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A. Model of atomic vapor magneto-optical properties

The cell, with an internal path of 75 mm and con-
taining purified 8°Rb with a small (0.5%) admixture of
87Rb, no buffer gas, and no wall coatings that might pre-
serve polarization, is modeled as a thermal equilibrium,
Doppler-broadened vapor subject to Zeeman shifts in the
intermediate regime. The atomic structure is calculated

by diagonalization of the atomic Hamiltonians Hgfo) =

H + HE) + HSS"), where H{*®) is the energy struc-
ture of the isotope °Rb including fine-structure contribu-
tion, HI({I;OS) = gursd - I is the hyperfine contribution, and

H*) = b (9,3 + g/I) is the Zeeman contribution. All
atomic parameters are taken from refs 1,2. The matrices
Hj(;tso) are numerically diagonalized to find field-dependent
energy eigenstates, illustrated in Fig. 6, from which the
complex linear optical polarizability is calculated, including
radiative damping. The complex refractive index ny for o4
polarizations is computed including Doppler broadening and
a temperature-dependent atom density given by the vapor
pressure times the isotope fraction, and the transfer func-
tion for the cell is calculated from the integral of the index
along the beam path, including the measured drop in field
strength of 15% from the center to the faces of the cell.
The transfer functions are shown in Fig. 7.

B. Fisher information

The sensitivity of the measurement is computed using the
Fisher information (FI)3

I(B) =) _ Pi(0pInP;)*. (3)

Fig. 8 shows Z/2, the FI per photon for the experimental
NOON state p shown in Fig. 3. In an experiment with
Niot > 1 total photons, the resulting magnetic uncertainty
is 0B = (NyotZ/2)~'/2. Also shown is the standard quan-
tum limit (SQL) for this figure of merit, i.e., the best possi-
ble FI per photon with non-entangled states, found by nu-
merical optimization over possible single-photon inputs and
the POVM {II;}. The NOON state achieves 1.30+0.05
improvement over the SQL, at a field B = 37 mT. All un-
certainties given are one sigma statistical error. As with
non-entangled photons (shown also in Fig. 8), the point of
maximum sensitivity can be selected by varying the input
polarization or by applying a bias magnetic field.
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FIG. 6: Relevant energy level diagrams. a Energy levels
of 8 Rb relevant to generation and filtering (not to scale).
The frequency of the NOON state wnoon is tuned to the
52S;/2F=2 — 5°P; »F’'=1 transition of the Dy line of *'Rb.
The optical pumping laser of the filter, with frequency wgp,
addresses the 5°S; s F=2 — 52P3/2F':3 transition of the Do
line of 3’Rb. The 15 nm separation from the detection wave-
length allows a high extinction using interference filters cen-
tered on wnoon. b Di energy levels of the probed ensemble
versus field strength B, showing *°Rb levels in blue and 3"Rb
levels in red. At zero field wnoon is 1.5 GHz detuned from
the nearest ®*Rb transition. With increasing B, the near-
est 8®Rb transition moves closer to resonance, increasing the
Faraday rotation. The Doppler-broadened absorption begins
to overlap wnoon near B = 50 mT.

C. Fisher information per damage

The NOON state also gives an advantage in Fl per scat-
tered photon, the figure of merit for low-damage prob-
ing. We quantify scattering from the 3°Rb ensemble as
S = Tr[pllseat], where Tgeay = diag(syy, 51,5 4+,5__)
in the o4 basis and the mean number of scattering events
is sap = 2 — [t59)2 - |t,(]85)|2, where t$%) is the ®5Rb
contribution to t.. A completely analogous calculation is
made for single-photon scattering. As above, the the SQL
for this figure of merit is found by numerical optimization.
As shown in Fig. 4, the NOON state gives an advantage
(I/S)NOON /(I/S)SQL = 1.40+ 0.06 over the SQL.
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FIG. 7: Magneto-optical properties of the atomic ensemble,
for probe light at wnoon , computed from model. Polariza-
tions are shown by solid (04) and dashed (o_) curves. Iso-
topic contributions are shown by thick orange (85Rb) and thin
blue (3"Rb) lines. a Phase retardation vs. field strength. The
differential o4 retardation produces optical rotation. Contri-
bution of ®*Rb is two orders of magnitude larger than that
of 8"Rb, as expected from the isotopic ratio, and in the op-
posite sense. b, ¢ Attenuation vs. field strength for o1,o_
polarizations.

D. State reconstruction and statistical error of Fisher
information

The state p is found by quantum state tomography from
the data shown in Fig. 2, that is, by numerical search for
the p that minimises the chi-squared distance between the
predictions of equation (1) and the observed data. The
optimized state is reported as the reconstructed p. To find
statistical errors for the Fisher information, we search in
the vicinity of p for states p’ which maximize or minimize
the Fisher information with a chi-squared distance at most
0 larger than the optimum chi-squared. This establishes
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FIG. 8: Fisher information (FI) per input photon in Faraday
rotation probing of the ensemble. Thin black curve shows
FI for non-entangled photons of an arbitrarily chosen linear
input polarization. Thick orange curve shows the “standard
quantum limit,” the largest FI obtainable with non-entangled
states. Solid regions indicate contributions of HH, HV | and
V'V outcomes to the NOON state FI, calculated using p from
Fig. 3. In all cases FI grows with increasing field, due to
increased proximity to the 3>Rb resonances.

a statistical error which accounts for the non-linearity of
the reconstruction procedure. The error ranges reported
throughout are for § = 1, corresponding to 10 in the case
of a simple linear reconstruction.

E. Relation to state-of-the-art detection

Thomas-Peter et al.* consider the effect of detector inef-
ficiency and derive visibility thresholds for metrological ad-
vantage in scenarios with constant loss. These thresholds
are not directly applicable to our scenario with polarization-
dependent, parameter-dependent losses. We note that in-
trinsic losses are included already in the FI calculation, and
because they are field-dependent, provide some information
about B, offsetting the loss of FI due to non-arrival of pairs.
Constant extrinsic losses including detector inefficiency re-
duce the NOON FI by n2_ versus 7y for any single-photon
state. Current technology can achieve extrinsic efficiency of
Nex = Tdet"path, With detector efficiency® nger = 0.95 and
source-to-detector path efficiency® (including escape from
the source cavity) 7path = 0.984. With current technology,
the NOON state demonstrated here gives a quantum en-
hancement of 1.21 £ 0.05 per sent photon and 1.15 4+ 0.04
per photon scattered from the 8°Rb ensemble (1.31 & 0.06
if the 8"Rb contaminant is removed).

F. Advantage for larger N NOON states

It is interesting to ask what advantage larger NOON
states could give in this application. Considering
ensemble transmissions tr,tg as above, and an in-

NATURE PHOTONICS | www.nature.com/naturephotonics

DOI:10.1038/NPHOTON.2012.300



DOI:10.1038/NPHOTON.2012.300

SUPPLEMENTARY INFORMATION

Information (1/mT2)

o

50
FIG. 9: Fisher information per input photon for ideal NOON
states with N = 1 (black), 2 (red), 8 (green) and 16 (blue).
For any given B, the trade-off between rotational sensitivity,

which favours large N, and robustness, which favours small
N, is optimized for finite N.
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FIG. 10: Fisher information per scattered photon for NOON
states with N =1 (black), 2 (red), 8 (green), and 16 (blue).

put NOON state |in) = ﬁ{(aE)NnL(ag)N} 10),
we have an N-photon component of the output
lout) = \/% [tg(ai)N—l—tg(aR)N} |0).  The detec-

tion, by projection onto states of the form |Ngy, Ny) =
ﬁ(aL)NH(aTV)NWO), gives Ny even or odd with
probability Peyen = [tY + tN|2/4, Poaa = [tY — t}]/4,
respectively. We use equation (3) to obtain the Fisher in-
formation, shown in Figures 9 and 10. For any given B,
and optimal N exists, due to the trade-off between super-
resolution and robustness.

G. Damage in quantum memory systems

The theory of dispersive measurement of spin ensembles
is well described in the literature’*. We restate some key
results for gaussian states before considering the situation
for NOON states. Consider an ensemble of N, > 1 spins

NATURE PHOTONICS | www.nature.com/naturephotonics

with collective spin F, in an initial state with (Fy) ~ |F|
and (F? + F?) ~ Ny < (F2). The small components
F,, F, are quantum observables and in a quantum memory
context used to store quantum information. A probe con-
sisting of Nphot > 1 linearly-polarized photons experiences
paramagnetic Faraday rotation by an angle ¢ = KF,, where
F, is the on-axis component of F and & is a coupling con-
stant determined by the beam geometry and spectroscopic
parameters such as detuning. The optical polarization an-
gle has input noise (variance) var(¢) = N;htt, and thus
measurement noise (referred to the measured variable) of

a1
var(F,) = k72N, The measurement also produces a

back-action on F, rotating it by an angle 6 = /sz(m) about
the F, axis. Typically ¢,0 < 1, so that
R :
Fle) ~ ) 4 xS, P, (4)

Here S, = %(nL — ng) is half the photon number differ-
ence between left- and right-circular polarisations. A single,
linearly-polarized photon has polarisation noise var(S,) =
L so the collection of Nphot independent photons has

4
var(S,) = N and introduces an additional noise
var(Fy) = iﬁNphot, into FSEOM).

When the same total number of photons are used, not
as individuals but instead grouped into N-photon NOON
states, the N-fold advantage (in Fl or in variance) gives
measurement uncertainty var(F,) = £ 2N 0 N~'. Be-
cause the NOON state has var(S,) = +N?, the total back-
action is correspondingly larger, var(Fy) = 15N,y N. In
this idealized scenario, in which only the coherent polariza-
tion rotation is present, the use of NOON states is exactly
equivalent to using a factor of N more photons in a non-
entangled measurement.

When we consider damage processes, however, the
NOON state gives an advantage not available to any classi-
cal state. The same light-matter interaction which produces
the useful coherent rotation also produces incoherent scat-
tering, which both removes photons from the probe beam
and randomizes the spins of individual atoms. The total
number of scattering events is Nscat = Nphot Nato(A)/A,
where A is the cross-sectional area of the ensemble and
o(A) is the scattering cross-section, a function of the de-
tuning A. The per-atom scattering 1 = Ngcat/Nat is thus
proportional to the per-photon scattering € = Nycat/Nphot
which we measure in the experiment. While quantitative
details of the scattering-damage relation depend on the ini-
tial spin state and the structure of the probed system!?1°,
the general features are evident in a spin-% model, ana-
lyzed in detail in reference 11. As described there, scatter-
ing effectively removes a fraction 1 of the N,z atoms and
replaces them with the same number of spin-randomized
atoms. This reduces any signal as (F) — (1 —n) (F) while
introducing two noise sources, one from the breaking of
correlations within the ensemble, the other from the intro-
duction of random spins. From reference 11, equation (13),
we learn that for 7 < 1, the spin variance changes as

1
var(F2) = (1= n)var(F2) + 20N (5)
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This combination of signal loss and added noise constitutes
the damage to the state, with a strength determined by
n « €. A reduction in the number of scattered photons
thus implies a corresponding reduction in damage.

The scattering by the ensemble is quantified in three ways
in the experiment. First, it is directly observable in the
coincidence detection rates, albeit with limited statistics.
Second, it is measured spectroscopically with a weak laser
beam, as shown in Fig. 5. Third, it is calculated from first

principles using known atomic parameters. In these cal-
culations, the vapor pressures of the two isotopes and the
efficiency of the field coils are found by fitting to the spectro-
scopic data. As shown in Figures 2 and 5, we find very good
agreement between these three methods. We use the cal-
culated scattering when computing Fisher information per
damage, because the computation is more accurate in the
highly transparent low-B regime.
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