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Abstract A study has been conducted on the algorithm of solving generalized optimal
set of discriminant vectors in this paper. This paper proposes an analytical algorithm of
solving generalized optimal set of discriminant vectors theoretically for the first time. A lot
of computation time can be saved because all the generalized optimal sets of discriminant
vectors can be obtained simultaneously with the proposed algorithm, while it needs no iterative
operations. The proposed algorithm can yield a much higher recognition rate. Furthermore,
the proposed algorithm overcomes the shortcomings of conventional human face recognition
algorithms which were effective for small sample size problems only. These statements are
supported by the numerical simulation experiments on facial database of ORL.

Keywords pattern recognition, feature extraction, discriminant analysis, generalized
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1 Introduction

Feature extraction is one of the most popular and fundamental problems in pattern recognition. For
a specific problem in pattern recognition, extracting efficient features is always the key to solving the
problem. A well-known problem in pattern recognition is called “the curse of dimensionality” — more
features do not necessarily imply a better classification success rate. Up to now, some existing image
features include visual features, moments, Fourier descriptors, and algebraic features. Visual features
include edges, contours, textures and regions of an image. The algebraic features of the image are very
suitable for describing the inner information of the closed boundaries. Algebraic features represent
intrinsic attributions of an image. Turk and Pentland used ‘eigenfaces’ as the features for human
face recognition. The eigenfaces are obtained by the principal component analysis technique. Z.Q.
Hong and J.Y. Yang proposed an algebraic feature method in which the singular value vector was
used as image features. Cheng presented an efficient recognition approach to human faces based on
projective images and feature images were used for classification. Foley-Sammon transform (FST)
has been considered as one of the best methods in terms of discriminant problem for linear feature
extraction. FST has been applied to image classification and human facial image recognition, and
the solving methods of FST under various conditions have been developed. Liu Ke proposed a new
criterion of generalized optimal set of discriminant vectors for linear feature extraction, and a unified
solving method is derived to solve the vectors of the generalized optimal set. The authors claim that
their method is superior to several other methods, such as the Foley-Sammon method, the positive
pseudoinverse method, the perturbation method, and the matrix rank decomposition method in terms
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of classification rate through numerical experiments. Recently, Guo proposed an iterative algorithm to
solve the generalized optimal set of discriminant vectors for linear feature extraction in face recognition,
and the performance of the algorithm is superior to the algorithm suggested by Liu Ke in terms of
classification rate and speed. However, it is not an analytical solution of the generalized optimal set
of discriminant vectors. In this paper, a study has been conducted on the essence of the generalized
optimal set of discriminant vectors. We propose an analytical algorithin of solving the generalized
optimal set of discriminant vectors theoretically for the first time. All the generalized optimal sets
of discriminant vectors can be obtained simultaneously with the proposed algorithm. The proposed
algorithm can yield a much higher recognition rate. Furthermore, the proposed algorithm overcomes
the shortcomings of conventional human face recognition algorithms which were effective for small
sample size problems only. A lot of experimental results have confirmed these statements.

2 F-S Transform and the Optimal Discriminant Criterion

Let wy,ws,...,w, be m known pattern classes, and X = {z;}, 1 = 1,2,..., N, be the set of n-
dimensional samples. Each x; in X belongs to a class w;, i.e., z; € wj,1=1,2,...,N,7=1,2,...,m.
The Fisher criterion can be defined as follows:

T
@" Sy
J = 1

f((p) (PTSw(P ( )

where ¢ is an arbitrary n-dimensional vector, S, and S,, are the between-class scatter matrix and
the within-class scatter matrix respectively. Let ¢; be the unit vector which maximizes Jf(p), then
1 is the first vector of Foley-Sammon optimal set of discriminant vectors (the between-class distance
in the direction of y; will be maximum while the within-class distance will be minimum), the i-th
vector of Foley-Sammon optimal discriminant vectors will be calculated by optimizing the following

problem:
max {Jf((,ai)}, j=1,2,...,i—1 (2)
T 0i=0,llpill=1

Let S = {p;},7=1,2,...,r, then the following linear transform is called FST:
y=0Tz (3)

where ® = (p1,p2,..., ).
Let Y be the transformed version of X by (3), then the optimal discriminant criterion can be

defined as follows:
_ tr(8TS,®) 3L ¢l Sew

Ctr(@TS,®) Y, T Suws

J(®) (4)

3 Theory of the Analytical Algorithm of Generalized Optimal Set of Dis-
criminant Vectors

Definition 1. Let
J(®) = max J(®) (5)

where @ = (p1,92,...,¢.), © = (41,92, -,@r), P1,92,.--,pr and §1, P2, ..., P, are unit orthogonal
column vectors in an n-dimensional space. Then J(®) is called the generalized Fisher discriminant
function, and ¢y, P2, ..., P, are the generalized optimal discriminant vectors.

Liul!® provided a solution to the generalized optimal discriminant vectors:

(1) @1 is the unit vector in the n-dimensional space which maximizes J¢(p), i.e., P, is the first
vector of the Foley-Sammon optimal set of discriminant vectors.
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(2) The i-th generalized optimal discriminant vector can be obtained by solving the following

problem:
max {Ji((ﬁi)}, 7=12,...,i—1 (6)
‘5;’“;’ =0,|:l|=1

where
Y1 8T Sup; + T Seie/ lleoll?

Vsl 87 Swd; + T Swe/llell?
Theorem 1. J(®) in Definition 1 may be replaced by the following:
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The proof procedure is omitted since it is the same as that of the corollary in [19).
Theorem 224, Suppose A4 is a real symmetric matriz of n order, B is a positive-definite matriz
of n order, then:

Ji(p) = (")

J(®) =
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Theorem 324, Under the assumption of Theorem 2, it holds that:

(1) A< Ao iff max (th[T(A—/\B)cpz) > 0.

A=
A T4 - 0.
(2) A> Ao iff frf}fo (Zw: (4 /\B)w) <

Yo li= =1

Theorem 4[24, Let

S @T(N(A-AB)@(A) = max (Z (A= AB)a),
(=1

then :
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where A\qg, A, B are the same as those in Theorem 3, X\ is a variable and @;(\) is the i-th vector
corresponding to A.

T BT (M AG (A
Z£=1 ‘sz( ) (fl( ) /\o‘ < (1 + ﬂf)l/\— Ao},
Zl:l i (A)B@i(A) A
where A = Ap_ppr + -+ Ay, 1= max{|A1],|Anl}, A1 = A2 > -+ > A, are the eigenvalues of matriz
B.

Guo designed an iterative algorithm to solve the generalized optimal discriminant vectors based
on the above theorems.

0

Corollary.
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Theorem 5'8]. Suppose A is a real symmetric matriz, then it holds that:

ma'x ZSOt AQO[ - /\l +- ’\1') min Zcpl A‘pl - /\n r4+1 -+ )"rn
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where Ay > Ay > -+ > A, are the n eigenvalues of matriz A.

And suppose @1, @2, .. - ,cﬁn are the orthogonal unit eigenvectors corresponding to Ay, Az, ..., An,
then Z;=1 ‘Z’;I‘A‘ﬁl =A 4 )\ry L[ n—r+1 h A‘Pl An—ri1+ -+ A

Theorem 6161, Let A, E be Hermite matrices of n order respectively. A=A+E, a;,B, &,
1=1,2,...,n, are the eigenvalues of A, F, A in decreasing order, then a; + B < & < a; + G-

Definition 28], Let 4 be a matriz of n order, then the summation of the diagonal elements of
matriz A is called the trace of matriz A, which is represented by trA.

So, we have trA = 3" | ai;.

Theorem 7%, Let A be a matriz of n order, Ay, Aa, ..., A\ are all the eigenvalues of A respec-
tively, then

Theorem 8. Lete; = 3, 87 (A)(A — AB)3(A) = Max,T, ..o (Z(p (A - AB) (p;). 0i, 1 =

Ipr“l 1
1,2,...,n, are the eigenvalues of A — AB in descending order respectzvely‘ then

20, and hm e1 =0

i=1

where Ao, A, B are the same as those in Theorem 3.

Proof. Let A = Ay + ¢, then we have A — AB = A — \gB + (—¢)B. And let 0;,6;,1=1,2,...,n
be the eigenvalues of A — AgB, A — AB in decreasing order respectively, then, according to Theorem
2, we have e, = 3 _[_, Gi.

Let € > 0, according to Theorem 6, o; + (—¢)A; < &; < 03+ (—€)A, holds. So Yi_, ou+7r(—€)A1 <
g1 = 3.0, 5 < Si_, 0i + r(~€)A,. From the definition of Ao, we have} ., 0; = 0. And because
lUmyoa, 7(—€)A = limeor(—€)A; = 0, ¢ = 1,2,...,n, so limy,x, €1 = 0. In the case of ¢ < 0,
Sioitr(—e) A <er =31, 0 <Y 0 +7r(—€)A, lima,a, €1 = 0 also holds.

Theorem 9. Suppose A is a real symmetric matriz of n order, B is a positive-definite matriz of
n order, then:

no <7 4=
A TA .,
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Proof. Let 5;,1=1,2,...,n, be the eigenvalues of A — AB in decreasing order, then, according to

Theorem 8, we have ¢; = 3 .-, &;. On the other hand, according to Theorem 7, we have tr(A~AB) =
Z?:l ;. According to Theorem 8, the optimal value of A, i.e., Ag, can be obtained when £; = 0.
trA
Therefore, from ¢, = tr(4 — AB) = trA — AtrB = 0, we can solve the optimal value of A = Ao = B
Theorem 10. For a classification problem with ¢ classes, there are ¢ — 1 effective optimal dis-
criminant vectors at most.
According to Theorem 10, we usually choose ¢ — 1 optimal discriminant vectors for a classification
problem with ¢ classes. We have found the eigenvalues of A — AB are decreasing exponentially, so we
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can choose some eigenvectors corresponding to the biggest eigenvalues of A — AB, while still keeping
high accuracy. That is to say, even a few eigenvectors corresponding to the biggest eigenvalues of

A — AB are adopted, we still have A = Ay = % with high accuracy.

4 The Proposed Algorithm of Generalized Optimal Set of Discriminant
Vectors

The following algorithm is designed to solve the generalized optimal discriminant vectors based on
the above theorems.

4.1 Case 1: S, is Nonsingular

In this case, S;1(0) = {a|S;a = 0} = ¢, S;*(0) = R™, and S, is a positive-definite matrix.

(1) Compute the optimal value of A, i.e., Ag. According to Theorem 9, Ag = %‘:—

(2) Compute $y(A),...,&-(A), which are the eigenvectors of S, — AgS; corresponding to the n
eigenvalues of it. Then @;(A),...,Hn(A) are the generalized optimal discriminant vectors exactly
according to the above analysis.

4.2 Case 2: §; is Singular

Suppose S;!(0) = span {ay,...,ax}, S7(0) = span{Bi,...,B8n_k}, where ay,...,ax and B, ...,
Br—« are both orthogonal unit vectors.

Because Ya € S;71(0), aTSya = alS,a = 0, so, the vectors in S;'(0) contribute nothing to
classifying, hence the generalized optimal discriminant vectors should be selected from S;1(0).

VB € 5710), B = a1f1 + axfz + - + @n_kBn—r = Pf, where P = (B, B2y -y Brk), B =
(ay,a2,...,an-k)T, and in the equation of J(®), let p; = P, I = 1,2,...,n, then in the subspace
£ S7I(0), we have J(®) = e PLETSPIR _ Fgy here 8 = (..., 6n), and it is obvio
of S; , we have )—W_ , where & = ($1,...,¢.), and it is obvious
that PTS,P is a positive-definite matrix. Analogous to the case of 4.1, $ = (¢;1,¢>—2, . ,g};n) can be

calculated. It is easy to prove the following two relations:

el = 1P@ul = 1iff il = 1,
elo; =0 i#jiff¢l¢; =0, i#].

So the generalized optimal discriminant vectors are ¢; = P:ﬁ,, l=12,...,n

5 Experimental Results

In order to test the performance of the proposed algorithm in this paper, numerical simulation
experiments have been done on the facial database of ORL. The sample set is transformed into an
r-dimensional space (r < n) by the proposed methods, Liu’s method and Guo’s method respectively.
Each transformed sample set is tested by the minimum distance classifier designed on the subspace
spanned by the discriminant vectors calculated with the relevant method. In each experiment, we first
take a part of the sample set as training samples to calculate the optimal discriminant vectors and
to design the minimum distance classifier, then use all samples of the sample set to test the classifier.
We did our experiments on the ORL face database (http://www.cam-orl.co.uk/facedatabase.html)
which can be used freely for academic research. The Cambridge ORL database contains 40 distinct
persons, each person having ten different images, taken at different times, varying lighting slightly,
facial expressions (open/closed eyes, smiling/nonsmiling), and facial details (glasses/no glasses). All
the images are taken against a dark homogeneous background and the persons are in the upright,
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frontal position (with tolerence for some side movement). Some of the ORL face images are shown
in Fig.1. A subset of the ORL images is used as the training data for computing the optimal set of
discriminant vectors. All the 400 images are taken as test data. The number of features is ¢ — 1 in all
the experiments, where ¢ is the number of classes. Table 1 shows the experimental results with three
methods. A lot of experimental results show that the present method is more efficient than other
methods mentioned above in terms of both classification rate and time of computation.

Fig.l. Some faces in our experiments from ORL face database.

Table 1. Classification Results of Human Faces (ORL Face Database)

Number of | Number of optimal Number of Number of erroneous classification samples
classes discriminant vectors | training samples and computation time in seconds
Liu’s method | Guo’s method | Presented method
8 7 4 2 132.43 0 53.38 0 47.73
19 18 4 16 517.23 | 24 71.29 8 42.24
30 29 4 49 636.76 | 29 98.76 18 41.03
39 38 4 100 | 856.68 | 69 72.51 32 15.66
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