylenol orange or
carbohydrate additives.

Dose Response Measurements
Each gel formulation was prepared three times making a

total ofnine independent experiments. The gel was poured into
a series ofvials with screw-top lids and placed in a refrigerator.
After each batch of gels had set the batch was irradiated to a
known absorbed dose using a Co-60 Gammacell 200 (MDS
Nordian, Canada) irradiation facility which had previously
been calibrated-'. Vials of gel were irradiated in intervals of 7
Gy up to 49 Gy.

For the purposes of imaging, vials were positioned in a
purpose built container or 'phantom' (figure I). The phantom
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consisted of a plastic container with a push-on lid. A plate was
manufactured also from plastic to fit to the base inside the
container to keep the vials positioned apart in the upright
position during scanning. After the vials were placed in the
container it was filled with tap water.

Figure I. Phantom container holding vials

Magnetic resonance imaging (MRI) was undertaken using the
head coil of a Siemens Vision (1.5 T) MRI scanner in order to
determine the longitudinal or spin-lattice relaxation time, TJ

for eachvial (figure 2). The phantom was imaged with a single
slice in the coronal plane using a conventional spin-echo pulse
sequence. An echo time (TE) of 12 ms and repeated repetition
times (TR) with increasing values ranging from 25 ms up to
4000 ms were used. The field of view (FOV) was 110 x 110
mm, the slice thickness 5 mm and the pixel size 0.86 x 0.86
mm. One signal acquisition was used. Data were subsequently
transferred to a personal computer and processed to calculate
T, image 'maps' using software written in-house--. Having
calculated the T, maps, regions of interest (ROI) of similar
area of 0.54 ern- (57 pixels), were drawn on each vial to obtain
TJ values. TJ and R1 were then plotted against absorbed dose.

In order to calibrate T, measurements using this pulse
sequence, a standard I litre stock solution of J53GdCP of
known relaxivity-' in a volumetric flask was transferred to 50
ml volumetric flasks and further diluted to give solutions with
a variety of relaxivities. The solution from each 50 ml flask
was subsequently transferred to a series of vials. The vials
were imaged and TJ and T2 for each was subsequently
calculated. To ensure that images of the phantom in the head
coil were acceptably uniform a similar series of vials
containing solutions of the same T, were imaged and the
standard deviation determined over the area of the phantom.

All scans were acquired at a temperature of 22° C which
was the ambient temperature of the air conditioned scanning
room.

Experiments were undertaken to determine the T, and R,
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Figure 3. Irradiation geometry ofdiffusion phantom using 6MV

linear accelerator. Phantom irradiated at 57cm SSD.

Figure 4. Irradiated diffusion phantoms supported in head coil of
MRJ scanner

Mathematical Model
In this section we present a generic finite element method

The FaY was 110 x 110 rom and the pixel size 0.86 x 0.86
rom. Four signal averages were co-added. The acquisition time
for each image was 9 minutes and 7 seconds.

The diffusion images were transferred to a personal
computer for processing.

the faces ofthe phantoms parallel to the transverse plane ofthe
scanner (figure 5).

The phantom assembly was scanned using the same spin­
echo pulse sequence as that used for the dose sensitivity
experiments. The parameters chosen for imaging were a TE of
12 ms and TR of 1000 ms. Three slices were chosen each with
a thicknesses of 5 rom centred on each individual phantom.

Figure 2. Head coil of Siemens Vision MRJ scanner containing

phantom

Diffusion Measurements
For diffusion measurements, Perspex phantoms of 100 x

100 x 10 rom external dimensions and wall thickness 4 rom
were constructed. Each gel formulation was poured into three
phantoms. This enabled two diffusion measurements for each
formulation to be undertaken whilst keeping the third phantom
as a control.

One side of each phantom was open enabling the gel to be
poured into the phantom. The gel set within a few minutes of
pouring. A convex meniscus above the edge of the phantom
was removed with a sharp scalpel blade. The side of the
phantom was sealed with plastic adhesive tape to prevent
dehydration and then placed in a refrigerator to reduce thermal
oxidation.

The dose sensitivity curves obtained above were used to
determine the dose required to obtain suitable contrast
between irradiated and unirradiated regions of the phantom for
the diffusion experiment. Two of the three phantoms for each
gel forinulation were irradiated to the required dose using a 6
MV linear accelerator (figure 3). Each phantom was placed on
tissue substitute material to generate full backscatter. The
phantom was irradiated using a square field of4 cm measured
at the surface ofthe phantom which had been positioned at 57
ern SSD. The third phantom was left unirradiated so as to act
as a control sample (figure 4). After irradiation the phantoms
were transported to the MRI scanning facility for imaging.

In order to reduce susceptibility effects during MRI
measurements a section of perspex was added to the open side
ofeach phantom, and held in place with plastic adhesive tape.
The three phantoms were held together with plastic adhesive
tape with the control sample in the centre. The three phantom
assembly was then supported in the centre ofthe head coil with

for each gel formulation in the irradiated range from I Gy up
o 10 Gy in steps of 1 Gy.

22
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Figure S. Diffusion phantoms supported in head coil of MR
scanner

for determining the diffusion parameter from data obtained
experimentally. In almost all of the previous work on this
problem, including the previous work by the authors II,
concentration has been on solving problems where there is
diffusion in only one space dimension. In this work, the
method has been revised to consider diffusion problems in two
space dimensions which more closely model what is
happening in the vertically thin dosimetry gels that are being
considered here.

The concentrations, U ,offerric (Fe3+) ions in the gel were
assumed to be modelled using a modified linear diffusion
equation

Figure 6•. Three meshes of121.441 and 961 nodes

Here the chosen solution method is the finite element
method. Although the initial formulation of the finite element
method is more complicated than that for the finite difference
method, the finite element method can readily accommodate
difficult domains, such as those with curved. boundaries,
without any further analysis, whereas the finite difference
method cannot deal with such situations without a lot of
further analysis.

The domain, R of the differential equation is divided into
m simple elements, such as the triangles used here, at n node
points. The nodes and elements are collectively referred to as
the finite element mesh. Typical meshes are shown in figure 6.
The location of the nodes should coincide with the locations of
the pixels in the underlying computer image as the nodes are
the points at which the approximate solution to the differential
equation will be computed.

The concentration is approximated by
n

ii = L u .(t)iP .(x,y) (3)
j = 1 J J

where uP),)=I, ... ,n are a set of time-dependent coefficients to
be determined and <l>j(xJl),j=I, .. .,n are a set ofpre-determined
linearly independent basis functions. Note that for 'simplicity
the dependence of the basis functions on the space variables
(xJl)and the dependence of the coefficients on time t will not
be explicitly stated from now on. Although it is possible to
choose any set of linearly independent functions to be used as
the basis functions, they are usually chosen such that thej'th
basis function is equal to one at the j'th node and equal to zero
at all the other nodes. Thus Uj becomes a direct approximation
to U at the j'th node. Further, the 'th basis function is usually
chosen to be low-order polynomial (such as the linear
functions used here) in any element which has node as one of
its nodes and zero over all other elements. This choice of basis

methods, such as. the finite element method or the finite
difference method, to solve equation.

(2)au =0.
an

~=Il(a2u + a
2u)+a

(I)
at ax 2 ai

where J.L is the diffusion coefficient and is a parameter, which
we will refer to as the drift parameter, which accounts for any
drift in the signal intensities due to effects such as thermal
oxidation. Thus in the absence of any diffusion ( I.l= 0 ) this
equation would model changes in the concentrations due to
any oxidation of the gel, whilst if no drift (a = 0 ) was present
equation (I) would model the purely diffusive processes in the
gel. Because there is no flow of ions across the edges ofthe gel
the concentrations cannot vary across the boundary; leading to
the boundary condition.

Let R denote the region occupied by the gel and let C denote
the closed boundary of R..Given that the concentrations for
time at all points in are known (the initial condition) and that
suitable boundary conditions on C are specified for all time, it
should be possible to solve equation (1) to predict the
concentrations at some later time. However; analytical
solutions of equation (1) for arbitrary initial and boundary
conditions can usually only be expressed in terms of slowly
converging infinite series whose coefficients may be difficult
to calculate. Further, since the initial condition is not given as
a continuous function but as point-wise values located at the
pixels of the computer image, it is simpler to use approximate

23
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(4)

where A = M-I K. From linear algebra, it is well known that-?

f i = ffR lPi dxdy (12)
T

u = [u u K U]T u = rdU I d~ ... dUn 1
and I' 2' 'n and l dt ' dt ' , dt J . In an
analogy with the finite element method tor structural motion
problems, the matrix K is called the stiffuess matrix, the matrix
M is called the mass matrix and the vector f is called the load
vector.

Equation (9) can now be viewed as a coupled system of
linear first order ordinary differential equations, and solved
using the appropriate techniques for such systems. It can be
shown that the matrix M is always non-singular provided that
the basis functions are linearly independent and so

functions yields an approximate solution which is continuous
over R, but which does not have continuous derivatives at the
element boundaries. Further, this choice of basis function
reduces the amount of computational work that is required as
in any given element there will only be three basis functions
which are non-zero. More details on the choice of basis
functions can be found in one of the many texts on the subject
of finite elements, such as24-26 for example.

Replacing u by J.L in the differential equation (I) will yield
a residual r(X,y,l) as, in general, J.L will not be the exact solution
of the differential equation. That is,

aii [a
2
ii a2

ii ]-=J1. -2-+-2- +a+r(x,y,t).
at ax iJy.

The Galerkin finite element method requires that the
coefficients Uj are chosen such that the residual is orthogonal
to each of the basis functions for all time. That is, the
coefficients are chosen such that

J1.M-1 Ku+aM-'f

J1.Au+aM-If
(13)

This leads to

a- [a2
- 0

2
- J

f 'r ....!!....lPi dx dy = J1.f'r -;-+----;. lPi dx dy +af'r lPidx dy .
JR ot JR oX 0Y JR

. (6)
An application of Green's theorem-s to the first integral on

the right-hand side of equation (6) and replacing U by equation
(3) gives

( 15)

( 16)

(14)A =PD~l

Making the change of variables u = Pw leads to

w=J1.Dw+ag

where D is a diagonal matrix with D;; = 'Ai where 'Ai is an
eigenvalue A of and the i'th column of P is the corresponding
eigenvector. Thus equation (13) becomes

P- I . D p-I P-1M -Ifu=J1. u+a

t ~ b. (5)i = 1,2,. . .,n

on the whole of the boundary, the line integral on the right­
hand side of equation (7) will be zero. Thus equation (7) can
be written in matrix notation as

n du f'rIt d: JR lPj lPi dx dy =
J=I

J1.[~>fr - OlPi OlPj _ O~i alPj dxdY]
j=1 J JR oX ox 0Y 0Y

0-
+J1.fc a: lPi de +aJJR lPi dxdy. (7)

Since the approximate solution is assumed to satisfy any
Neumann (derivative) boundary conditions exactly, and in the
problem considered here the boundary conditions are

au = O. (8)
on

(20)

(17)i = 1,2, ... ,n

where g = p-I M-I f. The i'th equation of the system of
equations in (16) is

where E and F are diagonal matrices with elements

E - JlAi t
ii - e

which has solution

!
e Jl AiI W Q -e ag, e

Jl Ait
-1 J."# 0 (18)

Wi = I I J1.A
i

"oj

wiQ +agt ~ = 0

where WiD is the value of Wiwhen t = O. Hence the solution
to equation ( 16) can be written in the form

wet) = E(J1.,t) w(O) + aF(J1.,t)g (19)

(9)MU=J1.Ku+af

where

M .. = JIRlP·lP .dxdy
IJ I J

Kij = fr [- olPi alPj _ alPi OlPj JdxdYJR ax ox ay oy

( 10)

(II)

Reversing the change of variables gives the solution to the
original equations as

Thus given the concentrations at time t = 0 it is possible to
calculate the concentrations at any later time using equation
(21). It is noted at this point that the matrices P and M

24
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Test Problem
In order to demonstrate that the above method could be

used to estimate the diffusion and drift parameters, the model
was applied to the following test problem.

It is relatively simple to show that

u (x, y.r) ~ ~ [ex{-2~L~" }o{n: )CO{ nzH+at

(25)

(26)

400
•

I
-- Maximum Error 2.5 % I

350
__ Maximum Error 5 %
~ Maximum Error 10 %

~
300

'-'.... 250
0........ -(l) 200
(l)

.~\
.:::

150
~
~.... 100
e

\~'"-,«l
Q) 50
~ "'-'- ..........~.

0 "-.~.=.=.~.~.~.~.~.=.~=.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Elapsed time (hr)

It can be seen from figures 7 and 8 that the error in the
fitted parameters is less when the errors in the underlying data
are smaller. Further, the graphs show that the accuracy of the
estimates improves as the elapsed time increases. These results
illustrate that the method can be used to determine the
diffusion coefficient and drift parameters to a reasonable
degree of accuracy using the method proposed in this paper.

Figure 7. Mean relative error In the fitted diffusion coefficientfor

the test problem using different magnitude random errors in the

original data.

Results

Figure 9 shows the variation in measured T1 with nominal T,

around the whole of the boundary. The test problem was
generated by forming a mesh on the square and then choosing
values for 11 and a so that the exact solution could be computed
at the nodes using equation (25). Then random errors were
introduced into the data to simulate the effect of the
experimental errors in the data. The finite element model was
then used to estimate the values of 11 and a from data with the
random errors and these values were compared with the exact
values.

Figure 7 shows the mean relative error in the calculated
value of the diffusion coefficient 11 for the test problem for
different elapsed times, where. the process of generating
random errors in the data has been repeated 100 times. The test
was performed three times with the maximum error in the
concentration at anyone node set to be 2.5%, 5% and 10% of
Uo' The corresponding results for the drift parameter a are
shown in Figure 8. The results presented here are for a square
with L=IO using a mesh with 961 nodes (a 31 x 31 grid of
nodes) and the exact values of the parameters are 11=0.9 and
a=lO.

(where Uo is a parameter that controls the magnitude of the
initial solution) is a solution to equation (l) on the square 0 s
x,y s L and satisfies the boundary condition

au =0.
an

(24)

(22)S = ~ (uj(t •.u,a)- viet)~
j =1

where h is the distance to proceed in the direction of steepest
descent. A good estimate of h can be found by using a single
step one-dimensional Newton method to minimise S with
respect to h. After some analysis it is possible to show that

[[~~r +[~~n
h = 2 2

d
2S(dS}

+2~~dS+d
2!S(dS}

d.u2 a.u a.uaa a.u da da2 aa
where all of the derivatives appearing in equation (24) are
evaluated at the point (110, aa). Although it is possible to use
more Newton iterations to obtain a better estimate h of it is
more efficient to simply employ a single iteration and find the
direction of steepest descent at the new point and proceed in
the new direction. It should be noted that it is possible to
analytically differentiate equation (22) to obtain expressions
for all the derivatives appearing in equation (23) and equation
(24), and these are given in Appendix A.

then the required values of 11 and a are those which minimise
S. There are a number of methods for minimising functions of
the form ofequation (22), and the method employed here is the
method of steepest descent. Given some starting point (110' aa)
a new point (Ill' a.) is found which minimises in the direction
of steepest descent at (110, aa). It can be shown (Fletcher, 1980)
that

as
.ul = .uo - h a.u (.uo,ao)

appearing in equation (21) depend only on the geometry of the
finite element mesh, and so only need to be computed once for
any given mesh. Further, the eigenvalues which appear in the
definitions of the matrices E and F only need to be computed
once for any given mesh, and so once these have been found
the solution can be computed relatively quickly for different
values of the parameters 11 and a and for different end times t.

Using equation (21) it is possible to construct a method for
estimating the values of the diffusion coefficient 11 and drift
parameter a from experimental data. Let yeO) and yeO) denote
vectors of the nodal values of the initial and final
concentrations respectively which have been obtained from
experimental data. Now, for given values of 11 and a it is
possible to compute u(l./l,a) using equation (21) with
u(O) = v(O). If

25
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Figure 8. Mean relative error in the fitted drift parameterfor the
test problem using different magnitude random errors in the
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Figure I I. Longitudinal relaxation rate vs absorbed radiation

dose

for the vials ofGdCIJ solution. The error bars are calculated as
the standard deviation in the pixel values in the ROI.

The regression gave an r2 of0.9995, p < 10·I} and standard
error of regression of 0.00789. The calculated slope of 0.9603
from the regression indicated the measured T, was in
reasonable agreement with the nominal value of T,.

Figure 10 shows the variation ofR, with radiation dose up
to 49 Gy. It should be noted that each data point is a mean from
three separate experiments. Figure II shows repeat
experiments for the three gel formulations that were irradiated
at I Gy intervals up to 10 Gy. A dose sensitivity of 12.5, 34.8
and 82.8 s"kGy-1 for FAX, FAX / sucrose and FA gels
respectively were calculated from figure II.
Figure 12 illustrates the variation in signal intensity in the spin
echo images offigure I0 with a TE of 12.5 ms and TR of 1000
ms.

Figure 13 illustrates a time series of diffusion images from
one of the phantoms. Each signal intensity image was acquired
with a TE of 12.5 ms and TR of 1000 ms at intervals ofJO
minutes.
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Figure 12. Signal intensity vs absorbed dose

Figure 14 shows a plot of the diffusion coefficients
determined for one of the phantoms of FAX gel. Each plot also
indicates the effect on the measurement of choice ofmesh size
of 121, 441 and 961 nodes in the calculation. Each data point
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Discussion and Conclusions

The non-linearity of the dose sensitivity curves up to 49 Gy is
likely to be due to the aqueous gel solutions not being
oxygenated by bubbling oxygen through them during
manufacture. This phenomenon has been investigated by other
researchers>. Although the gel formulations could have been
optimised further by bubbling oxygen or modification of the
chemical constituents it is considered that the formulations
used would be adequate as the primary aim of this work was
to investigate diffusion. The dose sensitivities of 12.5,34.8 and
82.8 S·I kGy-1 for FAX, FAX/ sucrose and FA gels respectively
for the dose range 0-9 Gy correspond favourably with values
quoted in the literature for gels of similar compositionl ' .

The temperature of the phantoms was kept constant
throughout the experiment. Therefore, thermal effects which
may have contributed to a non-constant diffusion coefficient
were assumed to be minimal and were ignored.

The control phantom positioned between the two outer
diffusion phantoms was used to investigate non-uniformities in
the imaging .

Figure 16 isa profile plotted across one of the images
acquired from the control phantom illustrating a systemati
non-uniformity. However, the magnitude of this non­
uniformity is small compared to the magnitude of the
concentrations being measured, and of the same order of
magnitude as the random variations in the data. Hence it is
likely that the error induced by this non-uniformity is
negligible compared to the other errors in the calculation.

In order to estimate the uncertainty in the signal intensity
in any pixel, the variation in individual pixel intensities
throughout the time series of images was investigated . Nine
individual central pixels were selected. The standard deviation
(SD) in signal intensity was calculated for each of these pixels
through the set of control images giving atotal of nine SD's
with a mean SD of 3.9 %. This value was compared with the
results of the test problem to provide an estimate of the overall
uncertainty in the diffusion coefficient (Table 2).

variation in calculated diffusion coefficient decreases as the
elapsed time increases.

Figure 15 presents the drift parameter for the FAX gel
formulation for each mesh .

Table 2 gives a summary of the results of the calculated
diffusion coefficient for each gel formulation. Each value
quoted is the mean of the values obtained for elapsed times
longer .than six hours, and for both gel samples for each
formulation. The quoted ·error level gives the 95% confidence
interval for the fitted parameter. The corresponding results for
the drift parameter are given in Table 3.

The values for the drift parameter evaluated by this method
in Table 3 have large uncertainties. However, these must be
considered in relation to the magnitude of the original
concentrations. In the present case, the drift parameters
correspond to approximately 0.1 % per hour. Drift is therefore
negligible and the large uncertainties in its evaluation not
unexpected .
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Table 2. Summary ofresults for the diffusion coefficient.

Figure 15. Fitted values of the drift parameter [or the FAX gel.

Figure 14. Fitted diffusion coefficients for the FAX gel.

corresponds to the diffusion coefficient calculated between
two specific time periods. It is clear from Figure 14 that the

Figure 13. Signal intensity images acquired at 30 minute
intervals with a TE of J2.5ms and TR of JOOOms

27
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Table 3. Summary ofresults for the drift parameter.

Figure 16. Profile across control phantom image illustrating
non-uniformity.
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n

sli = LP;jEjj(J.l.t)Wj
j=1

The following expressions give the derivatives of the function
S given by equation (20) which has to be minimised. Recall

n

S = L(uj(t.J.l,a) - vj(t)f
i=l

Let w = p-I u(O), g =r: M -1 f and form the six summations

Sli· .. ·'S6i

chemicals used it would be desirable to solve the diffusion
problem in FAX. This might be achieved by either reducing the
diffusion further by chemical means or alternatively using the
finite element method to solve the diffusion equation for
negative times. This latter approach would enable the dose
distribution at the time of irradiation to be determined from
that measured at a later time.

In theory, the mathematical model presented here could be
used to solve the diffusion problem for a negative time by
simply specifying a negative time in equation (21), and this
would yield the correct result if infinite precision arithmetic
was used in all the calculations. However, it is well known that
this is an unstable problem in the sense that any small changes
in the initial data can produce errors in the final result which
are the same size or larger than the quantity that we are
interested in. Since the computer has to round all internal
values to a known but finite precision, the effects of these
rounding errors will dominate the calculation even for very
small negative times. This effect actually gets worse as the
number of finite element nodes increases as the errors in the
final solution are essentially related to magnitude ofthe largest
eigenvalue which will increase as the number of nodes
increases.

-1.9+7.0
-1.9+7.2
-2.0+7.2

FAX+XO+
Sucrose Gel

(signal intensity h-I)
4.0+3.2
3.8+3.1
3.6+3.1

FAX + XO Gel
(signal

intensity h-I)
121 -1.5+5.2
441 -1.5+5.3
961 -1.4+5.2

FA Gel
Number (signal
of Nodes intensity h-I)

There is clearly a systematic dependence of the value
obtained for the diffusion coefficient, Jl on the number of
nodes used in the finite element mesh (see Table 2) so that
averaging the values obtained for the different mesh sizes is
not appropriate. We believe that this systematic variation arises
from the dependence, on mesh size, of the effective
concentration gradients in the digitised initial distributions,
particularly across the edges of the irradiated areas of the
phantoms. Since the largest number of nodes provides the
closest approximation to the true gradients, we believe that the
961 node results provide the best estimate of the diffusion
coefficient.

T,-weighted spin echo images provides a qualitative
description of the ferric ion distribution in dosimetry gels28.

Variations between signal intensity and relaxation rate are
dependent on the imaging parameters, TE and TR and the
sensitivity (S·lGy·l)14. Errors may be encountered due to using
signal intensities from diffusion images rather than calculated
R, values. However, these were simulated to be as low as 2 %
but in some unfavourable situations as high as 70 %. To reduce
errors a reduction in TE, TR and sensitivity would be required.
Errors in diffusion calculations as low as 2% were found in
work utilising TI-weighted spin echo imagesl-.

The magnitude of the diffusion coefficient determined in
this work is considered to be too large to make the gels
clinically useful in radiotherapy dosimetry applications and
this has motivated the development of alternative polymer
dosimetry gels 29.32. However, as polymer gel dosiineters rely
on free-radical chemistry with the associated problems of
oxygen 'contamination' and due to the toxic nature of the

28
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Then

n

S = ~)Sli +asZ i -v;(t)y
i=l
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