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BOUNDARY-VALUE PROBLEMS FOR TWO-DIMENSIONAL
CANONICAL SYSTEMS

SEPPO HASSI, HENK DE SNOO, HENRIK WINKLER

The two-dimensional canonical system Jy' = —{Hy where the nonnegative Hamil-
tonian matrix function H(x) is trace-normed on (0,00) has been studied in a
function-theoretic way by L. de Branges in [5]-[8]. We show that the Hamiltonian
system induces a closed symmetric relation which can be reduced to a, not neces-
sarily densely defined, symmetric operator by means of Kac’ indivisible intervals;
cf. [33], [34]. The “formal” defect numbers related to the system are the de-
fect numbers of this reduced minimal symmetric operator. By using de Branges’
one-to-one correspondence between the class of Nevanlinna functions and such
canonical systems we extend our canonical system from (0, 00) to a trace-normed
system on R, which is in the limit-point case at #00. This allows us to study all
possible selfadjoint realizations of the original system by means of a boundary-

value problem for the extended canonical system involving an interface condition
at 0.

1. INTRODUCTION

Consider on R a two-dimensional canonical system of homogeneous differential equa-
tions of the form

(1.1) Jy' = —tH(z)y, onR.

It is assumed that H(z) is a real, nonnegative measurable 2 x 2 matrix function which is
trace-normed, i.e. tr H(z) = 1, z € R, and that J is a 2 x 2 signature matrix:

0 -1
o (03,
The equation (1.1) gives rise to a selfadjoint realization in the Hilbert space L*(H,R) pro-
vided with the inner product [f,g] = [ 9(z)*H(z)f(z) dz, since the endpoints co and —oo
are in the limit-point case. Let Q*(£) and Q~(£) be the Titchmarsh-Weyl coefficients asso-

ciated to (1.1) on each of the halflines R* = (0,c0) and R~ = (~-00,0). These coefficients
are uniquely determined by the following property: if the 2 x 2 matrix function W (-, 0)" is
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the matrix solution of (1.1) on the halflines R* and R~ with initial values W (0, )" = I,
then

W(-,Z)*(_Qﬂ(g)), on R¥, W(-,Z)*(C)_l(@), on B~

are square integrable solutions with respect to H(z) near co and —oo, respectively. Now
consider the homogeneous system of differential equations (1.1) restricted to the halfline
R*. The selfadjoint realization defined in L*(H, R) generates on the halfline R* a boundary
condition at 0+ of the form

13 st -1 (45) -0,

where S(£) = Q7(£). Conversely, consider the canonical system (1.1) on R* with the £
depending boundary condition (1.3), where S(£) is any Nevanlinna function (see Section 2).
It is well known (see e.g. [42], [43]) that such a boundary value problem gives rise to a
generalized resolvent in an exit space determined by S(£). Abstract constructions of such
exit spaces have been discussed in the literature. However, according to L. de Branges the
function S(£) is the Titchmarsh-Weyl coefficient @~ (£) of a unique trace-normed canonical
system on R~; see [39], [47]. This means that as a concrete exit space for a selfadjoint
realization of the boundary-value problem associated with (1.3) on R* one may take the
Hilbert space corresponding to the trace-normed canonical system on R~. Via an orthogonal
sum (cf. [19]) this gives rise to a trace-normed canonical system defined on the whole real
line R with an interface condition at 0. Hence, all generalized resolvents associated to the
system on the halfline R* {equivalently all {-depending boundary value problems of the form
(1.3) on R*) can be described simply by means of a trace-normed canonical system on R.
The usual boundary-value problem associated with the canonical system (1.1) on the halfline
R* is given by

(1.4) (siny —cosv) (gggii} =0,

where —7/2 < v < 7/2. In fact, (1.4) gives rise to all (canonical) selfadjoint realizations
of the boundary-value problem on R*. A similar situation holds for the restriction of the
canonical system to the interval R™. A combination of the two boundary-value problems
on R~ and on R* yields a boundary-value problem on R alluded to above with interface
conditions at 0 involving the boundary-values

f1(0+)> f2(04)

f(0=)) > \=fa0=) /"

The interface conditions are described via Nevanlinna pairs of 2 x 2 matrices (see Section
6). When the corresponding selfadjoint realizations defined in L?(H,R) are compressed to
L*(H,R*) they generate on the halfline R* boundary conditions at 0+ of the form (1.3),

where the function S(¢) involves the function @~ (€) and the data of the interface conditions.
In fact, the interface conditions fall into two categories: one class is parametrized with 2 x 2



Hassi, De Snoo, Winkler 447

symmetric matrices (¢;;), in which case

[t1af?
1.5 S =ty — =———,
(19 (0= tn - gl
and the other class is parametrized with 7 € R and |r|? + |r2]2 = 1, r; # 0, in which case
(1.6) S() = 1(1+[ra/r1[*) + Ira/r1 PQ(0).
For |re/ri] = 1 and 7 = 0 in (1.6) the interface conditions provide continuity at 0 and

produce the boundary condition (1.3) with S{£) = @~(#) for the canonical system on R*.

The system (1.1) on the halfline R* has been studied by L. de Branges in connection
with Hilbert spaces of entire functions [5]-[8]; see also [3], [17]. An operator-theoretic point
of view was taken up by B.C. Orcutt [40], by 1.S. Kac [33], [34], and later by M.G. Krein
and H. Langer [37]. Further results in this direction were obtained by H. Winkler [46]-[49];
see also [39]. The theory of strings as given by LS. Kac and M.G. Krein [35] is included in
the theory of canonical systems. For strings there is an application oriented approach due to
H. Dym and H.P. McKean [15], where the theory of de Branges is connected with operator-
theoretic methods. Our aim is to give a full operator-theoretic treatment of the system (1.1)
on R*, completing the work of 1.S. Kac. We will introduce a closed symmetric relation
with the equation on the halfline R*. In the degenerate case, when R* is an H-indivisible
interval (see Section 3), this symmetric relation is a selfadjoint purely multivalued relation.
In the non-degenerate case, the closed symmetric relation has defect numbers (1,1), but in
general it is multivalued. Reducing the Hilbert space L?*(H,R*) by means of this multi-
valued part we obtain a closed symmetric operator which is completely nonselfadjoint. Its
defect numbers coincide with the “formal” defect numbers of (1.1) and its selfadjoint ex-
tensions correspond to the boundary-value problem (1.4). The Titchmarsh-Weyl coefficient
is 2 Nevanlinna function; in fact it is the so-called Weyl function in the sense of [10] or a
@-function of the completely nonselfadjoint symmetric operator and a selfadjoint extension
determined by the boundary condition f1(0+) = 0. The symmetric operator is nondensely
defined precisely when the interval R* begins with an H-indivisible interval: in this case
the generalized Friedrichs extension, which is the only selfadjoint extension which is not an
operator, will be characterized. The boundary conditions (1.4) lead to selfadjoint extensions
in L*(H,R*), while boundary conditions of the form (1.3) lead to selfadjoint extensions in
L*(H,R), so that L*(H,R™) acts as an exit space. The corresponding abstract theory is
due to A.V. Strauss; see [42], [43]. In particular, the Nevanlinna pairs alluded to above,
induce symmetric extensions of the orthogonal sum of the symmetric relations in L?(H,R*)
and L?(H,R~) (see [19], [20], [21]), which lead to the classification in (1.5) and (1.6). The
Titchmarsh-Weyl coeflicients were originally introduced in the context of Sturm-Liouville
problems [44], [45]; an important contribution to the theory can be found in [36]. For the
inclusion of these problems in the theory of canonical systems, see [4]. Boundary conditions
involving the eigenvalue parameter have been studied by many authors; for further refer-
ences see [12], [13], [14], [26), [27], [28], [29]. Spectral properties of canonical systems, or
equivalently of Nevanlinna functions, can be described in terms of subordinate solutions. An
extension of the results of D. J. Gilbert and D. B. Pearson originally stated for Schrodinger
operators can be found for canonical systems in {24].
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We outline the contents of this paper. Some necessary preliminaries are collected in
Section 2. Maximal and minimal relations are introduced in Section 3, see also [13], [14], [40],
and the multivalued part of the symmetric minimal relation and the reduction are described
by means of Kac’ indivisible intervals. The selfadjoint extensions of the minimal relation
are given in Section 4; here is also a connection with Q-functions and a description of what
happens in the nondensely defined case. In Section 5 the subdivision of the Nevanlinna
class as in [25] is characterized in terms of the canonical system. In Section 6 the canonical
system is extended from the halfline to a system defined on the whole real line; all selfadjoint
realizations and the resulting interface conditions will be determined. To make the paper self-
contained proofs of the fundamental results concerning (1.1) are presented in the last section;
our considerations lead to a direct elementary proof of the fact that the trace-normalization
gives rise to the limit-point case at co.

2. PRELIMINARIES
In this section some facts concerning the canonical system of the form
(2.1) Jy = —{H(z)y, on R,

will be reviewed. In (2.1) H(z) is a real, nonnegative measurable 2 x 2 matrix function and
J is the signature matrix (1.2). With a solution of (2.1) one means a vector function

ste) = (142

whose entries are locally absolutely continuous on R*, such that

Jf(z) = —LH(z)f(z), fora.a. z>0.
The entries of H are assumed to be locally integrable functions such that
(2.2) trH(z) =1, zeR™

This condition is essentially equivalent to the condition [~ tr H(z)dz = +oo, and it gives
rise to Weyl’s limit-point case at co; cf. [6]. Two matrix functions H; and H, are considered
to be equivalent if Hy(z) = Hs(z) a.e. with respect to the Lebesgue measure. Let L2(H,R¥)
be the Hilbert space of all (equivalence classes of) measurable, almost everywhere finite
vector functions f(z) = (fi(z) f2(z))T on R¥ such that

Jo f@) H(z)f(z)dz < oo,

provided with the corresponding inner product. Clearly, f € L2(H,R™) is equivalent to the
null-element if and only if H f = 0 almost everywhere on R*. With the usual corresponding
inner product L2(H,R™*) is a Hilbert space. The construction of the space L*(H,R*) and
the proof of the completeness of this space in a more general situation was originally given
by Kac in [30]. Let the 2 x 2 matrix function W(-,¢) be the solution of the initial value
problem

dW(z, 1)

(2.3) =

J=tW(z,0)H(z), foraa z2>0, W0+, =1,
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so that the 2 x 2 matrix function W(-,£)* is the solution of the initial value problem

(2.4) JW = —LH(z)W(z,0)*, foraa z>0, W(0+,0) =1
It follows that for £, A € C

(2.5) W(z,0)JW(z,\)* = J = (L= X [eW({EOH@W(,A) dt, >0,
and in particular, for £ € C

(2.6) W(z,0)JW(z,0" =J, W(z,0)*JW(z,8)=J, z>0.

The matrix function W(-,£) is entire in £ € C and real, i.e. W(-,£) = W(-,£). Moreover,
det W(-,£) = 1 which follows from (2.6) and the normalization in (2.3). In the following
theorem the class of Nevanlinna functions is denoted by N. This class consists of all functions
¢(£), holomorphic on C \ R, which satisfy ¢(£)* = ¢(£), and Im¢(¢)/Im £ > 0 for £ € C\ R.

Theorem 2.1. Let W(-,£) be the solution of (2.3). Then for each t({) € NU{co} the limit

. ,0t(8) + wia(z, £)
2.7 *(4) = lim (e .

( ) Q ( ) =300 wzl(m,é)t(f) -|- w”(:t,e)
exists, is independent of t({), and belongs to N U {oo}. Moreover, for each £ € C\ R

(28) X+(e) = X+('7€) = W(,Z)* (_Qi([)) € Lz(Hv R+)'

If Q*(£) is a real constant or oo, the only solution of (2.1) which belongs to L*(H,R*) is
equivalent to the trivial solution. If Q*({) is not a real constant, the function in (2.8) is the
only nontrivial solution of (2.1) which belongs to L*(H,R*).

, LeC\R,

The function @*(¢) is called the Titchmarsh-Weyl coefficient corresponding to the
canonical system (2.1). A proof of this theorem is given in the last section.

Example 2.2. Let the Hamiltonian H(z) be given by

(2.9) H(z) = fw&l—’ z € RY,
where £, denotes

_ fcose
(2.10) £ = (singo) , 0Lp<m.

Then H(z) is trace-normed and has rank 1 on R*. The solution W(-, ) of the corresponding
equation (2.3) is given by

(1 —Adzcospsing £z cos?
VI/("I),K) - ( ~bx Sinzso 1 +Z$ COS(PSin(P )

Hence the Titchmarsh-Weyl coefficient Q¥(£) is given by
Q*(¢) = cotp.
The only solution of (2.1) which belongs to L?*(H,R*) is given by

X0 =X 0 =W(, 8" (— cit 90) B (~ cit w) '

Clearly, H(z)x*(¢) = 0, i.e. the solution x¥({) is equivalent to the trivial one.
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Define the 2 x 2 matrix N, by

(2.11) Jw=(ww _ww>,~mﬂ<ugwﬂ,

cosv  sinw

which is both unitary and J-unitary, and define the function @**(¢) by
_tanvQt(0) -1
T Q) +tany’
For v = m/2 it coincides with @*(£). The 2 x 2 matrix function W¥(-,£) = N,W{(-,{) is the
unique solution of the initial value problem
dW¥(z, )

dz
Corollary 2.3. The function Q**(£) is a Nevanlinna function. For any Nevanlinna func-
tion t({)

(2.12) Q+(4) LeC\R

(2.13) J =W (z,£)H(z), foraa. x>0, W"(0+,{)=N..

+,v =1 wllll ("E’e)t(e) + w;Z("K7£)
(2.14) QT(4) = lim @ (. DU0) Tk (2,0)’

Moreover, for each £ € C\ R

LeC\R.

(2.15) X =X
1 . ,
= ——————Y7({) € L*(H,R*).

COSZ/Q(()—{-Sil’lI/X (&) € L(H,RY)

Proof. Rewrite the right side of (2.14) as

sin v — cos v

why (z, () + why(z,l)  wii(z, cos v + sin v

(z,)
wiy (2, £)1(€) + wiy(z, £) wa (z,£)
(z,0)
(z,0)

Let £ — oo and apply Theorem 2.1, then (2.14) follows. The definition of W¥(z,£) and (2.8)
imply (2.15). a

Hence, the function @+*(£) is obtained in a similar manner as the function @*(£),
but now relative to the initial condition W*(0+,¢) = N,. From (2.12) it follows that
the Titchmarsh-Weyl coeflicients @Q1*(¢) and Q*#({) are related by the linear fractional

transformation

(2.16) Qr(6) = Qt#(0) + tan(v — )

T T tan(v — ) QA0

see also [9]. The Titchmarsh-Wey] coeflicient Q¥ (€) can be interpreted in terms of an initial
value problem of the form (2.3), when the Hamiltonian H(z) is replaced by N, H(z)N}; cf.
[41]. The following observation is sometimes useful; see [37], [46, Lemma 1.16], [47, Lemma
2.2).
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Lemma 2.4. Let two canonical systems have the Hamiltonians H(z) and H(z), and assume
that H(z) = H(z + 1), = > 0. If W(-,£) is the solution of the equation (2.3) corresponding
to H(z), then the Titchmarsh-Weyl coefficients Q*(£) and Q*(£) are related by

A+
(217) Q+(€) _ wu(l,f)cg (Z)-i—wlg(l,f),
wa ({, 0)Q*(£) + wa(,£)

3. MAXIMAL AND MINIMAL RELATIONS

e C\R.

In order to associate with the canonical system (2.1) maximal and minimal linear
relations in the Hilbert space L*(H,R™) a closer look at the behaviour of the matrix function
H(z) on R* is needed. An open subinterval I of R* is said to be of positive type, see [40,
p.81], if

[(H(z)e,e)dz =0, e€ C* = e =0,
and it is called H-indivisible of type ¢, 0 < ¢ < m, if
H(z) =¢,¢,, foralmostall z € I,
where £, is given by (2.10). The equation (2.1) is called definite if the whole interval R* is
of positive type, or equivalently if
(3.1) H(z)e=0, foraa zeR* ecC =e=0.

The normalization (2.2) implies that either rank H(z) = 2 or rank H(z) = 1, in which case
H(z) is an orthogonal projection of the form H(z) = &0(1)5;_(2) with

two = (8), o<l <r

The definition (3.1) gives rise to an alternative for the equation (2.1). To prove this alter-
native the following local result from [37] will be used.

Lemma 3.1. Let I be an open subinterval of R*. Then either I is of positive type or I is
H-indivisible of type o for some 0 < p < 7.

Proof. Assume that [ is not of positive type. Then there exists a nontrivial e € C? for which
J;(H(z)e, ) dz = 0 and hence H(z)e = 0 almost everywhere on /. This means that ker H(z)
and ran H(z) and thus also H(z) as a projection onto ran H(z) are constant a.e. on I, i.e.,
I is H-indivisible of type ¢, ¢Te = 0. O

Proposition 3.2. The equation (2.1) is either definite or it is of the form (2.9) for some
0<p<m.

Proof. If the equation (2.1) is not definite, then clearly no open subinterval I of Rt can
be of positive type. By Lemma 3.1 this means that each open subinterval I of R* must
be H-indivisible of type ;. However, if two open H-indivisible intervals have a nonempty
intersection, their types must coincide. g
The linear relation T, . in the Hilbert space L*(H,R*) is defined by
T;-ax = {{fag} € (L2(H3R+))2 : f € AC: Jf, = '—Hg}'
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This linear relation is made up of pairs of equivalence classes {f, g}, such that there exist a
locally absolutely continuous representative of f, again denoted by f, and a representative
of g, again denoted by g, such that Jf' = —~Hg a.e. on R+. Note that x*(¢) as defined in
(2.8) belongs to ker (T}, — ), i.e. {xT(£),&x*(£)} € Tf,,. Define the linea1 relation T)F.
as the adjomt of the linear relation ¥ in the graph sense, 7'+ T

maz min — ( maa:)

T = {{f,9} € (L(H,R*))*: ({f, g}, {h,k}) = 0 for all {#,k} € mazh

where ({f, g}, {h,k}} denotes [g, k] — [/, k]. The relation between T}, and T, dependson
the alternative in Proposition 3.2. To show this the following 1ernma is needed, cf. [33].

Lemma 3.3. Let I C R* be an H-indivisible interval of type . Assume that f is absolutely
continuous and Jf' = —Hg a.e. on I. Then f;f is constant on I.

Proof. The identity J f' = —Hg is equivalent to f' = JHg. Hence, if the interval I is of type
@ it follows from 53; J€, =0, that

&:f’(z) = §$J§¢§$g(x) =0, ae z€l.
Therefore f; f is constant on I. ad

Proposition 3.4. Let the equation (2.1) be of the form (2.9). Then
Tt =Tt ={0}® L*(HR"),

min mar
ie. TF. and T, are selfadjoint purely multivalued relations.

mn mazx

Proof. Let {f,g} € T;},,. Then Lemma 3.3 shows that £] f is constant on R*. Now f €
L*(H,R¥) implies £] f = 0, so that | flz2zrg+y = 0. Hence, T;F, . C {0} & L*(H,R™). For
the reverse inclusion assume that g € L*(H,R*), and define

= /t JH(s)g(s)ds, teR™.

Then f is locally absolutely continuous, £] f(¢) = 0, and {f,g} € T.f,,. Hence the reverse
inclusion is proved Clearly, T\, = {0} & L*(H,R*) is a selfadjoint relation, so that
O

mzn ( mar) ma.‘c

In the rest of this section it is assumed that the equation (2.1) is definite. The
following lemma goes back to [40].

Lemma 3.5. Let I C R* be an interval of positive type. Assume that f is locally absolutely
continuous on R* and that Jf' = —Hg a.e. on RY. Then the equation (2.1) is definite,
and with g fized, the equivalence class f contains a unigue, locally absolutely continuous
representative, again denoted by f.

Proof. The first statement is clear. Suppose that Jf' = —Hg, Jh' = —Hk, and that f and
h, and g and k, respectively, belong to the same equivalence classes. Then
J(f'=R)=—H(g—k)=0, ae onRT

so that f —h is constant on R*, while H(f —h) = 0. Hence, it follows from (3.1) that f = h
on R+, O
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This observation shows that it is possible to associate boundary-values with definite
equations. The basic result concerning trace-normed definite equations is stated in the next
theorem; a proof is given in the last section.

Theorem 3.6. Let the equation (2.1) be definite. If {f,g} {h,k} € T}, ., then

(3.2) lim h(z)"J f(a) =
The relation TF,. zs symmetric with defect numbers (1,1). The mapping {f,g} — f(0+)
from the graph of T}, . onto C is a boundary mapping:

(3.3) ({f, 9}, {h,k}) = h(0+)"J £(0+),

and

(3.4) Toin={{f 9} € T} f(0+)=0}.

Under the assumption that the equation (2.1) be definite, the linear relation 707,
may still be multivalued. A reduction of T}, by means of its multivalued part mul T},
involves the H-indivisible intervals. Define the linear space L?(H,R*) of all (equivalence
classes of) functions f € L?(H,R*) such that H(¢)f(¢) is constant on H-indivisible intervals,
cf. [33]. More precisely, if I is an H-indivisible interval of type ¢, then f € L*(H,R™*) if and
only if €] f(t) = ¢y, in which case H(t)f(t) = ¢, s€, almost everywhere on I. It follows

from Lemma 3.3 that

(3.5) dom T}, C L*(H,R"),
and in particular
(55) ) =WCE (_ghy) € LHHRY

The completeness of L?(H,R*) was proved in [33]. It follows also from the next result.
Lemma 3.7. L}(H,R%) is a closed linear subspace of L*(H,R*).

Proof. Clearly, L2(H,R%) is a linear subspace of L?(H,R*). To see that it is closed, let
fn € L2(H,RY), f € L*(H,R*), and assume that

/ (0 "H)(F(2) — falt)) dt 0.

Then for each H-indivisible interval I of type ¢
/Ilﬁlf(t) — & fa(t)P dt = /I(f(t) — fa@®)) H@)(f() = fa(t)) dt — 0.
Now £] fu(t) = cn, cn € C, implies that (c,) is a Cauchy sequence. Hence
cn ¢ ¢c€C,  and /Ilfzf(t) —c*dt = 0.

This shows that f € LZ(H,R*), and the lemma is proved. O

To describe the (orthogonal) operator part of )7, , further results are necessary.
Some of the technical results below have been greatly influenced by the work [33] of Kac.

The next lemma concerns the appearance of H-indivisible intervals.
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Lemma 3.8. Let f € domT}, . and assume that Hf = 0 almost everywhere on R¥. If
f(zo) # 0 for some 2o > 0 or if f(0+) # 0, then there exists € > 0 such that

(3.7) (zo —€,z0+¢) or (0,¢),
respectively, is H-indivisible.

Proof. Since f € domT7 . is continuous there exists ¢ > 0 such that f(¢) # 0 if ¢t €

(zo —€,20 +€). The assumption H(t)f({) =0 (a.e.) implies

(3.8) H(t) = {W(t)fg(t) for a.e. t € (zo —¢,20 + €),
where 0 < ¢(t) <, so that H(¢)f(t) = 0 (a.e.) is equivalent to
(3.9) cos p(t) f1(t) + sin(t) fo(t) = 0 for a.a. ¢t € (zg —€,20 + €).
It follows from Jf' = —Hg that fTJf =g" Hf =0, so that
(3.10) Fi) (@) = i(z)falz) = 0 ace. on R,
If, for instance, fi(t) # 0 then (3.10) implies that
(3.11) () = constant for ¢ € {zg — €, 20 + €).
f(t)
Combining (3.9) and (3.11) gives
f(t) _
= —cotp(t) = constant for t € (2o —€,z0 +¢),
hH(t)

so that ¢(t) is constant, say ¢, for ¢t € (2o — €, 29 + €). Hence, (3.8) shows that the interval
(zo—¢€,z0+¢) is H-indivisible of type ¢. Similarly, one proves that if f(0+) # 0, then there
exists € > 0 such that the interval (0,¢) is H-indivisible. O

Introduce the nonnegative number £ > 0 by
(3.12) & =sup{z > 0: (0,z) is H-indivisible } U {0}.
Then, either R* starts with an H-indivisible interval, in which case x > 0 is the length of
the maximal H-indivisible interval in which it is contained, or Rt does not start with an

H-indivisible interval in which case k = 0. Moreover, x < oo if and only if the equation
(2.1) is definite. Note that if k = co then L?(H,R*) = {0}.

Corollary 3.9. Let f € domT},, and assume that Hf = 0 almost everywhere on RT.
Then with & (k < o0) defined in (3.12),

(3.13) F(r) = 0.

Proof. Suppose that f(x) # 0. Then by Lemma 3.8 there exists € > 0 such that the interval

(k —e,k+¢) when k > 0 and the interval (0,£) when & = 0 is H-indivisible; a contradiction
with the definition of «. O

It follows from (3.5) that L2(H,R*) & L% H,R*) C mulT},,. To show the reverse

inclusion a description of (mulT}} ) N LE(H,R*) is needed.
Proposition 3.10. The multivalued part of T}, satisfies

(3.14) (mul T}, )N LHH,RY) = {ge L*(H,RY): Hg=0 a.e. on (x,00)}.
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Proof. Let g € (mulT;} ) N L2(H,R"), then there exists an element f € L*(H,R*) such
that {f,g} € T}, and Hf = 0 almost everywhere on R*. The assumption g € L?(H,R+)

implies that

(3.15) f#) =0, H(t)g(t)=0, a.. on (k,00).

Since Jf' = —Hyg, the statement (3.15) follows by showing that f(t) = 0 for all ¢ > .
Assume the converse that f(zo) # 0 for some zo > x. Let (@, ) be the maximal H-
indivisible interval with 2o € (a,f); ¢f. Lemma 3.8. Since g € L%(H,R*) there exists

a constant ¢,, € C such that £]g(t) = c,,, almost everywhere on (a,f3). Furthermore,
f(a) =0 and if B < oo then also f(8) = 0, otherwise (@, 8) is not maximal. If 8 < oo, then

8
0= J(f(8) - () = - / H(0)g(t) dt = —cpbp(B — a1,

and hence ¢, , = 0. If 8 = oo, then g € L2(H,R") forces ¢,y = 0. Hence Hg = 0 for
almost all t € (a,f) and Jf' = —Hg implies that f' = 0 for almost all, and f(¢) = 0
for all, t € («,f), contradicting f(zo) # 0. Hence (3.15) is proved, and this shows that
(mulT},.) N L2(H,R*) is contained in the right side of (3.14).

To prove the reverse inclusion, let g € L2(H,R™") be such that H(t)g(t) = 0 almost
everywhere on (k,00). Assume that the H-indivisible interval (0, ) is of type ¢, so that
H =£,£] on (0,x). Define

7@ =/ JH(s)g(s)ds, teR™.

Then f is absolutely continuous, Jf' = —Hg, and f(t) = f(k) = 0 for ¢t € [k,00). For
t € (0, k) it follows from the definition that

€7 f(t) = / €7 7,67 g(s) ds = 0,

so that Hf = 0 on (0,x). Thus f is equivalent to the null element in L*(H,R™*). Since
{f,g} € TF,,, this shows that g € mulT;}, and completes the proof. O

Corollary 3.11. L*(H,R*) = L2(H,R*) @ (mul T'F

min)'
Proof. The statement is equivalent to
(3.16) domT;} = isdensein L*(H,RT).

To prove this assume that g € L?(H,R*) and that g € (dom T, )* = mulT}, . Then
Jf' = —Hg for some f € domT}, such that Hf = 0 almost everywhere on R*. Since
Tr-r':in - T

+ o and in particular mul T}, C mulT;t, . Proposition 3.10 implies that
Hg =0 a.e. on (k,00).
If & > 0, then (0, ) is H-indivisible and it follows from f(0+) = 0 and (3.13) that

0= J(f(r) = f(0+)) = —cpg€ok-
This gives ¢, = 0 so that Hg = 0 almost everywhere on (0, k). Therefore Hg = 0 almost
everywhere on R*, and (3.16) is proved. O
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The multivalued part of TF. reduces T}, and T

min min mazx”

the Hilbert space L2(H,R*) are defined by
T, =TH N (LXHRD)?, Tf..=TH 0(LXHRY))

min,s min max,s max

The corresponding parts in

The following result is now obtained as a consequence of the above considerations.

Theorem 3.12. Let the equation (2.1) be definite. Then the relation T:{ms is the (orthog-
onal) operator part of TF, . It is a closed symmetric operator in L2(H,R") with defect
numbers (1,1) whose adjoint is TF

‘m.u.:rs
(3'17) (Tle-lTl S) = Tn‘:a.r s"
It is densely defined if and only if K = 0. If x > 0 and the interval (0,x) is of type , then

mul T}, , is one-dimensional and spanned by w € L2(H,R™Y) of the form
(3.18) w(t) =§, ae. on (0,5), w(t)=0 ae on |k, o0).

Proof. The first part of the theorem is obvious by the above considerations. The statements
concerning the domain of Tn‘fms and mulT,, , can be seen as follows The identity (3.17)
shows that T}, _is densely defined in L2(H,R*) if and only if mul T}, . = {0}. Now the

definition of T _ _ shows that

mazx,s
mulT},. , = (mul T}, )N L2(H,R").
Hence it remains to use the description (3.14) given in Proposition 3.10. O

If T}, , is densely defined, then all selfadjoint extensions are densely defined, and
is not densely defined, or equivalently, if x > 0, then
which is not an operator; cf. [18], [23],

hence they are operators. If T'F

TTLlTL S
there is precisely one selfadjoint extension of T+

[25).

4. SELFADJOINT REALIZATIONS ON THE HALFLINE

Assume that the equation (2.1) is definite so that T)}; . is a closed symmetric

operator with defect numbers (1,1) in LZ(H,R*). The canonical selfadjoint extensions of
T}, will now be characterized. For v € (—7/2,7/2] define the solution w} (z,£) of (2.1)

min,s

by

1

cos v
w;(2,6) = " cosv@t(4) + sinv Wie, by (sm 1/) ’

It follows from (2.8) that

sin{v — p)
(cosv@*(£) + sinv)(cos pQ+(£) + sin )

(4.1) wi(z,8) — wl(z,£) = x*(z,)

Moreover,

(4.2) x* (e, Ow (4,0 = wi(z, O)x* (4,0 = W(z, 0" JW (2, 0).
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Theorem 4.1. There is a one-to-one correspondence between the selfadjoint extensions
A*(v) of T}, in LY(H,R¥) and v € (—n /2,7 /2] via

(4.3) dom A*(v) = {f €dom T}, , : sinv fi(0+) = cosv fo(0+) }.
The corresponding resolvent operator (At (v) — £)~! of A*(v) is given by
(4.4) (AT (v) = )7"h(z)
=xT(z,0) fowi (¢, 0 H)h(t) dt + wi (z,0) fxT (¢, &) H(t)h(t) dt,
where h € L2(H,R*).

Proof. The parametrization follows from Theorem 3.6; see [2]. To prove the last part denote
the right side of (4.4) by y(z,£). Clearly y(-,£) solves the inhomogenous equation

(4.5) Jy'(z,8) = —LH(z)y(z,?) — H(z)h(z), fora.a. >0,
see (4.2), (2.4), and {2.6). Moreover,
1 cosv 7
y(0+ 8 = cosv Q*(f) +sinv (sin V) [ X ()

Denote the left side of (4.4) by z(z,£), then {z(-,£),€z(-,£} + h} € AT c T*

o Hence,
z(+,£) also satisfies the inhomogeneous equation (4.5). As z(-,£) € dom A7, it satisfies the
boundary condition in (4.3) and therefore

040 = (To0) )
for some scalar ¢(£), whose form follows from
[k x (D) = {{z, £z + h}, {x* (), Ix* (£)})
= xT(0+,)*Jz(0+,£) = —(cosv QF(£) + sinv)e(£),
see Theorem 3.6. This shows that y(0+,€) = z(0+,£). By the uniqueness of the initial value
problem for (4.5) it follows that 2(,£) = y(-, £). O

The boundary condition (4.3) for the selfadjoint extension A*(v) is usually written
as f2(04) = tanv f,(0+) when —7/2 < v < /2, and as f;(0+) = 0 when v = 7/2. For the
proof of the following result a device in [16], cf. [13], will be used.

Corollary 4.2. The operator T

min,s

is completely nonselfadjoint in LZ(H,R¥).

Proof. Assume that h € L2(H,R¥) is orthogonal to all x*(¢), £ € C\ R. Then it follows
from (4.4) and (4.2), that

(A*(v) = O h(z) = W(z,0)"J [gW(t,£) H(t)h(t) dt.

For each z the function on the right side is entire in £. If E,(¢) is the spectral family of
A*(v) then it follows from the Stieltjes inversion formula that [E,(t)h, k) = 0 for all ¢ € R.
Therefore,

(4.6) s-limy, oo E, (1)h = 0.
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If Tt

min,s

is densely defined then (4.6) implies A = 0. If T}, is not densely defined, select

min,s

v such that A*(v) is an operator extension of T:;ms and reach the same conclusion. By
Krein’s criterion (see [22]) this means that T},  is completely nonselfadjoint. O

The notion of the Q-function of a (completely nonselfadjoint) symmetric operator
and a selfadjoint extension goes back to M.G. Krein (cf. e.g. [22]). In [10], [11] this notion
is connected with abstract boundary value spaces and called a Weyl function.

Theorem 4.3. The Titchmarsh-Weyl coefficient QT (€) of (2.1) is the @-funciion (Weyl
function) of A(n/2) and T3},

min,s”

Proof. Clearly x*(£) € ker (T}, , — £) for all £ € C\ R, so that

{0 =X, (0 = IXT (W)} € T
It follows from (3.6) and (4.3) that x*(¢) ~ xT()\) € dom A*(r/2). Hence
(@7) XOXO) _ (artrgr) - 07 300,
Using (2.5) and (3.6) we observe that

(=N, x ()]
. 1 ) R - . 1
= m <_ o A)> (0 — 3 [2 Wt N HEW (2, D) dt (_ o €)>

: 1\ 5 - 1

= —-Z]ggo (—Q+(/\)> (W(CL’,/\)JW(.T,K) - J) (‘”Q+(‘€)>
=Q7(0) = QT(N)" = lim x™(z,\)"Ix" (2, 4).

According to Theorem 3.6 the last limit is zero, so that

) - QT (A
LE=TES o
2=
Together (4.7) and (4.8) show that Q*(£) is the Q-function of T}, S and A(r/2), cf. [22]. O

Since T}, . is completely nonselfadjoint, by Corollary 4.2, the Titchmarsh-Weyl co-

efficient Q* (¢), as Q-function determines T}, . and its selfadjoint extension A(m/2) uniquely,

min,s

up to isometric isomorphisms. The canonical system (2.1) on R* provides the unique model
after the reduction described in the previous section. The selfadjoint extensions of Tt |
can be parametrized by means of Krein’s formula. In the following result the parameters in

Krein’s formula are related to the boundary conditions in Theorem 4.1.

(4.8)

Proposition 4.4. The resolvents of A*(v) and A*(7/2) are connected by

1 _
) — O = (A (/) — O () et
49)  (AT0) -~ = (A2~ 0 - s O,
when £ € C\ R.
Proof. Consider (4.4) for v, —7/2 < v < 7/2, and for v = 7/2. According to (4.1)

1

QF(0) + tan v Xz, 0).

wy (2,8) —wiy(2,0) = =
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This yields (4.9). a

It is a consequence of Theorem 4.3 that the function Q**(¢) given in (2.12) is the
@-function of the selfadjoint extension A*(v) in Theorem 4.1 and the minimal operator
T for each v € (—m/2,7/2]. To see this, note that it follows from (4.7) and (4.9) that
x1*(£) in (2.15) satisfies

+,v +,v
X7 = xT(A) v
% (A*(r) =) Xt (N),

while (4.8) implies

Q+,u e _ Q+,u )\ * . )
OGO _ ) a)
If T}, , is not densely defined, there is precisely one selfadjoint extension of T.F
which is not an operator. This extension will now be characterized in terms of its Titchmarsh-
Weyl coefficient.

in,s?

Theorem 4.5. Assume that & > 0 and that the type of the H-indivisible interval (0,x) is
. Then forv # @+ /2

+uf,
(4.10) lim g—(—l—y—z =0,
y—oo gy
while forv =@+ /2
+w(y
(4.11) lim £0Y) _

The only selfadjoint ectension A*(v) of T,
w+ /2.

Proof. Let {f,g} € A*(v) so that sinvfi(0+) = cosvfo(0+). Assume that Hf = 0 Then
cos pfi(0+) + sinfr(0+) = 0. If v # @ + n/2 then f(04) = 0, so that {f,¢} € T, o ins DY
Theorem 3.6. Since T}, , is an operator, Hg = 0. This shows that A*(v) is an operator

min S

for v # ¢ + m/2 and hence (4.10) holds. It remains to prove (4.11). The Titchmarsh-Weyl
coefficient @**(£) in (2.16) corresponding to v = ¢ + 7/2 is given by
Q+,Lp+1r/2(£) — Q+(Z) + tan@ )
1 —tanp Q*({)
According to Lemma 2.4 and Example 2.2, Q¥ ({) can be written as

¥insy Which is not an operator corresponds to

(1 — &l cos sin )@+ (£) + rlcos?

—wlsin? o Q+(¢) + 1 + kécos psing’

where Q*(£) corresponds to the Hamiltonian restricted to [%,00). A straightforward calcu-
lation shows that

(4.12) QM) =

QF(f) +tang
1 - tanp Q*(6)
The system defined on the interval [«, 0o) is either given by Example 2.2 or it is definite. In
the first case Q*(£) = cot & with a # ¢, since the interval (0, k) is maximal of type ¢, and
then Qt¥*+7/2(¢) is a real constant. In the second case the corresponding minimal operator

(4.13) QHerT(e) =kt + =kl +QHH(0),
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is nondensely defined if and only if the system on [&, 00) starts with an indivisible interval of
type o # . The corresponding exceptional value is & + 7/2 # ¢ + 7/2. Hence, Q++™/2(¢)
correspond to an operator extension. Therefore, in both cases

Atotnf2(;
(4.14) im 270
y—oo iy
cf. [23], and thus (4.11) follows from (4.13). O

Example 4.6. A simple example of a trace-normed canonical system shows already the
existence of a nontrivial multivalued part for its minimal relation, cf. [40]. Assume that
a # ¢ and let H(z) in (2.1) be given by

H(z) = f‘pfg, z € (0,x], and H(z) = £&,£], z € (k,00).

Then H(z) is trace-normed and has rank 1 on (0,00). ;From Example 2.2 and Lemma 2.4
it follows that the Titchmarsh-Weyl coefficient is given by
cosa + £k cos psin(a — )

() =
Q70 = sina + £k sin g sin(a — @)

By Proposition 3.2 the equation (2.1) is definite. Let {f,g} € Tf,,, then f,g € L*(H,RY)
and Jf' = —Hg. Since dom T}, C L2(H,R*), £] f(z) is constant for 0 < & < « and £] f(z)

maxr

is constant for z > k. In fact, £] f(z) = 0 for z > &, since f € L?(H,R*). Write

(4.15) flz) = f(0+) = [[JH(t)g(t)dt, x>0,
and let
(4.16) £ F(04) = ;.

With z > & (4.15) implies
€ (F(2) = f(04)) = €1 [oTH(t)g(t) dt = sin(a — o) [G£7 (1) dt
and hence
(4.17) £q f(0+) = —sin(a — @) [5€,g(t) dt
Conversely, for any constant ¢ and any g € L*(H,R*) there is an element f € LZ(H R),
such that (4.15), (4.16) with ¢ = ¢y, and (4.17) are satisfied. In particular, {f,g} € Tf,, and

since the elements f € L?(H,R*) are in one-to-one correspondence with constants c; € C
via (4.16), we conclude that

T ={{f,9}: fe LXH,R"), ge [*(H,R")}.
Now Theorem 3.6 together with (4.16) and (4.17) shows that
mm {{0,9} geLQHR+ fofg dt—O}

It is clear from these representatlons that mul 7}, & L3(H,RY) = LQ(H,R+) and that
dim (Tr-rtaz/ mtn) - dlm( mac, s/ min, s) =2 1In fa‘Ct Tv-:zns - {0 0} and 7, mar s = =C & C To
describe the selfadjoint extensions A"‘( ) of T}, . observe that f € dom A*(v) is equivalent

min,s

to f(0+) = c£,. It follows from (4.16) and (4. 17) that
A*) = {{/,6} € (T(H,R)? : cos(y — a)es = — cos(u — @) sin(a — g)ic, ).
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In particular, this shows that A*(v) with v = ¢ + 7/2 is a proper relation. In fact,
QT+ 2(£) = cot(p — a) + k.

5. KAC’ INDIVISIBLE INTERVALS AND SMOOTH PERTURBATIONS

If the interval R* begins with an H-indivisible interval then all but one of the
selfadjoint extensions are operators, and the exceptional selfadjoint extension has a nontrivial
multivalued part. This feature can be read off from the corresponding Titchmarsh-Weyl
coefficients. Recall that the class N of Nevanlinna functions has a subdivision which can
be formulated in terms of the functions themselves; cf. [25]. Here the subdivision is given
in an equivalent form in terms of the corresponding integral representation. If Q(¢) € N,
then there exist « € R, § > 0, and a monotone nondecreasing function o(t) for which
Jgdo(t)/(#* + 1) < oo, such that

Q) = a+ B+ /R (t—i—é - ﬁ) do(?).

The function Q(£) belongs to the Kac class Ny if =0 and [ do(t)/(|t] + 1) < oo, so that
foryeR

Q) =1+ [ —;dott).

The function Q({) belongs to Ny if it belongs to Ny and [ do(t) < co. Moreover, Q(¢)
belongs to N_ for some k € N if it belongs to N and [ [t|¥ do(t) < co.

Now assume that & > 0 and that the H-indivisible interval (0,«) is of type .
Then the Titchmarsh-Weyl coeficient @*(£), ¢ # 0, belongs to the subclass Ng. The
only selfadjoint extension A*(v) of T}, . which is not an operator corresponds to v =
w+m/2. Hence, if ¢ # 0, then in particular the selfadjoint extension A*(r/2) is an operator.
Moreover, all selfadjoint operator extensions of T}}; . | are rank one perturbations of A*(7/2);

of. [18], [25]. e

Proposition 5.1. Assume that £ > 0 and that the H-indivisible interval (0,%) is of type
@ # 0. Let the element w be as in (3.18). Then

(5.1) AHW) = A7 )2) 4 e v A0/
and -
(5.2) A*() =Tk, ({0} @ span fw}), v =p+7/2.

Proof. Since x > 0, T, . is nondensely defined. The Q-functions @**(¢) and Q+*/2(¢)

are related via (2.16), and hence (4.11) implies

, wiey e @YYy iy + tan(v — ¢ — 7/2) /iy
A O ) = i e e )G (i) ()
- “tan(v— ¢ — n/2)k = —cotlv —p—7/2),
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for v # ¢ + m/2. In particular, with v = 7 /2 this gives
. o
yll)n; @T(iy) = cot .

Now the formulas (5.1) and (5.2) follow from {18, Theorem 1.3] with 1/7 = tan¢ and
v = cot . 3

Clearly, the symmetric operator T}, . is a domain restriction of A*(v):

min,s

Toins ={{f,0} € AT (v): [fu] =0}, v#o+m/2
This can also be seen directly. Let {f,¢} € T.F then

az,s?

o] = / () H()(2) dt = rep €] F(04).

Note that £ f(0+) = 0 if and only if f € dom A™(¢ + 7/2). Hence, if v # ¢ + 7/2 and
f € dom A*(v) then [f,w] = 0 implies f(0+) = 0.

If ¢ = 0 so that A*(7/2) is the only selfadjoint extension of T)};, . which is not an
operator, then there is a similar interpretation of the selfadjoint operator extensions as rank
one perturbations of one of them.

Now assume that w € dom A*(v) = dom T}, , v # ¢ + n/2. Let ;1 = x and
@1 = . Then for some g € L%(H,RY), J&' = —Hg, where & denotes the absolutely
continuous representative of w in {3.18). By continuity of &

(5.3) &(k1) # 0,

while H(z)&(z) = 0 for a.e. © > k1. Applying Lemma 3.8 on the interval (1, 00) shows that
(%1, 00) starts with an H-indivisible interval of type ¢ = 2 # 1. If k3 = oo the system has
the form considered in Example 4.6 and the space L2(H,R") is one-dimensional. If 3 < 0o
then Corollary 3.9 shows that

(5.4) fkg) = 0.

Since
O(kg) — (k1) = /'€2 JH(s)g(s)ds = (k2 — K1)Cpy g€ips

it follows from (5.3) and (5.4) that ¢y, s # 0, i.e. Hg # 0 on (k1,#3). Applying Proposition
3.10 on the interval (x;,c0) shows that &(z) = 0 and H(z)g(z) = 0 (a.e.) on (x2,00),
cf. (3.15). Hence, if w € dom AT (v)%, v # @ + 7/2, then g = A*(v)w € dom AT(v) =
dom7T;},, . and the above arguments when applied to g instead of w show that (x5, co) starts
with an H-indivisible interval. The case w € dom A*(v)™ can be considered by repeating
this process. This leads to the following proposition in which also the more general case
w € dom |A*(v)|*/? for some k € N is considered. The corresponding rank one perturbations
are called smooth. The smoothness of the perturbation element w provides certain stability
properties of the domains of the operators in (5.1), see [25]. Note that w in (3.18) cannot
belong to the domain of the extension (5.2).
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Theorem 5.2. Let k € N. Assume that & > 0 and that the interval (0,&) is of type .
Then w € L2(H,R*) given by (3.18) satisfies

(5.5) w € dom |A*(W)|*?, v £ +7/2,

if and only if either the interval (0,00) starts with k/2 + 1 H-indivisible intervals of finite
total length K when k is even and with [k/2]41 H-indivisible intervals of finite total length K
and the canonical system restricted to the interval (K, 00) has a Q-function which belongs to
the Kac class Ny when k is 0dd, or the interval (0,00) consists of | < [k/2]+1 H-indivisible
intervals, in which case L2(H,R*) is (I — 1)-dimensional.

Proof. For the proof we will use the function-theoretic results in [25] concerning the behaviour
of @-functions under fractional linear transforms and the connection to (5.5).

The statement is obvious for k = 0. Assume that & > 0. Let #; = &, ¢; = ¢, and
let QT*17/2({) be the Titchmarsh-Weyl coefficient corresponding to v = @ + 7/2, i.e. the
@-function of A*(p 4+ 7/2) in (5.2). If k = 1 the statement follows e.g. from [23]. Assume
that £ > 1. Let Q”"""‘*"/Z(f) be the Titchmarsh-Weyl coeflicient of the system restricted to
the interval (1, 00) and corresponding to the same value v = ¢; + 7/2. Then

Q+,<m+1r/2(g) = gl + Q+.w+r/2(g),

of. (4.13), and QF#1*+7/2(¢) satisfies the counterpart of (4.14). According to [25, Theorem
5.1], (5.5) is equivalent to Q**(£) € N_i. Moreover, Theorem 4.2 and Theorem 4.4 in [25]
show that

(5.6) Q¥ (8) € N_g,v # @1 + 7/2, if and only if QT +7/2(¢) € N_p1,.

This means that («;,00) starts with an H-indivisible interval (ki, «3), say of type @s # ;.
If k; = oo, L2(H,R™) is one-dimensional, and if k; < oo the minimal operator corresponding
to the interval (1, c0) is nondensely defined. Applying the same reasoning now to the system
defined on the interval (k;, 00), and starting with the H-indivisible interval (x;, £2), produces
a function Q*%*+7/2(¢) € N_,,, (here N, denotes N), and decreases the dimension of the
space L2(H,R*) by one. Repeating this process [k/2] — 1 times yields the desired result. [J

If the interval (0, «) is H-indivisible of type ¢, and @+ (¢) corresponds to the Hamil-
tonian H(z) restricted to (k,00), then it follows from (4.12), that Q*(£) can be written as
a continued fraction:

(6.7 QT (€) = cotp + v #0.

1 Y

—xrlsin® b
klsin’® 50 —coro

Here

lim ———— =0,
v iy (0 (iy) — cot )
which implies

1

rsin®

lim iy(Q* (iy) — cot ) = —
Y00
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This means that the zero order moment of @*(£) is mo(r/2) = Z‘sﬁf“ Note that the function
w is normalized by |lw||? = . This is different from [25] due to the present normalization of
the @-function and the linear fractional transforms.

This process can be repeated for Q+(¢) if w € dom A*(v), v # o + /2, i.e. if
Q*t#*7/2(2) € Ng. Then either Q*(£) has an expression as above with lim,_,c, Q% (iy) =
cot g, 2 # 0, where 2 # ) is the type of the second H-indivisible interval (s, x2) or it

has an expression of the form (4.13) if ¢, = 0. For connections to moments, see [1], [25].
6. SELFADJOINT REALIZATIONS ON THE REAL LINE WITH
INTERFACE CONDITIONS AT ZERO

In the present section the trace-normed canonical system (1.1) is studied on R, with
an interface condition at 0. This requires first a treatment of the system on the halfline R~:

(6.1) Jy = ~tH(z)y, onR".
Let L*(H,R™) be the Hilbert space associated with H(z) on R~ with inner product

/— g(z)"H(z)f(z) dz.

[ee)

Define the 2 x 2 matrix function W(-,£) as the solution of the initial value problem

(6.2) ﬁgan W (z,O)H(z), foraa z<0, W(0-0=1I,

so that the 2 x 2 matrix function W{-,2)* is the solution of the initial value problem
dW (z,€)* - _

(6.3) J———%)— = —lH(z)W(z,0)", foraa z<0, W(0—, 0" =1

It follows that for £, A € C
(6.4) W(z,0)JW(z,A)* —J = (£ = 1) / W, OHG)W (N dt, z <0,

and that the counterpart of (2.6) holds. For any —t(£} € N U {co} the limit

_ = — Lm wu(z,ﬂ)t(f)—{—wn(x,é’)
(6.5) Q(@‘-Amwm@mm+mew

exists, is independent of ¢(£), and belongs to N U {oo}. Moreover, for each £ € C\ R

£eC\R,

- - . 1 -
(66) O = (0 =W (o)) € PER)
In the Hilbert space Lz(H R™) define the linear relation T,,,, by

Trer = {{f 9} € (L(H,R7))*: f€ AC, Jf = —Hg},
and the linear relation T, by T,.... = (T)7..)7, i.e.

min max

Triw ={{f. 9} € L*H,R™))*: [g,h] — [f, k] =0 for all {h,k} € T}

Clearly, x~(£) € ker (T}, — 0), Le. {x (£),£x (&)} € T,,,,. The equation (6.1) is called
definite if the whole interval (—o0,0) is of positive type, i.e. if the implication (3.1) holds



Hassi, De Snoo, Winkler 465

when z € R™. If the equation (6.1) is not definite, then T, = T, is a purely multival-

min
ued selfadjoint relation. If the equation (6.1) is definite, then the 1elat10n T, is closed,

symmetric, and has defect numbers (1,1). It is given by

mm - {{f’g} 6 maz * f(O*‘) = 0}
As on the halfline R~ there is an orthogonal decomposition

L*(H,R™) = (mul T, ) & L2(H,R").

Define in the Hilbert space L2(H,R™) the corresponding parts of T}y, and T,
= Tmzn (Lg(HﬁR—))Q’ Tn:az‘s Tma.:c (LZ(H’R ))2

is a closed symmetric operator with defect numbers (1,1) and its adjoint is given

mm S

Then Thins
by
( m‘m. S) T;EI s°

Define
1

w, (2,6) = " cosvQ(£) +sinv Wiz, &7 (-—C(s)isnyz/) ’
Then w; (z,£) satisfies the counterparts of (4.1) and (4.2). The selfadjoint extensions A~(v)
of T . in L2(H,R~) are in one-to-one correspondence with v € (—/2,7/2] via
dom A™(v) ={f edomT,,, : —sinvfi(0—) = cosvf(0-)}.

The corresponding resolvent operator (A=(v) ~ €)1 of A=(v) is given by
(6.7) (A~ (v) — )7 h(z)

=) (0,0 [7 (60T Hh(t) dt +x7 (2,0 307 (4,0 H(E)(2) dt,
where h € L2(H,R™). It is connected to the resolvent operator (A~(7/2) — £)~! of the
selfadjoint extension A™(7/2) by Krein’s formula

69 (A7) =0 = (A2 - 07 =X O g b O

when £ € C\ R.

Now the equation (1.1) will be considered on R with an interface condition at 0. It
is assumed that the restrictions of (1.1) to R* and R~ are definite. Define the orthogonal
sums

Ts ® T Al/2) = A%(n/2) @ 47(x/2)
Interpret x*(-,£) and x~(-,£) as functions on R, by a trivial extension to R~ and to R™,
respectively, and form x(-,£) = (x*(-,£), x~(+,£)). Then x(-,£) is a basis for the eigenspaces
of (T}, )" & (Trin,)”s and the function Q(8) = diag (Q*(£),Q7(£)) is the corresponding

Q-function for the above orthogonal sums. For h € L*(H,R) = L*(H,R*) @ L*(H,R") the
inner product [A, x(-,£)] is defined by

¥)
1= (B8
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A pair of 2x2 matrices (P, T') is called a Nevanlinna pair, when P is an orthogonal projection,
T is selfadjoint, and

PT=TP, T(I-P)=I-P
Note that for any pair of 2 x 2 matrices (U, V) which satisfies

rank (g) —2, UV =VT,
there exists an invertible 2 x 2 matrix X and a unique Nevanlinna pair (P,T) such that
U=PX,V =TX; see [22].

Theorem 6.1. There is a one-to-one correspondence between the selfadjoint extensions H
of Tt s OT i, in L2(H,RY)® LY H,R™) and the Nevanlinna pairs (P,T) of 2 x 2 matrices

m
via

(69) (H = 8™ = (A(/2) — 07 ~ X(OPQOP + T)- x(D).
Moreover,

_ - fo(0+) \ _ o (f1(04)
(6.10) dom H = {f €domT},, ®domT,, . P <_f2(0_)) =T <f1(0—)) } .

Proof. The present form (6.9) of Krein’s formula can be found in [22]. It is straightforward
to check that for any Nevanlinna pair (P,T), the right side of (6.10) defines a selfadjoint
extension. Now let H be a selfadjoint extension corresponding to the Nevanlinna pair (P, T)
asin (6.9). Let & € L*(H,R) and let y(-,£) = (H — £)"*h. Evaluate the right and left limits
of y(z,£) at = = 0 via formula (6.9) with the above interpretation of x(,£). It follows from
(4.4) and v = 7/2, that

0.0 = ( 5) o @- (_ghy o) P@OP+D17 k(@)

which gives
o) wonn={(5 0)r+ (Y )7} 0P+ TN

Similarly, it follows from (6.7) and v = /2, that

0,0 = (1) b @1 = (§ o)) P@OP+ 1) x(EL
and this gives
(6.12) y(0-,0) = {(g ‘01> P+ (8 ?) T} (QOP +T) " h, (D))
The equations (6.11) and (6.12) can be rewritten as

w0+, _ I
(yl(O—,e)) = =PQ(OP +T)7'[~,x(8)],

and

(38t ~-ror 2y
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Now PT = TP yields the desired boundary condition in (6.10). O

The Nevanlinna pairs of 2 x 2 matrices (P,T) can be classified according to the
rank of P, cf. [19], [20], [21]. This leads to a classification of the corresponding selfadjoint
extensions H, relative to the selfadjoint extension A(r/2). If rank P = 2, then (P,T) is
given by

613 en=(( 9. )

The selfadjoint extensions H which correspond to the Nevanlinna pairs of the form (6.13)
are characterized by the property

(6‘14) Hn A(W/Z) = Tr:in,s @ Tr;in,s'

I rank P = 1, then there exist ri,r; € C, |12 + |r2|> = 1, and 7 € R, such that (P, T) is
given by

(6.15) (P,T) = <<:;) (Fr 7)), 7P+ (I~ P)> .

In this case Krein’s formula (6.9) takes the form

(6.16) (H=07" = (A(x/2) - )"
1 _
TArir2 Y Sy Xr1,ra 14 )
O rgr o+ re-@ - X
where Xy, (,£) = rix¥(-,€) + rax~ (-, £). Define the symmetric extension S,, ,, of T:{in,s &)
1;2'11,.9 by
(6.17) Srira = {{f,9} € A(7/2) : [g - ¢f, erz(z)] =0}

The selfadjoint extensions H which correspond to the Nevanlinna pairs of the form (6.15)
are characterized by the property

(6.18) HOA/2) = Sey -

Clearly, the cases 7, = 0 and r; = 0 correspond to selfadjoint extensions of A*(7/2)® T,
and of Ty, @A~ (m/2), essentially taking place in L*(H,R~) and in L*(H, R*), respectively.

If rank P = 0, then (P,T) = (0,I) and H in (6.9) corresponds to A(m/2).

Now consider the selfadjoint extension H of T}, @T,, . in L2(H,RT)@®L}(H,R")
as an extension of Tt

in,s Dy means of the exit space LZ(H,R~). For each £ € C\ R there is
a corresponding Strauss extension of T}, . given by

T(6) = {{R* (H — &), (I + ¢R*(H — £)"))h} : h € L2(H,R*)},
where RT is the orthogonal projection from L2(H,R) onto L2(H,R*). In terms of boundary

conditions, the Strauss extension T'(¢) of T;f,, , is given by
(6.19) T(&) = {{f, 9} € Thuz, - 2(04) = S(Of2(0+) }.

An equivalent form in terms of Krein’s formula for compressed resolvents is

(6200  RY(H =07 |men= (A%(1/2) = 7" ~ x*(O@*(0) + SO)' [ x* (D).
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In (6.19) and (6.20) S(¢) is a Nevanlinna function, depending on Q~(£) and the Nevanlinna
pair (P, T).

Corollary 6.2. The selfadjoint extensions H of T, . @ T, . with the property (6.14) are
in one-to-one correspondence with the 2 x 2 selfadjoint matrices T = (t;;) via

dom # = { f € domT},, & dom T, , :

Fa(04) =t fi(04) + 112 f1(0=), f2(0-) = ~tan i(0+) — L2 f1(0—) }.
The boundary condition in {6.19) is given by the Nevanlinna function S(£) in (1.5).

min,s @ Tin s defined in (6.17) can be expressed
in terms of boundary conditions involving ry and ry:

S"h’"z = {{f? 9} € T;ax,s @ T;ax,s :
F1f2(04) = 72 f2(0~), f1(04+) = fi(0-) =0}

Corollary 6.3. The selfadjoint extensions H of T, . @ Ty, . with the property (6.18) are
in one-to-one correspondence with 7 € R via

The symmetric extension Sy, ., of T

domH = {f €domT,},, @&domT,,,,:
PLf2(04) — 72 f2(0=) = 7(FLf1(04) + F2f1(0=)), m2fi(04) — 1 f1(0=) =0},

Ifri # 0, then the boundary condition in (6.19) is given by the Nevanlinna function S(¢) in
(1.6).

The result in (6.20) can be rewritten as

(6.21)  (T(0) =0 h(z) = Wz, 8*Q) [OW (1, Q) H(t)A() dt
F5W (2, 0)"J [oW(t, Q) H(t)h(t) dt — 1W (2, 0)"J [W (¢, ) H(t)A(t) dt,

when h € L*(H,R*) has a compact support. Here the 2 x 2 matrix function (¢) is given

by
(3 %) (=)

Clearly, 2(¢} is a Nevanlinna function:

mw_(ﬂﬂwi 0 )

(6.22) Q) = -

Y

Q) —
Ti-x T

(6.23) 56'\ Sm_i(/\}.
£~

Boundary-value problems similar to (2.1), (1.3) have been studied by A.V. Strauss; see for
instance [42], [43]. A corresponding exit space is constructed via the Nevanlinna kernel of
S(€), or rather, via the characteristic function which results after the Cayley transform of
S5(£). The identity (6.23) reflects this construction again, cf. {12}, [13], [14]. The work in
this section has some connections to the investigations of Kac on the spectral multiplicity in
[31] (see also [32]); these connections will be further studied elsewhere.
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7. AUXILIARY RESULTS

This section provides complete proofs for the fundamental Theorems 2.1 and 3.6.
If the equation (2.1) is not definite, then H(z) is of the form (2.9). In this case Example 2.2
takes care of Theorem 2.1, and Proposition 3.4 gives a full description of the situation. So
it suffices to consider the case where (2.1) is definite. The following corollary of Proposition
3.2 characterizes definite equations, cf. [13], [38].

Lemma 7.1. The equation (2.1) is definite if and only if there exists a compact subinterval
I of (0,00) such that I is of positive type.

Proof. The sufficiency is obvious. To prove the necessity, assume that each compact subin-
terval of (0, 00) is H-indivisible, cf. Lemma 3.1. Hence for each n € N, n > 1, the interval
[1/n,n] is, say, of type pn, i.e. H(z) = €, almost everywhere on [1/n,n]. The type @,
of [1/n,n] does not depend on 7, i.e. p, = ¢, since the intersection of two intervals is the
smaller one. Since (0,0) is a countable union of intervals [1/n,n], n € N, n > 1, it follows
that H(z) = &,€] almost everywhere on (0, 00), so that the equation (2.1) is not definite.
This completes the proof. O

In the rest of this section it is assumed that the equation (2.1) is definite. The
results in Section 3 up till Theorem 3.6 will be used. In particular, by Lemma 3.5 each
element in dom T}, has a unique representative which is locally absolutely continuous on

(0,00). In order to show that T} is symmetric, introduce the relation T in L*(H,R™) by

Ty ={{f,9} € T},. : supp f compact }.

Clearly, the relation Tt is linear.
Lemma 7.2. Let [, 8] C (0,00) be a compact interval. If {¢,9} € T3 and supp ¢ C [a, 4],
then the function 1 satisfies
B
(7.1) supp H¢Y C [a, 8], / H()y(t)dt = 0.

Conversely, if the function ¢ € L*(H,R™) satisfies (7.1), then there ezists an element ¢,
such that {,4} € T§" and supp ¢ C [e, 5].

Proof. If {¢,} € Ty, then ¢, € L*(H,R*) and ¢’ = JHy. Hence supp Ho C [, ) and
since () = 0,

o) = [ IHES

Since (8} = 0, also the second fact in (7.1) has been shown. To see the converse, let
¢ € L*(H,R*) and define

plz) = / JH()y(t) dt.
Then supp ¢ C [o, 8] and Jo' = —H4. Hence {p, ¥} € T3 and supp g C [, ). O

Lemma 7.3. The linear relation Ty is symmetric and
T C(T8) = Tre
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Proof. Let {f,g} € TF,_ and {¢,%} € T. Then

ga‘fo] [f7 _‘P*Jib |£: Oa
which shows that T}, C (Tg")*. To show the reverse inclusion assume that {h,k} € (T5)*.

Then, by definition, h,k € L*(H,R*). Let u be a solution of the differential equation
Ju' = —Hk. Let [a, 8] be a compact interval. For ¢ € L2(H,R*) satisfying (7.1), let ¢ be

as in Lemma 7.2, so that {¢, ¥} € Ty". Then [¢, h] — [¢, k] = 0 implies
B B
/ h(E) H(t)p(¢) di :/ k() H(t)p(t) dt
: i) ’ 8 8
= / u' () Je(t)dt = ——/ u(t) J'(t)dt = / u(t) H(t)y(t) dt,

777.

and hence

B
[ 4 - oy @ a =o

According to Lemma 7.2 the functions ¢(¢) span the orthogonal complement of (the equiva-
lence classes of) constants on [a, 8]. Hence, A(t) — u(t) is equivalent to a constant on [o, f].
Therefore, h has a representative again denoted by h, which is absolutely continuous and
satisfiles Jh' = Ju' = —Hk a.e. on [a,(]. Let I C (0, oo) be a compact subinterval of positive
type, cf. Lemma 7.1. Lemma 3.5 (more precisely its local analog on [a, 3] O I) shows that
the absolutely continuous representative » does not depend on the interval [a, 5] D /. Since
[, 8] was arbitrary, it follows that {h,k} € T Hence, (Ij )" = T)f,, D Tyt and Ty is

max maxr
symmetric. a

Corollary 7.4. The linear relation T, is closed and symmetric.

Proof. Since T,
clos Ty ¢ Tt

maxr

min

*, the relation T}, is closed. Lemma 7.3 implies that T}, =

m1n ( mar) min
= (T..)" and hence TF,, is symmetric. O

The following lemma is proved along the lines of [2, p. 396).

Lemma 7.5. For each u € C* there exists {¢, ¥} € T, such that ¢ has a compact support
and p(0+) = u.

Proof. Choose [0,4] so that it contains an open subinterval of positive type. Then the 2 x 2
matrix [’ H(t)dt is invertible. Hence, there is a vector ¢ € C? such that

(/7 H(t)dt) c=Ju.
Define v € L2(H,R*) by

1/"@) =& 0 <t S 7 %b(t) = O) t> ¥,
and define ¢ by
o(z) =u+ (/z JH(t) dt> ¥(z).
0

Then ¢ belongs to L?(H,R"), is absolutely continuous and suppy C [0,7]. Moreover,
©(0+) = v and J¢' = —Hv, so that {¢, ¥} € TF,.. =)
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Lemma 7.6. Let {f,g},{h,k} € Tf,,. Then the following limit exists:

(7.2 Lim h(@)"J(z) = h(0+)"JF(0+) - ({F, g}, {h, ).
Proof. Let {f, g}, {h,k} € T},.. Integration by parts gives
(73) Sy HE)g(t) dt — 2 k(0" B (1) de

= —[oh()Tf(t)dt — [o B/ (1) f(t) dt

S - OWIOF"

= h(0+)*J f(0+) — h(z)*J f(=).
By definition the left side converges to [g, k] —{f, k] as ¢ = oo. Hence the limit of A(z)*J f(z)

exists as £ — oo and (7.2) is proved. O

e 1t makes it possible
to study the boundary behaviour of any (locally absolutely continuous) element {f, g} € T3 __
at 0 and oo.

The next lemma gives estimates for the defect elements of T3,

Lemma 7.7. Let {f,if} € T},., £ € C\R. Then fori=1,2
|fi(2) = fiy)l < VBl Tz =yl fll, =,y > 0.

In particular, fori1=1,2
Ifi(@)] < Va(I A0+ VBl IfL), 2> 1.

Proof. Since the 2 x 2 matrix H{z) is assumed to be nonnegative and trace-normed, it has

the form
#e= (50 29,)

0 < afz) <1, B(z)* < a(z)(l — a(z)). The eigenvalues of H(z) are real, have the form 6(z)
and 1-4(z), and satisfy 0 < §(z) < 1. Assume without loss of generality that §(z) < 1-4(z).
Clearly,

0 < det H(z) = afa)(1 - ofx)) - Ala)? = §(z)(1 - §(a)) < 6(a),

(7.4) 0 < Va@(1 - a(e)) - 18(z)] < V).

Now introduce

y(z) = sgn (B(z))ve(z)(l — alz)), n(z)=B8(z)— ().

Then the first and the second inequality in (7.4) give

(7.5) (B(z) +n(2))* < a2)(1 - o)), n(2)* < 8(z),
respectively. Define the matrix functions H;(z) and H(z) by

i = (50 10) me= (e ),
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so that H(z) = Hy(z)+ Hy(z). The first inequality in (7.5) gives H;(z)+2H,(z) > 0, which
leads to

(7.6) +H,(z) < H(z) and 0 < H;(z) < 2H(z).
Now let {f, f} € Tt _ so that (2 1) holds. Then the components of f’ can be rewritten as

mazx

)= —4(+/1 - a(z)éi(z z)fi(z)), fi(z) =/ e(z)E(z) + n(z) o)),

where

(7.7) 1 - afz) fo(z) + sgn (B(z))Va(z) fi(z)
(7.8) = v/o{z)fi(z) + sgn (8(z))v/1 — a(z) fo{x)
Observe that

(7.9) &) = f(z) Hi(2)f(z) = |€a2(=) .

Now assume that e.g. z > y. Since fi(z) — fi(y) = f fi(t) dt, it follows that

|fi(z) — 1(3/)|2

l—a

o
sw(/y 1dt> (/ VT = a(®)&(t) + () fi( )th)
<2l -l ( [ a-atniaord+ [“moraora)

<2lefle - vl [rewra [ SOlF ),
where the last inequality follows from (7.5). Due to (7.6) and (7.9),
(7.10) / (P di = / ferm @0 <2 [T A EOd < o
Moreover, since 6(z)] < H(z),
/yr5(t)lf1(t)|2dt s/ SOIFOPa < [T O @ < oo

This shows that |fi(z) — fi(y)| < v/61]+/Iz — y[||f||. The proof for the second component

is similar. O

Lemma 7.8. Let {f,£f},{h, AR} € T}, for some {,A € C\R. Then

(7.11) lim A(z)*Jf(z) =
T=300
Proof. The statement (7.11) follows by means of the polarization formula as soon as it is
shown that
(7.12) lim u(z)*Ju{z) = 0,

00
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for u(z) = af(z) + bh(z), a,b € C. Define the function £ by

£(z) = /1 - a(z)uz(z) + sgn (B(2)) v e(z)ua (2),

so that

£(z)ua(z) « ui(z)é(z)
7. 2 |Im ———=*| = |u(z)*Ju(z)| = 2 |Im —= |,
(1.3) 2|m SR < eyt e

when of(z) # 0 and a(z) # 1, respectively. Since |£(z)]* = u(z)*H;(2)u(z), the integral
f0°° |é(z)|*dz converges; cf. (7.6). Hence, for each € > 0 there exists a set M. C R¥, whose
Lebesque measure is infinite, such that

€

(7.14) |€()] < 75 z € M..
Define
Ko = [al(1£(0:0)] + VB 1L ILF1) + bl(1A(0+)] + VB 1A Ja]).
Then it follows from Lemma 7.7 that for i = 1,2,
(7.15) lus(2)] € Kepv/z, > 1.
If o(z) > 3, then it follows from the first equality in (7.13), (7.14), and (7.15) that for

zE€M,andz>1

lu(z)*Ju(z)] < 2v/2)¢(2) | Jug(z)] < 2\/5%\/51((,,\ = 2V/2e K, .

Similarly, if a(z) < 3, then it follows from the second equality in (7.13), (7.14), and (7.15)
that forz € M, and z > 1

lu(z)*Ju(z)| < 22w (2)||€(2)] < zﬁ\/zm,A% = 93Ky .

Hence, for arbitrary € > 0 there exists a sequence {z,} C M., z, > 1, such that z, — oo as
n — oo and

[u(zn) Ju(zn)] < 2V2eKy .
Together with Lemma 7.6 this implies (7.12). O
Proof of Theorem 3.6. First (3.2) will be proved, i.e. that the limit in (7.2) is zero. Observe

that if either {f, g} or {h, k} belongs to T}, ., then
(7.16) li_)m h(z)*J f(z) = 0.

To see this assume that {f,g} € T}, For each u € C?, there exists {p,9} € Tit,_ as in
Lemma 7.5, so that

0=1[g,0] = [f,¥] = w"J f(0+),
which implies that f(0+) = 0. Therefore, if {f,g} € T}t,., then (7.2) implies (7.16). The

statement (3.2) for arbitrary {f, g}, {h,k} € T}, follows now from (7.16) and Lemma 7.8
by means of von Neumann’s formula.
The first part of the proof shows that T}, is contained in the right side of (3.4).

Conversely, if {f,g} € T}, and f(0+) = 0 then (3.2) shows that the right side of (7.3) is
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zero for every {h,k} € Tt . Thus, {f,g} € T.%,.. Finally, the identity (3.3) shows that the
mapping {f,g} = f(0+) is a boundary mapping from T}, onto C. This implies that the
defect numbers of Tt are (1,1). a

Lemma 7.9. The linear fractional transform m(z) = Z'ji”b-, ad — be #£ 0, maps the closed

upper halfplane into itself if and only if the matriz W = (3 2) satisfies

(7.17) %(W*JW ~ |det W|J) > 0.

Proof. Observe that

(7.18) (=) ~ ()@ T d)(en +d) = (1) W (1) .
7

For z = z; = z; = z + iy the right side can be rewritten as az?+ 2Im Sz + v+ ay® — 2Re fy,

where

1., o ﬁ/z)

W IW =1 5, )

? ("/8/Z v
Moreover, [B]* — ay = | det W|?. Now Imm(z) > 0 implies & > 0, v > 0, and

2alcz + d Imm(z) > |ay — Re B* — |det W|* > 0,

where the lower bound corresponds to ¢ = —Imf/a, a > 0. For y = 0 this shows that
[Re 8| > |det W! and further for y > 0 that —ReB > 0, i.e., —Re8 > |detW|. Ha =0
then Imm(z) > 0 yields —Re 8 = | det W/|. On the other hand, (7.17) is equivalent to & > 0,
v >0, and

1B+ |det W{|* <y, or  2(|det W|* + Reb|det W|) < 0.

This shows that Imm(z) > 0 for Imz > 0 implies (7.17). In view of (7.18) the converse
statement is obvious. O

Proof of Theorem 2.1. Recall that it suffices to assume that the equation {2.1) is definite. It
follows from (2.5) that for £ € C\ R

/ *® T

(7.19) W(‘”")JZ” (;"") J / Wt OHEW (L, )" dt > 0.
- 0

Thus also

120) Wi, 0w =T

-7 =

Let @ > 0 be such that {0, ¢] contains an interval of positive type, see Lemma 7.1. Then for
every z > a the matrix in (7.19), and hence also the matrix in (7.20), is invertible. To see
this assume that for some e

</0 W(t,é)H(t)W(t,é)*dt) e=0.

This implies H(t)W(t,£)*e = 0 so that by (2.4) W(¢,£)*e is constant almost everywhere on
(0, z], and hence e = 0, since the interval (0, z] is of positive type. The invertibility of (7.19)



Hassi, De Snoo, Winkler 475

shows that for each 2 > a and £ € C\ R the diagonal elements of (7.19), and therefore all the
elements of W(z, £), are nonzero. It follows from (2.6) and (7.20) that wi(z,£) /w1 (z, £) and
waz(x, £)/wa1(z, £) are Nevanlinna functions. Let z > a, £ € Ct, and consider the mappings

_wn(z, 0z +wi(z,f) 2 ) = _wa(e, )z + wyn(z,£)
f(Z) - le(III,E)Z + wgg(x,f)’ f( ) - wu(a:,f)z + w12(1‘,£)’

z € CrURU{oo}. Observe that f corresponds to W(m,e) = JW(z,{), for which the equality
W(z,0)"JW (z,0) = W(z, £)*TW (z, )
holds, and recall that det W(z,£) = 1. By Lemma 7.9, f(z) and f(z) map C* URU{oo} into

the closed upper halfplane. It follows from (7.18) and (7.20) that if f(z) = 0 (or f(z) = 0)
then z € R U {oo}, where the case z = oo is not possible if £ > a. This means that
z = —wya(z, ) /wi(z,£) (or 2 = —wos(z,£)/wn(z,£)) as a function of £ is a real constant.
Thus, in (7.19) the first (respectively the second) diagonal element is zero, which is not
possible if ¢ > a, since for £ > a (7.19) is a positive invertible matrix. Hence, if z > a the
mappings f(z) and f(z) do not have any zeros or poles in C+ UR U {co}. The standard
properties of M&bius transforms show that f(z) maps the closed upper halfplane onto a disk
D(z) in the upper halfplane with the center at f(cp), co = —Was(z,£)/Wn(z,£), and the
radius

1
~ Twa(z, Owa1(z,£) — war (, O (z, £)|

Moreover, D(z2) C D(z1) for 22 > z1. To see this, let H(z) = H(z + z1), 2 > 0,
and let W(z,£) be the solution of (2.1) corresponding to H(z). Then W(z + z,£) and

W(zy, )W (z, ) satisfy the same initial value problem, which implies that
Wz + z1,8) = W(zy, )W (z,£).

r(z,4) = [f(0) = f(co)l

Therefore,

Feat(2) = W(z2,0) 0 2 = W(z1, )W (29 — 21,8) 0 2 = W(z1,8) 0 5 € D(2).
Similarly f (2) maps the closed upper halfplane onto a disk D(:c) in the upper halfplane with
the center at f(do), do = —Wi2(z, £)/w11(z,£), and the radius

#2,0) = [F(0) - f(do) !

= |w12(3},£)w11(2},f) - wu(z,f)wn(x,ﬁﬂ ’

such that D(z3) C D(z,) for 25 > z,. Observe that for z > a, r(z,£) < oo and Fz,£) < o0.
Now consider the following solutions of (2.1):

vi(z, ) = (wfl(ﬁ;) . j=12

Wja(
By Theorem 3.6 the defect numbers of T)t, are (1,1), so that one of the solutions cannot

belong to L*(H,R*). Hence, it follows from (2.5) and
1

T = e 0T 0,

1 .
7(337) = |vi(z,£)"Jui(z, £)],
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that either limy_yoo 7(2,£) = 0 or lim; o0 #(z,£) = 0. In fact, these properties are equivalent
since f = —l/f and f, f do not have any zeros or poles in C* UR U {oc}. Thus, the
limit @*(¢) in (2.7) exists and is independent of ¢(£). Clearly, Q*(¢) is finite and belongs to
C* UR. That Q*(¢) depends holomorphically on £ € C* follows easily from the fact that the
fraction in the right side of (2.7) is uniformly bounded on [1,00) with £ € K, K a compact
set in C*, cf. e.g. [1] and [28, Lemma 3.1].
To see (2.8) let ¢ > a and define
mn(C, Z) Tk 1
QC(Z) - wzl(c, ”)’ XC(:L‘,E) - W(Z,f) (_Qc([)> .

Observe that Q.(¢) — QT ({) as ¢ = oo and that Q.(f) is a Nevanlinna function. In
particular, (2.6) shows that Q.(f) = @,(£) and hence lime o @.(8) = QT () = Q+(0).
Clearly, x.(¢,£)"Jxc(c,£) = 0 and x.(0,£)*Jx(0,£) = Q.(€) — Q.(£), so that (7.19) implies

(721)  0< /0 Xolt, O H()xe(t,0) dt < /0 Cxc(t,é)*H(t)Xc(t,f)dt=Qi’g:—?c(z))

for & < c¢. Here x.(t,£) — x*(¢,£) uniformly for ¢ € [0,b] as ¢ — oo. Therefore, letting
¢ — oo in (7.21) gives

-q+
(122) s [ e H e i < SU=T0

for every b > 0, which implies (2.8).

Finally, observe that if Q*(¢) € R then (7.22) implies H(¢)x*(£) = 0 for almost
every t € R*. Hence by (2.4) x*(-,¢) is constant which means that the equation (2.1) is not
definite and H(z) is given by Example 2.2. O
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