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A new technique for prediction and measurement of compact heat exchanger surfaces has been
established. The method utilizes an analogy between heat transfer and � uid friction proposed by a
French scientist in 1928. The applicability of this analogy to plate heat exchanger surfaces was
examined recently. The present work proposes to use the same analogy for crossed rod bundles used
in regenerators. For this purpose, the analogy equation has been modi� ed to include a geometric
factor which takes care of the fraction of the pressure drop arising out of skin friction. The proposed
form of equation is found to be more general, applicable to crossed rod structures of any geometric
con� guration. The proposition was formulated based on standard data from the literature and also
by conducting independent experiments. The result of the transient experiment indicate excellent
adherence to the proposed analogical equation. The experimental evidence clearly indicates the
possibility of predicting heat transfer characteristics of such compact surfaces by measuring
pressure drop alone across the packed bed formed by the surface under consideration.

The use of compact heat exchangers has been on
the rise in recent times. The primary reasons contribut-
ing to the phenomenal increase in the use of compact
heat exchangers are the diversi� cation of heat trans-
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fer studies in emerging areas of technology and the
unprecedented growth of materials and manufacturing
technology. Today, heat transfer studies are concen-
trated in areas such as aerospace, heat transfer at the
nano scale in electronic chips, biomedical and biotech-
nological applications, renewable energy resources, and
environment-friendly energy conversion processes, to
name a few. All these applications call for very ef� cient,
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unique, reliable, and innovative design of heat exchang-
ers ranging from a size of a few millimeters to a few
meters and handling thermal loads between a few watts
and megawatts. Incidentally, almost all the innovations
for these special applications are in the area of compact
heat exchangers. For example, the wave which appeared
in the 1980s in Europe [1] was the invasion of plate and
spiral plate heat exchangers. Even a newer generation
of shell-and-tube heat exchangers was built to achieve
higher ef� ciency through complex � ow patterns like
that in microminiature heat exchangers [2] and heli-
cally baf� ed heat exchangers [3]. The developments in
the purely compact regime, such as multistream plate-
� n heat exchangers [4] and micro-strip-channel heat
exchangers [2], have also made heat transfer analy-
sis complex due to their typical construction and � ow
con� guration.

In all these examples, one common feature that can
be noted is the very complex � ow pattern aimed at aug-
menting the heat transfer primarily by using surfaces
and obstructions which act as turbulence promoters or
vortex generators. The major challenge before a de-
signer of such heat exchangers is to determine accu-
rately the heat transfer coef� cient of that side of the
heat exchanger which has a complex � ow structure. It
is impossible at present to derive any analytical corre-
lation for heat transfer coef� cient over such compact
surfaces. Numerical solution is too expensive and time
consuming, as supported by the fact that a detailed nu-
merical study of even the most commonly used surfaces
such as herringbone plates are hardly available in the
literature. The only way seems to be experimental stud-
ies such as those presented by Kays and London [5].
It goes without saying that such experiments are not
only time consuming but also need to be backed up by
proper analytical modeling if they are to be determined
by transient tests like those described in [6–8]. Such
tests are particularly unavoidable for surfaces used for
regenerative heat exchangers, and similar tests are gain-
ing popularity for transfer types of heat exchangers [9]
as well.

To date, the manufacturers of compact heat exchang-
ers have carried out design practices based on test data
which are proprietory in nature. This makes it extremely
dif� cult to suggest a generalized correlation for com-
pact surfaces used in heat exchangers. A theoretical
approach in this direction was made by the third au-
thor of this article (Holger Martin), initially for chevron
plates. In predicting � ow friction characteristics, he
has taken a logical approach in analyzing the differ-
ent � ow patterns and has developed a theoretical cor-
relation for � uid friction based on experimental data
and physical reasoning. For predicting heat transfer
characteristic, he used an old study by Lévêque [10],

originally proposed for thermally developing laminar
� ow over a short heated length. It was pointed out that
the same analogy can be used in the turbulent regime
and the corresponding equation was named the gener-
alized Lévêque equation [11]:

Nu D 0:404

³
f Re2 Pr

dh

Lc

´1=3

(1)

where dh is the hydraulic diameter and Lc is the charac-
teristic length, which was taken as the distance between
two crossing points in a plate heat exchanger [11] and
is a function of the wavelength and the chevron angle
of the corrugation pattern.

Preliminary calculations have shown that the same
approach is applicable for packed beds of particles, for
tube bundles, and possibly for many other systems with
periodic � ow structures.

The present work is aimed at a similar approach of
using the Lévêque analogy for cross rod bundles. Some
fraction of the total pressure drop should be used for
evaluating the heat transfer coef� cient, because only
the skin friction contribution of the pressure drop can
be related to heat transfer and not the form drag con-
tribution. It has been found that this fraction of p
came out to be 0.5 for plate heat exchangers and tube
bundles.

In the present comparison with data for cross rod
bundles from the literature and from experiments of the
� rst and second authors, we � nd that the fraction of p,
to be used in the modi� ed Lévêque equation, depends
on a geometric parameter, the lateral pitch ratio, and can
be easily correlated. The dependence of the fraction of

p to be used in the Lévêque equation on lateral pitch
is physically explained while discussing the results.

The Lévêque Analogy

Transport of heat and momentum are similar in na-
ture. The classical studies concerning the transfer of
heat and momentum in fully developed temperature
and velocity pro� les in turbulent � ow were presented
by Osborne Reynolds, Ludwig Prandtl, Theodore von
Kármán, and many other investigators. These analogy
models, starting with the simplest proportional corre-
lation given by Reynolds for turbulent � ow over a � at
plate, relate the friction factor to the heat transfer coef� -
cient. The Reynolds analogy proposes a linear relation-
ship between heat and momentum transfer coef� cients
in the form

St D
Nu

Re Pr
D

f

8
(2)
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This analogy corresponds to a Prandtl number of nearly
one and hence can be applied without much error to
ideal gases. For � uids differing widely from ideal gas,
Ludwig Prandtl and many others have developed more
re� ned forms of analogies (see also Schlünder [12]).

It can be observed readily that the Lévêque equation,
in reality, is in the form of an analogy, too, where apart
from the friction factor a geometric scale factor is also
incorporated. The reason for inclusion of this factor is
that the Lévêque equation was originally derived for a
thermal boundary layer in a hydrodynamically devel-
oped laminar � ow in a duct. This is also the reason
that even after being completely aware of this theory
for more than half a century, researchers working with
practical heat transfer equipment did not consider it to
be very important, as the � ow in almost all equipment is
turbulent in nature. Schlünder [12] expressed his opin-
ion in an article entitled “The Historical Development
and Present State of Scienti� c Theory of Heat Transfer”
(in German) about the Lévêque equation which was
translated in [11] as follows:

. . . and there might probably be one single case of turbulent
heat transfer only for which an equation can be derived from
the classicaldifferential equations for viscous � ow which are
bound to no modeling concept whatsoever in the mechanism
of turbulent � ow and therefore may be takenas rigorous in the
classical sense. It is only valid, however, for extremely short
heated lengths of tube with a developed turbulent � ow, and
therefore it is more of an academic than of practical value.

It took the rigorous exercise of analyzing available
experimental data on chevron plates from the literature
in support of his proposition and found that they in fact
do agree with the analogy.

APPLICATION OF THE ANALOGY FOR WIRE
MESH AND CROSS ROD BUNDLES USED AS
REGENERATOR PACKINGS

It is quite logical from the earlier studies [10, 11] that
the analogy can be applied to heat transfer problems
where small repetitive heated lengths are involved. The
reason why the analogy has been found to be successful
for plate heat exchangers is due to the zigzag wavy � ow
path in chevron plates. In compact heat exchangers,
similar � ow structures are also encountered, and hence
the logical conclusion that the same can be applied to
the said surfaces is quite obvious.

As an example, the crossed rod bundle used for re-
generative heat exchangers can be studied. The differ-
ent kinds of crossed rod bundles used for the analy-
sis are oriented staggered, inline, and randomly packed
with the assumption that rods are packed tightly, which

leaves no space between the different layers of matrix
material. Using the � ow friction characteristic for these
geometries from Kays and London (Figures 10-98 to
10-100 of [5]), the theoretical prediction is made ac-
cording to Lévêque’s equation. In this equation, the
length Lc is taken as the longitudinal pitch between
repeated � ow structure as shown in Figure 1. How-
ever, for closely packed stacking, this length reduces
to Lc D d=2, where d is the rod diameter.

A selected number of results are plotted (Figures 2–

5) to bring out the most important features of the anal-
ogy. In all cases, the experimental data for � ow friction
are taken from the literature (Figures 10-98 to 10-100
of [5]) and after application of the Lévêque analogy,
they are compared with the heat transfer data for identi-
cal geometries from the same reference [5]. Originally,
calculation was done and plots were made for all the
geometries of Figures 10-98, 10-99, and 10-100 of [5].
However, it was interesting to observe that the � nal form
of the Leveque analogy suggested [Eq. (3), given later]
does not depend on the arrangement (i.e., inline, stag-
gered, or random). Due to limited space here we have
presented in Figures 2–5 some selected values of results
for four different piches—Figures 2 and 3 are for inline
arrangement (1I and 3I), Figures 4 and 5 are staggered
arrangement (5S and 7S) as given in Table 10-10 and
Figures 10-98 and 10-99 of Kays and London [5].
Figures 2–5 show the comparison of measured heat
transfer coef� cients against the theoretical prediction
using the generalized Lévêque equation [Eq. (1)]. On
the same Figures (2–5) is also shown the predicted heat
transfer characteristic from the modi� ed Lévêque equa-
tion (to be presented later).

It can be observed from the curves that the value of
St Pr2=3 calculated from the generalized Lévêque equa-
tion deviates from the experimental result almost by a
constant factor over the entire range of the Reynolds
number. This virtually means that for each geometry
there remains a constant multiplicity factor to match

Figure 1 Schematic of wire mesh cross section for inline arrange-
ment.
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Figure 2 Comparison of original and modi� ed Lévêque equation
with experimental data from (1I of Figure 10-98 in [5]) (X t D
4:675).

Figure 3 Comparison of original and modi� ed Lévêque equation
with experimental data from (3I of Figure 10-98 in [5]) (X t D
3:356).

Figure 4 Comparison of original and modi� ed Lévêque equation
with experimental data from (5S of Figure 10-99 in [5]) (X t D
2:417).

Figure 5 Comparison of original and modi� ed Lévêque equation
with data from (7S of Figure 10-99 in [5]) (X t D 1:571).

Figure 6 Variation of multiplicity factor for pressure drop with
dimensionless transverse pitch.

with the experimental result. This is the factor which
takes careof the fraction of the total pressure drop result-
ing from the skin friction alone. As a consequence, this
multiplicity factor is found to be fairly independent of
the arrangement of the wire mesh (i.e., inline, staggered,
or random). Figure 6 shows the variation of this mul-
tiplicity factor with the transverse pitch, X t . It should
be mentioned here that the multiplicity factor indicated
here is for the Nusselt number, since Nu ( p)1=3, the
fraction of pressure drop to be used, is the cube of this
multiplicity factor.

These results show that the original generalized
Lévêque equation gives considerable deviation from
the actual measured heat transfer coef� cient as given
by Kays and London [5]. It is also important to note
(Figures 2–5) that the amount of deviation is neither ran-
dom nor constant, but is found to vary with dimension-
less transverse pitch. For an accurate prediction of heat
transfer coef� cient from the analogy, only a fraction of
the pressure drop resulting from skin friction should
be taken into consideration. Figure 7 shows such an
exercise, in which it is found that 30% of the total pres-
sure drop predicts the heat transfer accurately. However,
the approach is empirical in nature. Since the deviation
also varies with X t , it is dif� cult to ascertain what frac-
tion of the pressure drop is due to the skin friction that
should to be taken for the calculation of the heat transfer
coef� cient.

Figure 7 Comparison of experimental observation from [5] with
original Lévêque equation using 30% of the pressure drop.
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Therefore, looking at the trends of the deviation, we
suggest that the nondimensional transverse pitch should
appear in the analogy correlation. This will take care of
the task of elimination of the form drag creeping into
the equation (d being constant for all the cases). After
a series of studies it is proposed that the same may be
incorporated in the following form:

Nu Pr¡1=3 D 0:44
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(3)

which may be called a modi� ed Lévêque analogy for
cross rod bundles. It is obvious from the nature of the
variation of the multiplicity factor that the part of total
pressure drop accounting for skin friction depends on
the transverse pitch of the wire mesh. This can be phys-
ically explained by the fact that when the pitch is small,
the entire amount of the � uid is covered by the boundary
layer and there is very little freedom for the � uid to turn
in order to increase the form drag. On the other hand,
when the pitch is large, the � uid at the center of each
crossed rod square is virtually unaffected by � uid fric-
tion and is free to turn, giving more pressure drop due
to form drag. Thus, as the transverse pitch increases,
less and less of the total pressure drop comes from skin
friction, lowering the multiplicity factor. The plots in
Figures 2–5 clearly show that the prediction of heat
transfer coef� cient from the modi� ed Lévêque analogy
is in excellent agreement with the experimental results.
The predictions are within a standard deviation of 5%
from the experimental results.

Figure 8 Schematic of the experimental setup.

EXPERIMENTAL VALIDATION OF MODIFIED
LEVEQUE ANALOGY

Further strong foundation of the proposed modi� ed
Lévêque analogy has been laid by conducting indepen-
dent experiments to measure the pressure drop and heat
transfer coef� cient during the same test. These tests
also indicate the practical application of the analogy.
It is found that the pressure drop measurement is good
enough to predict the heat transfer characteristics, thus
avoiding more complex transient tests, which are not
only dif� cult but for which the accuracy is critically
dependent on the theoretical model chosen for data
reduction.

Experimental Setup

The schematic of the experimental setup is shown in
Figure 8. The test section is a small bed of tightly packed
wafers of stainless steel woven wire mesh screen. The
woven wire mesh screen has been chosen for the val-
idation because it simulates identical heat transfer and
� uid frictional data as crossed rod matrices as indicated
in Chapter 7 of [5]. The bed is kept inside a galva-
nized iron pipe. There are two valves, one of which
(V1 ) serves as a bypass valve. The blower is run and
the air is heated by electrical heaters. At this stage, air
is not allowed to pass over the bed, until the air temper-
ature attains a steady-state value. During this phase of
operation, to avoid increase in temperature of the bed
due to heat conduction through the wall of the tube, the
bed is continuously cooled by compressed air. The bed
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temperature throughout this phase of operation remains
fairly constant over the entire bed. Subsequently, valve
V2 is opened to allow the hot air to pass over the bed. The
bed temperature increases and after some time the out-
let air temperature approaches the inlet one. Flow rate is
measured by the gas � ow meter, and the pressure drop
across the bed is measured by a digital micromanome-
ter. The valves are readjusted for a different � ow rate
and the experiment is repeated. The temperature– time
history at the inlet and outlet of the bed are continu-
ously recorded by four thermocouples (two at each sec-
tion). Another thermocouple is placed before the bypass
valve to ensure that steady-state temperature has been
reached for bed inlet temperature. Between two experi-
ments, suf� cient time is given for the bed to cool down
to atmospheric temperature. Details of the test section
are given below.

16 £ 16 stainless steel wire mesh M D 0:74 kg
d (wire diameter) D 0:2 mm C D 480 J/kg K
X t (dimensionless transverse Tube diameter

pitch) D 8:9375 D 10 cm
dh D 2:075 mm L D 4 cm

Error Estimates

In transient tests, it is important to choose the proper
thermocouple to match the allowable response lag. The
present Philips thermocoax thermocouples have a time
constant of 40–50 ms, which is less than the measure-
ment time. The accuracy of the thermocouples is 0.01 K,
which is less than 0.5% of the temperature difference
measured during the experiment. In the present exper-
iment the error in � ow measurement is §2.5%. The
data reduction shows a sensitivity of less than 0.5%
of the temperature difference measured during the ex-
periment. It also shows a sensitivity of 3% in the heat
transfer coef� cient at the maximum error of � ow
measurement.

Data Reduction

The most important part of a transient test is the anal-
ysis of experimental outputs. In the present data reduc-
tion, the usual de� nition of the Reynolds number in the
wire mesh has been used.

Re D
4rhG

(4)

where G D Çm=Ac is the mass velocity of the � uid.

The Darcy friction factor f is calculated as

f D
2 p dh

LG2
(5)

The evaluation of heat transfer coef� cient is based
on the simple theoretical modeling of a regenerator bed.
The underlying assumptions for this modeling are:

1. The entire bed is insulated from the surrounding.
2. The temperatures of both � uid and matrix are uni-

form over any cross section of the bed, i.e., the ther-
mal conductivity along the radial direction in the bed
is in� nite.

3. The axial thermal conductivity of the bed and the
� uid along the � ow direction are neglected for the
range of Reynolds number (Re > 150) associated
with the experiment.

4. The effect of holdup � uid heat capacity is negligible.
5. Depending on the above assumptions, the nondimen-

sional governing equation for the bed � uid system
can be given by

(gas)
Tg

xD
D Ntu(Tm ¡ Tg ) (6)

(bed)
Tm

xD
D Ntu(Tg ¡ Tm ) (7)

(gas) Tg(xD D 0; ) D Tg;i (8)

Temperature distribution of the gas and matrix for
the above conditions are given by [13]

Tg ¡ Tg;i

To ¡ Tg;i
D Go( ; ) (9)

Tm ¡ Tg;i

To ¡ Tg;i
D Fo( ; ) (10)

where G and F are special functions known as Anzelius-
Schumann functions. They are detailed in the Appendix.

The transfer function for the single-blow packed-
bed system in the Laplace domain is sḠo(s; ). In the
present case, the experimental input is not an exact step
function. A typical recorded input temperature history
is shown in Figure 9. To obtain the output, a � tting of
the following nature has been used, which is also shown
in Figure 9.

Tg;in ¡ Tmin

Tmax ¡ Tmin
D a(1 ¡ e¡ct ) C b (11)
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Figure 9 Fitted input temperature used for computation.

The output in the Laplace domain is obtained by mul-
tiplying the Laplace transform of the above function
by the transfer function. The resulting equation is in-
versed back numerically to the time domain based on
Crump’s [14] algorithm using fast Fourier transform.
The temperature– time response is compared with the
experimental response (Figure 10) for the determina-
tion of the heat transfer coef� cient.

Results of the Experiment

Even though the analysis of data from Kays and
London [5] proved conclusively the applicability of the
Lévêque analogy to crossed rod bundles, it was impor-
tant to ensure that this match was not by chance and
all similar � ow structures can be modeled through the
same analogy. Moreover, the experiment would demon-
strate how the heat transfer behavior of an unknown
compact surface can be determined directly from the
analogy concept. To do this, the prediction based on
pressure drop data has been plotted (Figure 11). The
� gure shows the experimental results for heat trans-
fer measurements along with the prediction from the
Lévêque analogy (modi� ed) based on measured fric-
tion factor. It demonstrates excellent agreement in the
entire range of Re from 300 to 650. The deviation is
less than 5%, which is even smaller than the accuracy
of standard experimental data.

Figure 10 Experimental output temperature and the computa-
tional result from the model used given by Eqs. (9) and (10).

Figure 11 Comparison of present experimental heat transfer data
with modi� ed Lévêque equation.

CONCLUSION

The present work brings out a new look at an anal-
ogy which remained unused for more than half a cen-
tury. The suggested form of analogy, which can be
termed a modi� ed Lévêque analogy, compares excel-
lently with the experimental data available in the litera-
ture for crossed rod bundles. This fact has been utilized
to suggest a method for the prediction of heat transfer
coef� cient based on pressure drop measurement, and
the proposition has been founded by conducting ex-
periments on wire mesh regenerators. It is interesting
to note that a unique equation can be utilized for both
crossed rod and wire mesh matrices without any neces-
sity to change the constants and the exponent involved in
the equation. This makes the present form of analogy
more general and directly usable for similar compact
surfaces. It is further suggested that experiments can
be conducted with compact surfaces with similar � ow
structures which are of practical importance for heat
transfer engineers.

NOMENCLATURE

A total heat transfer area of the matrix, m2

Ac free � ow area of the matrix, m2

C speci� c heat of the solid/matrix, J/kg K
C p speci� c heat of the � uid, J/kg K
d diameter of the wire/crossed rod, m
dh hydraulic diameter, m
f Darcy (skin) friction factor
G mass velocity in the bed Çm=Ac, kg/m2 s
Gn( ; ) a special function (given in Appendix)
Ḡn(s; ) transformed Gn( ; )
h convective heat transfer coef� cient, W/m2 K
k thermal conductivity of the � uid, W/m K
L length of the regenerator bed, m
Lc characteristic length, m
Çm mass � ow rate of the � uid, kg/s
M total mass of the matrix solid, kg
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Nu Nusselt number (D hdh=k )
Ntu number of transfer units (D h A= ÇmC p )
PL longitudinal pitch, m
PT transverse pitch, m
Pr Prandtl number (D C p=k )
rh hydraulic radius (D dh=4), m
Re Reynolds number (D Gdh= )
s transformed time variable in frequency

domain
St Stanton number (D h=GC p )
t time coordinate, s
Tm temperature of the matrix, K
Tg temperature of the � uid (gas), K
Tg;i gas inlet temperature to the packed bed, K
Tg;in instantaneous inlet temperature, K
To ambient temperature, K
Tmin minimum of the inlet temperature transient,

K
Tmax maximum of the inlet temperature transient,

K
Tg;out instantaneous outlet temperature, K
x distance coordinate along the axis, m
xD dimensionless distance (D x=L )
X t dimensionless transverse pitch (D PT =d )
z dimensionless time (D real time/residence

time)
p pressure drop, N/m2

dimensionless charging time (D Ntu)
dimensionless charging time (D ÇmC pt=
MC)

in dimensionless inlet temperature [D (Tg;in ¡
Tmin)=(Tmax ¡ Tmin)]

out dimensionless outlet temperature [D (Tg;out

¡ Tmin )=(Tmax ¡ Tmin )]
viscosity of the � uid, kg/ms
density, kg/m3

dimensionless distance D xD Ntu
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APPENDIX

Special Functions

The special function Gn(X; Y ) known as the
Anzelius-Schumann function is given by

Gn(X; Y ) D e¡XCY
1X

rD0

Y (nCrC1)

(n C r C 1)!

rX

pD0

h (n C r ¡ p)!
(r ¡ p)!

i x p

p!
for n ¸ 0

The Fn function can be expressed as

Fn D e¡Y

Y

¡
eY Gn

¢

However, it is easier to evaluate Fn from the recurrence
relations,

Fn(X; Y ) D Gn (X; Y ) C Gn¡1(X; Y )

For n D ¡1; Gn can be expressed as

G¡1(X; Y ) D e¡(XCY )
1X

rD0

³
Xr

r!

´
¢
³

Y r

r!

´
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From the above the functions, Go(X; Y ) and Fo(X; Y )
can be expressed as

Go(X; Y ) D e¡(XCY )
1X

qD0

Y qC1

q C 1

qX

pD0

X p

p!

Fo D Go(X; Y ) C G¡1(X; Y )
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