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THE JOURNAL OF SYMBOLIC LoGIC
Volume 67. Number 3. Sept. 2002

THE TORSIONFREE PART OF THE ZIEGLER SPECTRUM OF RG
WHEN R IS A DEDEKIND DOMAIN AND G IS A FINITE GROUP

A. MARCIJA, M. PREST. AND C. TOFFALORI

§1. Introduction. For every ring S with identity, the (right) Ziegler spectrum of
S, Zgs. is the set of (isomorphism classes of) indecomposable pure injective (right)
S-modules. The Ziegler topology equips Zgs with the structure of a topological
space. A typical basic open set in this topology is of the form

(p/w) ={M € Zgs : |o(M) : (M) Ny(M)| > 1}

where ¢ and y are pp-formulas (with at most one free variable) in the first order
language Ls for S-modules; let [p/y] denote the closed set Zgs — (¢/w). There
is an alternative way to introduce the Ziegler topology on Zgs. For every choice
of two f.p. (finitely presented) S-modules 4, B and an S-module homomorphism
f : A — B, consider the set (/) of the points N in Zgs such that some S-
homomorphism 4 : 4 — N does not factor through f. Take (f) as a basic open
set. The resulting topology on Zgs is, again, the Ziegler topology.

The algebraic and model-theoretic relevance of the Ziegler topology is discussed
in [Z], [P] and in many subsequent papers, including [P1], [P2] and [P3], for instance.
Here we are interested in the Ziegler spectrum Zggg of a group ring RG, where
R is a Dedekind domain of characteristic 0 (for example R could be the ring Z of
integers) and G is a finite group. In particular we deal with the R-torsionfree points
of ZgR(;.

The main motivation for this is the study of RG-lattices (i.e., finitely generated
R-torsionfree RG-modules). Their model theory has been treated in several papers
(see [T), for instance). Here we try to understand their role within the spectrum.

The analysis of the R-torsionfree part of Zgg¢ is developed in § 2. RG-lattices
are directly dealt with in § 3.

In § 2. we show that every R-torsionfree point of the Ziegler spectrum of RG
either is a simple KG-module, where K denotes the quotient field of R, or is R-
reduced and is then a point of the Ziegler spectrum of R G for some maximal prime
ideal P, where Rp denotes the completion of R at P. Fix such a prime P. We show
that the topology on the R-torsionfree R-reduced points which are R p-modules is
the same whether these are considered as points of the spectrum of RG or of RrG.
We also show that every such point is in the topological closure of the set of such
points which are RpG-lattices. Then we investigate how these “P-patches” fit into
the Ziegler spectrum of RG.
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THE TORSIONFREE PART OF THE ZIEGLER SPECTRUM 1127

In § 3. we show, under the assumption that each factor R/P is finite, that two
RG-lattices are elementarily equivalent if and only if they have isomorphic pure-
injective hulls; notice that this is the case precisely when they have the same genus
[BT].

We refer to [CR] for representation theory, and to [P] for model theory of modules.
The notation of these references is adopted. In particular, for every ring S, Lg is
the first order language for (right) S-modules; among S-modules, < denotes the
submodule relation, while < means elementarily embeddable: f.g. abbreviates finitely
generated, and f.p. finitely presented; for a given module M over S, M is the pure
injective hull of M. We are interested in Dedekind domains of characteristic 0.
When R is such a domain, Rp denotes its localization at a given maximal ideal
P R p its P-adic completion; recall that the pure injective hull of Rp as a module
over R just equals the P-adic completion, so there is no ambiguity in this notation.
When M is a module over the Dedekind domain R, Mp is the localization of M at
the maximal ideal P.

§2. The torsionfree points in the spectrum. Let R be a Dedekind domain (of
characteristic 0) and let G be a finite group. Let K denote the quotient field of R.
We assume that the characteristic of K is 0. We study here the Ziegler topology
for the R-torsionfree points in Zggrs. First we show that, with only finitely many
possible exceptions, any R-torsionfree point of Zgge lies in Zgy . for some non-
zero prime P of R.

THEOREM 2.1. Let N be an R-torsionfree point in Zgr. Then either N is a simple
KG-module or there exists some maximal ideal P of R such that N € Zgy . and N
is Rp-reduced.

PrROOF. Let N € Zgprg be torsionfree over R.
CLaM 1. N is a module over RpG for some maximal ideal P of R.

ProOF OF CLAIM 1. S = End(N)isalocalring. Let I denote its unique maximal
ideal and C(S) be its center.

C(S)={a€S:VseS.as =sa}.

For every subring C of S, if C contains the identity element 15 of S and C is closed
under ~! (in the sense that, when a € C isa unitin S, "' isin C, too), then C is
a local ring and I N C is its maximal ideal. Notice that this applies to C = C(S).
As N is R-torsionfree, R embeds into C(S) just by mapping each r € R into the
scalar multiplication by . Let C be the set of all elements in S of the form ab~!
with a, b in the copy of R inside C(S) and b invertible in S. So C is a subring of S
containing 1 and closed under ~!, and consequently C is local. Moreover C can
be embedded as a subring in the quotient field K. Accordingly C is (isomorphic
to) either K or Rp for some maximal ideal P of R. Define the action of RpG on N
in the obvious way: givenm € N and ¢, € C forevery g € G, put

m Z Cy8 = Z cg(m)g.
g€G g€l

This equips N with a KG-module or an RpG-module structure extending the
original RG-action. Observe that every KG-module is a module also over RpG for
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every maximal ideal P of R in a trivial way (just forget K — Rp). This concludes
the proof of Claim 1. -

Notice that NV, as an Rp G-module, is still indecomposable and pure injective. For
N is indecomposable pure injective over RG and the RpG-action on N is defined
by the RG-action.

Now look at N over Rp. As a pure injective module, N decomposes in the
following way

N = N’ ® N”,

where (up to isomorphism) N’ is the pure injective hull of R p(/l) for some cardinal
4, and N” is K™ for some 4. Clearly

N.N'P" = 0.

Furthermore, for every g € G, N”"g < N”. For, let a € N”, then Ka < N” and
Kag < N. Decompose ag = a’ + a”’ witha’ € N’ and a” € N”. Then Ka’' < N’,
so a’ = 0and ag € N”. Hence N” is a submodule of N over RpG. Moreover N”
is a module also over KG, and by Maschke’s Theorem KG is a semisimple artinian
ring. Hence N" is injective over KG.

Cram 2. N is injective over RpG.

PrOOF OF CLaIM 2. This can be shown by a standard argument. The only facts
to be used about N” and G are that N” is R-torsionfree and that G preserves
R-torsion. We give here the details for completeness. Hence let i : 4 — B be an
embedding of RpG-modules, f be an RpG-homomorphism of A4 into N”. What
we have to find is an RpG-homomorphism /4 of B into N satisfying #i = f. Let
74, 1B denote the R-torsion RpG-submodule of 4, B respectively; so

tA={acAd:FIrcRr#0,ra=0}

and similarly for B (recall that G preserves R-torsion). Consider the R-torsionfree
RpG-modules 4/74 and B/7B, with the corresponding projections of 4 onto 4/74
and of B onto B/tB; i defines a natural embedding of 4/74 in B/tB, call it i’.
As N is R-torsionfree, f induces an RpG-homomorphism f’ of A/tA into N”.
Now tensor up with K. We get a new embedding i = i’ ® 1 of 4/74 ® K into
B/tB @ K, and the homomorphism f” = f'® 1 of 4/t4® K in N” ® K. But
N is a KG-module, and so N ® K is isomorphic to N”. The KG-injectivity of
N' provides a KG-homomorphism 4" of B/tB ® K into N @ K ~ N”. Hence
we can find 4 as required: 4 is just the composition of 4” with the obvious map of
BinB/tB®K.

Consequently N” is a direct summand of N over RpG, too. Since N is indecom-
posable over RpG, one can deduce that either

(a) N isa KG-module or
(b) N,NP" = 0 (in other words N is reduced over R).

If (a) holds, then N is a simple KG-module. So assume (b). We can see that N
is actually an RpG-module. For, let r € Rp and suppose r = lim,r, where the
r. € Rp are chosen such that, for every natural », P” contains both r — r, and
rn — nty. Pick a € N; we know that ar, is defined for every n. Now recall that P
is f.g. because R is Noetherian, so the membership to NP", for any natural », can
be expressed by a suitable pp-formula in the language of RpG-modules. Let P"|v
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denote this formula (so meaning v € NP"). Look at the partial pp-type over N (as
a RpG-module)

IFw)={P"|(v—a):ne N}

I'(v) is finitely satisfied in NV, and N is pure injective over RpG. Consequently there
is some ¢ € N realizing T'(v). (b) implies that ¢ is unique. Hence put ar = ¢. This
equips N with the required RpG-module structure. -

In order to finish the proof of Theorem 2.1, we have to show that N is inde-
composable and pure injective also over RpG. Indecomposability is clear. Pure
injectivity is a consequence of the following general fact which we state as a separate
lemma.

LEMMA. Let D — S be a homomorphism of unitary rings. Let N be a module over
S, hence over D, such that the S-action on N is p p-type definable over D (in the sense
that, for every s € S, there is a set Us(v, w) of pp-formulas over D such that, for all
a €N,

N = Ty(a,as) ANVw(Ts(0,w) —» w = 0)).
If N is pure injective over D, then N is pure injective also over S.

The proof of the lemma is deferred until after we have finished the proof of the
theorem.

In our setting, D is RpG. S is RpG and the homomorphism of D in S is the
obvious one. It is easy to see that the assumptions of the lemma are satisfied.
Indeed, for every s € Rp, choose a sequence (s,), in Rp with limit s (so that P"
contains s — s, for all n), and put

y(v,w) = {P"|(vs, —w) :n € N}

(again, use the fact that R is Noetherian to deduce that I's(v, w) is a partial pp-
type). Then T, satisfies the conditions of the lemma because (b) holds. This implies
that N is pure injective also over RrG.

It remains to prove the lemma.

ProOOF OF LEMMA. This follows from some straightforward calculations. Take a
pp-formula p(vy, @) of Ls with parameters @ from N,

So('Ul, C?) . 31}2...3’0,, /\ E VS = a;
I<j<m I<i<n

for a suitable m. Consider the system of linear equations

Zgo(vl,--- JUn) /\ Z Vs, =a;

1<j<m 1<i<n

corresponding to ¢{v1, @) in the natural way. Now look at the scalars s; ;. For every
choice of i and j, consider a partial pp-type I's,, (v, w) defining the action of s, ;,
its pp-formulas y; ;(v, w) and the corresponding systems of linear equations (with
parameters in N and variables v, w, Z, )

2y, (0w, 3,).
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Thus Z,(vi,. .. ,v,) determines a system of linear equations in Ly (with possibly
infinitely many equations and variables, and parameters from N )

(*) { Z wij = dj | S ] < m} UUZYi_/(vi!wi~j’Z}’i./)'
1<i<n

Vi
It is clear that. if a sequence (b, b, ... .b,) € N" satisfies £, (vy. ... ,v,), then, for
some suitable d:,,.‘,, inN, ((bi)i<i<ns (bisiji<i<mi<j<m. (d;,_,. )y;, ) satisfies (). Onthe
other hand., if ((8;)1<i<n. (¢ij)1<i<mi<j<m- (d;‘._,. )u,) in N satisfies (x), then ¢; ; must
equal b;s; ; for all i and j, and consequently (b;, ... , b,) satisfies X, (v, ... , vy).

Now take a set ®(v;) of pp-formulas ¢(v;) in Lg, and assume that ®(v;) is
finitely realized in N. Let Zg be the corresponding set of linear equations

2, (U1, V200 e s Unyp)

when ¢(v|) ranges over ®(v;) (notice that n, and vy, ... ,v,,, may change with
¢(v1)). Form a new system of linear equations Xy, in Lp, just as before in (x), where
now ¢ (v; ) ranges over ®(v;). Arguing as above we see that Xj, is finitely satisfiable
in N, and so X, is realized in N because N is pure injective over D. Let b; be an
element of N satisfying £ (as v;), then b, satisfies each formula in ®(v;) as well,
and so ®(vy) is realized in N. It follows that N is pure injective also over S. o

REeMARKS. Fix a maximal ideal P in R.

1. Let N € Zg RoG be torsionfree and reduced over R. Then N € Zgpg.

By the lemma N is pure injective over RG. Furthermore, suppose N = Ny & N;
over RG. Accordingly, for a € Ny and s € RpG. decompose as = ag + a,. Since
N is torsionfree and reduced over R, the action of s on N is pp-type definable
over RpG and even over RG. Consequently N = I;(a,ap + a1), and hence
N = Ty(a, a) over RG. It follows that @, = 0. So actually Ny is an RpG-module
and similarly for N. Then either Ny or Ny is 0.

Thus the embedding of RG into RpG induces an inclusion of the R-torsionfree
R-reduced part of Zg . into the R-torsionfree part of Zgrs. We will show below
(2.2) that these inclusions are homeomorphic embeddings.

2. If N € Zgy,; is R-torsionfree but non-reduced then N may or may not be a
point of Zgrs. Of course, N is pure-injective as an RG-module but it might not be
indecomposable. For example, take G to be the trivial group, R to be the ring of
integers and N to be the p-adic field for some non-zero prime p: as an RG-module
N is the direct sum of uncountably many copies of the rationals.

3. Every RpG-lattice N is pure injective. In particular, when N isindecomposable
(as a lattice), N € Zgy -

The latter claim is a consequence of the former, because every direct summand
of N must still be an RpG -lattice. Now an RpG-lattice N is a direct sum of finitely
many copies of Rp over Rp. Accordingly fix a basis eq. ... . e, of N over Rp, and.
for every g € G, consider the matrix A(g) with entries in Rp such that

(e.....e)A(g) = (eog. ... .eng).
Extend linearly A4 to RpG and get, for every s € RpG. a matrix A(s) still satisfying

(eg,....ep)A(s) = (eps.... .eps).
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Moreover decompose (uniquely) every element a € N as

eody + ... +epay

with ag. . .. , a; in Rp. Notice that a satisfies a pp-formulaof L o
o)) Py, /\ Z vSjk =0
J<q1<k<n
if and only if the sequence (aq, ... , a;) in Rp satisfies over R p
(p/(’U],(),... aULh) : 3’0210...3’02‘;, ...Hv,,,o...EJv,,‘h

/\ /\ Z Vi A(sjx )i = 0.

J<q1<h 1<k<ni<h
Since Kp is pure injective over Rp, N is pure injective over RpG, as claimed.

4. Now assume R/P finite. In this case indecomposable KpG-lattices are topo-
logically indistinguishable in Zg ; if and only if they are isomorphic. Indeed =~
just equals = for R pG-lattices in this setting by the Maranda Theorem (see [BT]). It
is also true that if N, N’ are (indecomposable) R pG-lattices which are elementarily
equivalent as RG-modules, then they are isomorphic over RpG (and hence over
RG). This is again a consequence of Maranda Theorem ([CR]). In fact, take a
positive integer £ such that P* does not include the order of G, then N = N’ over
RG implies that the finite modules N/P*N and N’/P*N’ (over RG, or RpG) are
elementarily equivalent and hence isomorphic. But, just by the Maranda Theorem,
this is enough to deduce N ~ N’ over RpG.

Now let us study the Ziegler topology for R-torsionfree points in Zggg.

THEOREM 2.2. The set of R-torsionfree R-reduced points in Zgg . has the same
topology whether considered as a subspace of Zgg . or of Zgrg.

Proor. First notice that every pp-formula ¢(v) in Lgg is also a pp-formula in
Ly, ;. Consequently every basic open set (¢/y) in Zggre (with ¢(v) and y(v)
pp-formulas in Lgg) also defines a basic open set in Zgy ; containing the same
R-torsionfree R-reduced points.

In order to show the converse implication, we use the alternative definition of
Zgrc and Zgg . recalled in the introduction. Accordingly. take two f.p. modules
A and B over RpG and an RpG-homomorphism f : 4 — B, and look at the basic
openset (f)ofall N € Zgg,¢ for which some RpG-homomorphismh : 4 — N
does not factor through f. Since RpG (and RG) are Noetherian, f.p. just means
f.g.. Also, there is no loss of generality in assuming 4, B to be R-torsionfree and
hence RpG-torsionfree. Otherwise, just replace 4, B with their quotients with
respect to 74, tB respectively, and consider the homomorphism f’ of 4/74 in
B/1B defined by f in the obvious way:

f'(a+14)= f(a)+ 1B, Yac A.
Notice that 4/t4, B/tB are f.g. if 4 and B are. Furthermore we claim that, for
an R-torsionfree N € Zgg . N € (f) if and only if ¥ € (/). In fact, suppose

N € (f)andlet & be an R pG-homomorphism of 4 in N such that # does not factor
through f. As N is R-torsionfree, & determines a homomorphism 4’ : 4/t4 — N.
Let g’ : B/tB — N satisfy g’ f' = h’. By composing 4’ and the projection of B
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onto B/tB, one gets g : B — N for which gf = h. Hence h’ witnesses N € (f”).
Conversely suppose N € (f'), so there is a homomorphism A’ : 4/t4 — N
which does not factor through f’. Let & be the composition of 4’ and the natural
projection of A onto A/tA. Assume that some homomorphism g : B — N satisfies
gf = h;as N is R-torsionfree, g defines a homomorphism g’ : B/tB — N by

g'la+1B)=gla) VacB.
One easily checks g’ f’ = h’, which contradicts N € (f’). Hence h witnesses

N e (f). )

Therefore we may assume that 4, B are RpG-lattices.

From the proof of Maranda’s Theorem in [CR], 30.14 p. 624, we have the following
result. If 4, B are lattices over RpG, then there is a positive integer sy such that,
for all n > ny, for every RpG-homomorphism g’ : A/P"A — B/P"B, there is
some RpG-homomorphism g : 4 — B such that, if g, denotes the reduction of g
modulo P"

gnla+P'A)=g(a)+ P"B VacA,

then g, and g’ agree modulo P"~"(A4/P"A). Observe that g, makes sense even for
arbitrary KpG-modules 4, B and a homomorphism g : 4 — B.

Now note that the same result holds if we replace B by any R-torsionfree module
C. For, giveng’ : A/P"A — C/P"C, theimage of 4/P"Ain g’ is a f.g. submodule
of C/P"C; so we can choose a finitely generated preimage B of this submodule in
C. At this point one can apply the above result to obtain g : 4 — B and compose
g with the embedding of B into N.

Now consider two RpG-lattices 4, B and a KpG-homomorphism f : A — B
and look at the open set (f) in Zgy, ;. We want to find an open set U in Zgre
such that, for every R-torsionfree R-reduced point N in Zg RpG (hence in Zggg),
N € (f)in Zgg,; if and only if N € U in Zgrg. Equivalently we can consider
the complement [f] of (f) in Zgg,; - that is. the closed set of all indecomposable
pure injectives N for which every morphism g : 4 — N factors through f - and
find a closed set Y in Zggre such that, for every R-torsionfree R-reduced point N
inZgg,q. N €[f]inZgg,; ifand only if N € Y in Zggge.

Consider the following condition on N: “For every morphism g’ : 4/P"4 —
N/P"N thereis ' : B/P"~™B — N/P"~™N such that &' f,_,, = g,_,,~, noting
that modules such as 4/P" A are finitely presented RG-modules. Then one may
check that this condition defines a closed subset, Y,, of Zggs. Indeed, the condition
may be expressed by the following sentence:

Vi(p(x) — IyAzw' (F+Z)AP"™™|Z AT, 0p' (X +u, y+0) AP ™|a A P"~™|7)).
Here ¢ is equivalent to the pp-type in 4/P" 4 of some fixed generating tuple, a,
for A/P"A, y is equivalent to the pp-type in B/P"~™ B of some fixed generating
tuple, b, for B/P"~™B and p is equivalent to the pp-type in B/P"~™B of the
tuple, (nf - n@.b) where z : A/P"A — A/P"~™ 4 is the canonical projection.
Furthermore if () has the form 3w 0(¥, %) with & quantifier-free then we define
w'(#) to be the formula 3@, w’(8(7, @ + w’) A P"~"|w’) and in a similar way we
define p’ from p. Thus the condition has the form Vx(¢(x) — #1(X)) and hence
corresponds to a closed subset [¢/¢;] of the Ziegler spectrum.
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At this point it suffices to show that, for every R-torsionfree R-reduced point N
in Zgg.c- N € [f]in Zgg,; ifand only if N € Y, for all n in Zgrg. This will
be enough because ¥ = (1,5, Y» is an intersection of sets which are closed in the
RG-topology and hence is itself closed in the RG-topology. We proceed to prove
our claim.

Suppose first that N € [f]. Letn > ng, g’ : A/P"A — N/P"N. By (the
corollary to) Maranda’s Theorem there is g : 4 — N such that g, and g’ agree
modulo P"~™(A4/P"4). Since N € [f], thereis h : B — N such that hf = g and
hence such that 4, fn_n, = &n—ny = &n_n, as required. Therefore, N € Y.

For the converse, suppose that N € Y andlet g : 4 — N. We must show that
g factorizes through /. Choose a finite generating (over RpG) sequence a for 4
and a finite generating sequence b for B. Let p(#,w) be the pp-type of the tuple
(f(a),b) in B. Since N is pure injective, if we can find a realization ¢ in N of the
pp-type p(g(a).w), then (f(a),b) — (g(a), ) will define a morphism / from B to
N satisfying 2f = g. Again using the pure injectivity of N, we can limit ourselves
to prove that, for every formula ¢ (7, @) in p, there is ¢ in N satisfying ¢(g(a), w).
(0, w) states that there is a solution Z for a linear system

(5,9,2)- M =0
where M is a matrix with entries in K pG. For some de B,
(f(a).b,d) - M =0.

Take g’ in the condition defining Y, to be the reduction g, of g modulo P”; we
obtain a morphism 4’ (as in that condition) yielding

(g(a) + P"™N,h'(b),h'(d)) - M = 0.
Hence, if 5’ and d’ denote preimages of 4’(b), #’(d) in N, then

(g(a@),b".d")-M =0 mod P""™N.
It follows

(g(a),b',d")-M =0 mod P*N
for every positive integer k. So, since N is R-reduced,
(g(a).b".d") - M =0,

and we are done. -

In the previous proof we showed that if N is an indecomposable R-torsionfree
R-reduced pure-injective over RpGandif f 14 — Bisa morphism between
RpG-lattices then any given morphism from 4 to N may be factorised through f
provided its reduction modulo & factorises through the reduction of f modulo & for
some k (in fact we required a slightly weaker factorisation condition). Of course the
value of & will depend on f but we can deduce immediately that there is a uniform
bound on k. For in the proof we represent the basic open set (f) in Zgy,; as the
union of infinitely many open sets, and hence, because basic open sets are compact,
it is a union of just finitely many.

To summarize, the R-torsionfree part of Zgr contains

* for every maximal ideal P of R, a homeomorphic copy of the R-torsionfree

R-reduced part of Zgy

* the simple KG-modules.
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Our aim now is to examine the topology on the P-patch, with particular emphasis
on the role of the RpG-lattices among the (indecomposable) R-torsionfree R-
reduced pointsin Zgg ;. We wish also to study the topological relationship between
the KG-modules and the P-patch, for a given P. Note that the topology on the set of
simple KG-modules is discrete (since KG is of finite representation type or, directly,
use the central idempotents of KG to write down isolating neighbourhoods).

THEOREM 2.3. Let N € Zgy ; be torsionfree and reduced over R. Then N is in
the closure of the set of indecomposable RpG-lattices.

PROOF. N is the direct limit of f.g. RpG-submodules N (see [J], Theorem 2.7).
Each N’ is R-torsionfree and hence R p-torsionfree. It follows that N’ is an RpG-
lattice. Accordingly N is a direct limit of finite direct sums of indecomposable
RpG-lattices. Recall now that the elementary class of modules which have support
on some closed subset of the Ziegler spectrum is closed under both direct limits and
direct sum (see, for example, [Roth]). B

Let %, denote the set of R-torsionfree points of Zggrs Which are R pG-lattices
for some maximal P and let ¥ denote the set of R-torsionfree R-reduced points of
ZgRaG-

Thus, the Ziegler closure of %, contains .&.

THEOREM 2.4. Let M € Zy. Then M is isolated in ¥y and closed in &, where we
consider £ with the topology induced from Zgge.

PROOF. Suppose that M is an RpG-lattice for the prime P. Choose a positive
integer k such that P* does not contain the order of G. By the Maranda Theorem,
the isomorphism class of M is fully determined by that of M/P*M. Moreover
M/ P* M is indecomposable because M is and because Rp is complete.

Consider M/P* M as a module over the Artin algebra (R/P*)G. As such, M is
f.p. and so forms a clopen set in the Ziegler topology for (R/P*)G (see 2.9 in [P2]).
Hence there are in Lz, pryg pp-formulas ¢(v), w(v) and ;(v), w;(v) (with i in a,
finite by compactness of the Ziegler spectrum, set of indices) such that M/P* M is
the only point in

(/) = (wi/wil.

1

For every pp-formula a(v) of L(g/peg). there is a pp-formula a'(v) of Lgg (so in
Lg, ) such that if 4 is an RG-module and a € A then A4/p*4 |= ala + P*A4) if
and only if 4 k= a/(a) (recall that P is finitely generated because R is Noetherian).
Therefore, inside Zgrg, M belongs to the basic open set (¢’/w’) as well as to the
closed set (;[¢]/w/]. We show that M is isolated in %, by (¢’/y’) and that M is
the only R-torsionfree non divisible point in a suitable closed set in Zggg closely
related to (;[¢]/vi].

Let N bean R-torsionfree pointin Zgges. If N isa KG-moduleora Rb G-module
for some maximal ideal Q # P in R, then N = PKN and so ¢/(N) = y/(N), that
is N ¢ (¢'/w"). On the other hand, if N is an RpG-lattice then N € (¢’/y’) if and
only if N/P*N € (p/w) which is so exactly if N/P¥N ~ M/ P* M which is the case
precisely if N ~ M. This proves the first claim.
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Moreover, among the R-torsionfree points in Zggre, the closed set

() [v = v/Qlv]

0#P -

contains only the KG-modules and the R »G-modules.

So any point N € Z in[y_p[v = v/Qv]N(;[¢:/wi] must be an R-torsionfree
point of Zgg . satisfying N/P*N ~ M/P*M and hence, by Maranda’s theorem,
must be isomorphic to M. Thus M is a closed point of .&. =

Now let us briefly discuss the isolation statement with respect to .. Let N € Z.
Consider the decomposition of N/PXN as a pure-injective module over (R/P*)G.
If N € (¢'/y’) then it must be that (¢)(N/P*N) > w(N/P*N) and hence, since
the pair o/ isolates M/ P* M as a module over 4/P* A, the module M/P* M must
occur as a direct summand of N/P* N. Can we say any more than this in general?

Now let us treat the relationship with simple KG-modules. Let S be one of these.
Fix a non-zero prime P. We know that there is some full RpG-lattice M such that
S ~ MK. In general M is not unique; however the Jordan-Zassenhaus Theorem
(ICR]. 24.1 p. 534) ensures that only finitely many M’s can satisfy S ~ MK (up to
isomorphism). In any case, M must be indecomposable.

LemMa 2.1. Let S be asimple KG -module, M be a(n indecomposable) RpG-lattice
satisfying S ~ MK, o(v), w(v) be pp-formulas in Lrg. Then

(1) |@(S) : w(S)| is either 1 or oo,

(i) [o(M) 1 w(M)} > |p(S) : w(S)].

Proor. (i) This is a general fact. For, let a € ¢(S) — w(S); recall that the
characteristic of K is 0 and look at the infinitely many elements ak with & € K. All
of them are in ¢ (S); but, for & # A’ in K, ah — ak’ cannot lie in w(S), otherwise
a=(ath—W)h-h)"'ecy(s).

(ii) Assume S = MK. Let k be a nonnegative integer and let ay, ... .a; be
elements in ¢(S) such that. fori < j <k, a; — a; ¢ w(S). Take a'suitable ¢ € R
such that a;q = a/ is in M and satisfies ¢(v) in M for every i < k. Notice that
aj —aj € y(M) implies a; —a; € y(S), and this isimpossible when i < j < k. -

In particular |@(S) : w(S)| = 1 when |p(M) : w(M)| < oo and, most notably,
lo(M) : w(M)| = oo whenever |p(S) : w(S)| > 1. Note that M need not be
pure-injective and its pure-injective hull need not be indecomposable but we can
express this relationship between M and S by saying that .S is in the support of M
Supp(M ) (recall that Supp(M ) = {N indecomposable : N is a direct summand of
some M’ with M’ = M}).

Notice also that, if S’ % S is another simple KG-module and M’ is a(n inde-
composable) Rp G -lattice satisfying M’'K ~ S’, then S is not in the support of M’.
For, let e be the primitive central idempotent of S in KG and let ¢ € R satisfy
eq =¢' € RpG. Put

o) :ve' =vq, wv):v=0,
then |@(S) : w(S)| > 1, as already observed, but [o(M’) : w(M’)| = 1.

The relationship with simple K G-modules is clearer if we assume that P does not
contain the order of G. Then the RpG-lattices form a class of finite representation
type. Moreover, in this case, RpG is a maximal order in KG. This implies that
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(i) given S, there is a unique (indecomposable) full lattice M over RpG such that
MK =~ S (up to isomorphism) (see [CR], ex. 26.11);

(ii) for every RpG-lattice M, M is indecomposable if and only if MK is simple
([CR], 26.12).

Another useful assumption is

(%) For every simple KG-module S, the P-adic completion S of S is still simple
over KG.

Of course X still denotes P-adic completion. The relevance of (%) is discussed in
[CR]. 30.18; essentially, under (x), M — MK defines a bijection between isomor-
phism classes of

e indecomposable RpG-lattices (i.e.. indecomposable pure injective points in
Zgg, ) and
e simple KG-modules.
With these assumptions we have the following.

PROPOSITION 2.1. Let P be a maximal ideal of R such that |G| ¢ P. Assume (x).
Then each indecomposable RpG-lattice is isolated in &; furthermore every simple
KG-module S is in the topological closure of a unique indecomposable R pG-lattice.

PROOF. We have already seen that, as the |G| ¢ P, RpG-lattices form a class
of finite representation type, hence each indecomposable RpG-lattice is isolated in
Zgg,c and hence, by 2.4, there are no other R-torsionfree R-reduced points in the
P-patch of the spectrum of RG. |G| € P also implies that every simple KG-module
S can be expressed as MK for a unique indecomposable RpG-lattice M. We know
that M is an elementary substructure of M -a K,G-lattice- (see [T1]). Under (x),
M is indecomposable, and every indecomposable R pG-lattice can be obtained in
this way for a suitable M. Therefore we have that S is in the closure of M and M
is the unique R pG-lattice with this property. -

Another approach to proving the previous proposition would be to use Theorem
26.20.(i) in [CR]. This ensures that RpG is a finite direct sum of maximal orders
RpGe in central simple algebras KGe (here e ranges over the central primitive
idempotents of KG, and KGe over the corresponding Wedderburn components).
In particular, every indecomposable pure injective module over RpG can be viewed
as a(n indecomposable pure injective) module over some direct summand RpGe,
and so Zgg,¢ is the disjoint union of the closed and open subspaces Zgr, . indexed
by the elements e. At this point, one can observe that each RpGe is a PI Dedekind
prime ring since it is embedded in the ring of n x n matrices, n = |G|, over the
commutative ring Rp, and so is Morita equivalent to some PI Dedekind domain.
The Morita equivalence provides a homeomorphism between the corresponding
Ziegler spaces, and the points of the spectrum over a PI Dedekind domain are fully
classified in [P1].

What can we say about the relationship between simple KG-modules and in-
decomposable RpG-lattices when P is a maximal ideal of R and we discard our
assumptions () and |G| ¢ P? First notice that, when RpG-lattices are a class
of finite representation type and so there are only finitely many indecomposable
RpG-lattices up to isomorphism, then they form a closed set and exhaust the points
in the P-patch.
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Now consider a simple KG-module S. S is totally transcendental, because it
is definable in K, viewed as a vector space over itself, or, alternatively, because
KG is semisimple artinian. How can we axiomatize the first order theory of S
in Lrg? Let es denote the primitive central idempotent of XG corresponding to
S; consider the Lgg-sentences characterizing the R-torsionfree R-divisible RG-
modules on which es acts identically. Accordingly the models of these sentences
are KG-modules which are just direct sums of copies of S. So the corresponding
theory in categorical in each power > |K|, and consequently complete. Hence it
equals the theory of S and equips it with an explicit axiomatization. Its models
include S, as well as, for every P, its P-adic completion S (an elementary extension
of S'in Lg,¢), and the K G -simple direct summands of S.

PROPOSITION 2.2. Let P be a maximal ideal of R, S be a simple KG-module. Then
S is in the topological closure of an indecomposable RpG-lattice N if and only if S is
a direct summand of NK.

Proor. Form N K; this is a direct sum of simple K G-modules. Notice that
SINK

if and only if
some a € N satisfies a = aeg # 0.

The direction from the right to the left is clear. Conversely, if S|N K, then there is
somea = aes #Z0in N K and a suitable R p-multiple of 4 lies in N.

Now assume S|[NK. Let o(v) and w(v) be pp-formulas in Lgg such that
lo(S) : w(S)] > 1. Consequently |¢(S) : w(S)| = oo, and the same is true for
NK. Now adapt Lemma 2.1.(ii) and deduce |p(N) : w(N)| > |p(NK) : w(NK)).
$0 |o(N) : w(N)| = co. The key point here is to find a suitable ¢ directly in
R instead of Rp: this is possible because the maximal ideal of Rp is PRp, so is
principal with a generator z in R. In conclusion N @S = N, and S is in the closure
of N.

When S )(NK, and ¢ € R satisfies ges € RG, then

(vges = vg/v = 0)

includes S and excludes N. .

§3. RG-lattices. In this section we discuss briefly the behaviour of (indecom-
posable) RG-lattices within the topological space Zgrs. Of course, a lattice is not
necessarily pure injective and so need not be a point of Zggs. But every RG-
module, in particular every RG -lattice, M does determine a closed set in the Ziegler
spectrum, namely its support Supp(M ). Every closed subset of Zgr¢ has this form.
Of course, elementarily equivalent modules M, M’ have the same support, but the
converse is, in general, false even for lattices, for example if there is a direct summand
N of M with N = N @ N then, although the presence of N as a direct summand
of M can be detected, the multiplicity of N in M cannot be determined from the
support of M. In fact, every closed C in Zggrg is the support of some M, but, in
general, only the elementary equivalence class of M™ is fully determined by C.

Recall the algebraic characterization of elementary equivalence between RG-
lattices given in [BT] when R/P is finite for every maximal ideal P of R. Under
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this assumption, two RG -lattices are elementarily equivalent if and only if they are
in the same genus, i.e., they admit isomorphic localizations at every maximal ideal
P, or, equivalently, at every maximal ideal P containing |G|. Here we extend that
result. Recall that the finiteness condition on the R/P’s is certainly satisfied when
K is a global field. We need the following lemma (which may be of independent
interest).

LemMa 3.1. Let M be a RG-lattice. Then M ~ ], Mp where P ranges over the
maximal ideals of R.

Proor. First of all, notice that
MEMEEBPMPEHMPEHMP
P P

in Lre. This can be shown by arguing as in [MT], Proposition 2. Moreover
the canonical embedding of [[, Mp in [], Mp is pure, hence elementary because
Mp < Mp forevery P. There is a natural embedding, from M into [] p Mp, sending
an element ¢ € M into the constant sequence (a)p € [[, Mp. By proceeding as
in [P]. 2.Z5, one sees that this embedding also is pure, hence elementary. For, let
¢ (¥) be a pp-formula in Lrg, @ be a finite sequence in M such that M = —p(a).
Then I = {r € R : M = (ar)} is a proper ideal of R and hence I C P for
some maximal ideal P. According to [MT], ¢(Mp) = p(M)p. Consequently
Mp = —(ad), otherwise there would be some s ¢ I for which M = ¢(as). It
follows that [], Mp = (@) p).

In conclusion, there is a pure (and even elementary) embedding of M into the
pure injective module [ ], Mp. Therefore M can be embedded as a pure submodule,
hence as a direct summand, in [], Mp over RG. Without loss of generality we can
identify M with its isomorphic copy in [ P Mp. Put

H Mp = M &N
P
for some N. This decomposition holds also over R. But, over R, [], Mp is just
the pure injective hull of M (consider the Baur-Garavaglia-Monk invariants). But
then, by [P], 4.10.(d), forevery a € [], Mp with a # 0, there are an element b € M
and a pp-formula ¢ (v, w) in Lg such that

[ Mr = ¢(a.b) A—p(a.0).
P

Fixa € N, a # 0. Therefore [], Mp satisfies ¢ (a,b), hence ¢ (0, b) by projecting
onto M and so ¢(a.0) (a contradiction). Hence N = 0. -
PROPOSITION 3.1. Assume R/ P finite for every maximal ideal P of R. Let M, M’
be RG-lattices. Then the following conditions are equivalent:
(1) M =M
(2) M and M’ are in the same genus;
(3) M~ M’ )
(@) ®6jepMp ~ ®|6epMp.
Proor. (1) < (2) is known (see [BT]), and (3) = (1) is trivial. Also (2) =
(3),(4) is clear from the lemma; for, if M and M’ are in the same genus, then
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Mp ~ M}, for every maximal ideal P, and hence [T, Mp =~ [], M} as well as
@‘GEPMP ~ @|G|epM,’,. So it suffices to show (4) = (2). Accordingly assume
@|G|6PMP ~ EB|G|€PM1’,. The isomorphism (over RG) is preserved if we pass to
the quotients with respect to P* where P is any maximal ideal containing the order
of G and P* does not include |G|. The Maranda Theorem implies Mp ~ M p for
every P containing |G| over RpG. By [CR], 30.27, M and M’ are in the same
genus. -

Now take two indecomposable RG -lattices M and M’ with M # M’. We assume
the following condition on multiplicities:

(sxx) For every maximal ideal P of R containing |G|, both Mp and M + have no
indecomposable pure injective direct summand of multiplicity > 1.

We show

PROPOSITION 3.2. Assume again R/ P finite for every maximal ideal P of R. Let
M # M’ be two indecomposable RG-lattices satisfying (xx). Then Supp(M) ¢
Supp(M') (and Supp(M') € Supp(M), of course). Furthermore there are pp-
Sformulas p(v), w(v), ¢’ (v), w'(v) in Lre such that

lp(M) (M) > 1, |p(M'):y(M')] =1,

' (M) ' (M) =1, | (M) y' (M) > L

Proor. There exists a maximal ideal P containing the order of G and an inde-
composable RpG-lattice N such that N is a direct summand of Mp, but N is not a
direct summand of M 5. Otherwise, owing to the assumption on multiplicities and
the fact that both Mp and M b are R pG-lattices, Mp is a direct summand of M » for
every P. So there is some lattice M" in the genus of M such that M"'|M’ (see [CR],
31.12). Since M’ is indecomposable, this implies M”" ~ M’ and hence M and M’
in the same genus, in other words M = M’ (a contradiction).

So consider P and N. We know that N is isolated among RjG-lattices in
Zgrg: so there are two pp-formulas in Lrg ¢{(v) > w(v) such that N is the only
indecomposable RpG-lattice in the basic open set (/). Notice that (v = v/P|v)
includes the indecomposable R-torsionfree RpG-modules in ZgRre, in particular
N, but excludes the other R-torsionfree points (P|v is a pp-formula because P is
f.g.). Of course we can suppose (¢/y) C (v = v/v € P). Clearly

lo(M) : y(M)] > 1,

so the same is true also for M. Assume that M’ and hence M’ satisfy the same
property. By recalling Lemma 3.1 and (p/y) C (v = v/v € P), we deduce that
the same is true for M ». Then some indecomposable RpG-direct summand of M 4
is in (¢/w). M' = M’ implies that M;, is Rp-torsionfree and f.g.. so M,’, is an
RpG-lattice, as are its indecomposable direct summands. It follows that N |M .,
and this is a contradiction.

By reversing the roles of M and M, we find ¢’ (v) and y'(v) as required.

It remains to show that N is in Supp(M) — Supp(M’). N € Supp(M) is clear.
Assume N € Supp(M’), so N|M" for some M"" = M’. Therefore

lo(M") :w(M")| > 1, and |p(M') : w(M')| > 1;
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but this contradicts what was observed before. —
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