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294 D. P
of E, spanning factors of 15 to 30, with standard devia-
tion in Q that is less than our best estimate of the
reliability of measurements of the relative values of
mass spectral intensity ratios of the magnitude of those
involved in the determination of the reaction cross
sections (Q’s). There is no systematic variation of the
reaction cross section with temperature of the gas in
the range 380-600°K, and the reaction cross section
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decreases with the reduced mass of the isotopic re-
actant pairs.

As is shown in the accompanying paper, these are
the behaviors to be expected for the reactions of charged
with uncharged simple particles when the reactions
involve no activation energies. Details of the comparison
of the theory and experiment are to be found in the
companion paper.
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Ton-molecule reactions of the sort observed as secondary reactions in mass spectrometers have been
treated by the methods of the modern kinetic theory; that is, the rate of reaction is expressed in terms of the
velocity distribution functions of the reactants and the cross section for the reaction. The cross section,
which is calculated by means of the properties of the classical collision orbits, is found to have an inverse
square root dependence on energy. The ion distribution function, which is far from Maxwellian, is found by
means of an explicit solution of the Boltzmann equation. A simple relation is given which relates the mass
spectrometric data to the specific rate of the same reaction under thermal conditions. For the simpler mole-
cules, this rate may be calculated completely a priori, with excellent agreement with experiment.

N a recent communication,! it was reported that for
a number of reactions of the form

X++YHOXH Y,

which are observed in mass spectrometers when the
ion source pressure is greater than normally used in
analytical work, the phenomenological reaction cross
sections {defined in references 1 and 2) are in-
versely proportional to the square root of the ion re-
peller voltage and of the reduced mass u of the reactants
and are independent of the temperature. In part,
these findings are in accord with the theory of such
reactions developed by Eyring ef el that is, the
Eyring theory predicts independence of temperature
and inverse square root dependence on reduced mass
for the reaction rate.

However, the Eyring theory, based as it is on
equilibrium statistical mechanics, requires that the
reactants possess a Maxwellian distribution in velocity
space, while here the ions have been accelerated by the
ion repeller field and so are far from Maxwellian.

Field, Franklin, and Lampe® recently presented a

(1‘9%.) P. Stevenson and D. O. Schissler, J. Chem. Phys. 23, 1353
(129:§36)S£ing, Hirschfelder, and Taylor, J. Chem., Phys. 4, 479

¥ Field, Franklin, and Lampe, J. Am. Chem. Soc. 79, 2419
(1957).

theory which takes account of the acceleration of the
ions, but only approximately, by the methods of the
old kinetic theory. The concept of a reaction cross sec-
tion is introduced, and estimated by a classical analogy
with the method of the preceding work. It is recog-
nized that the cross section is a function of energy, but
the average is taken as the value at the average energy.
Such a procedure, which is characteristic of the old
kinetic theory, is adequate for a sharply peaked
distribution, but less so for the ionic distribution,
which, as will be shown, has a peak whose position is
space-dependent. Moreover, a heuristically derived
efficiency factor is introduced which as will also be,
shown, is unnecessary.

It is the purpose of this communication to present a
theory based on the rigorous kinetic theory of gases in
terms of the notion of reaction cross section. Such a
theory is independent of any assumption of near-
equilibrium, but rather is valid for any distribution,
and in particular the rather peculiar one of interest.
An accompanying paper is devoted to a description of
the experimental details.*

In general, the rate of reaction p at a point may be
expressed in terms of the velocity distributions fi, fo
of the two reactants and of the microscopic cross sec-
tion ¢ (defined in the fashion usual in nuclear physics),

4+ D. P. Stevenson and D. O. Schissler, J. Chem. Phys. 29, 282
(1958).
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with result
= ff[fl(vl) 1L fe(v2) NLgo (g) Jdviave.

Here g is the relative velocity | vi—Va |.

Of the three factors in the integral above, the ionic
distribution function has the least familiar form.
Consider the situation in the ion source. The major
constituents are neutral molecules at an extremely low
pressure. A uniform electric field exists in a direction
which we may take as the z axis. At right angles to this
is an electron beam localized over a short distance in 2.
Within the electron beam molecules are ionized, then
accelerated by the electric field. Thus the distribution
of ions in velocity space is a function of their positions
in the ion chamber. It is possible to solve the Boltzmann
equation for this function subject to the assumption
of zero electron beam thickness.

The neutral molecules, on the other hand, are in
thermal equilibrium essentially undisturbed by the
small number of electronic collisions, so that their
distribution is Maxwellian, and thus presents no
difficulty.

The cross sections are found by means of an unusual
classical argument, based on the properties of orbits in
central force fields. The treatment appears rigorous for
a certain class of molecules and leads to the result that
the cross section is independent of the specific chemical
nature of the reactants, but rather is a function only of
such classical parameters as mass, charge, and electric
polarizability.

(1)

THE DISTRIBUTION FUNCTION

The variation of a molecular distribution function
with time and position is given by the Boltzmann
equation®

(af/o0)+v-(of/or) +(F/m) - (8f/av) =Q  (2)

where Q is the collisional term. In this problem the gas
is so dilute that the only contribution of any conse-
quence to Q is the primary ionization process. The
electron beam in the ion chamber is thin and flat and
roughly monoenergetic. Let the coordinate system be
chosen in such a way that the plane z=0 is within the
beam, and let it be assumed that the beam is strictly
planar. Furthermore, it is an excellent approximation
to take the molecular velocity as unchanged by ioniza-
tion, since the electron mass is so small that mo-
mentum transfer is negligible. Then the number of ions
formed, per unit volume, per unit velocity range is

Bé(z) (m/2xkT)?? exp —mv?/2k T,

where m and v refer to the ion, 8(z) is the Dirac delta
function, and B is the number of ionizations per unit
area on the plane.

5 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and
Liguids (John Wiley and Sons, Inc., New York, 1949), p. 502.
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The ion repeller field is at right angles to the electron
beam so that only the z component of the field is not
zero. Furthermore, since only the steady state solution
is desired, the time derivative term vanishes. The
distribution function f then factors into three parts,
of which those for v, and v, are simply one-dimensional
Mazxwellian distributions. The z-component equation
for f(v,, 2),

v.(9f/92) + (eE/m) (3f/ 0v.)
=B&(z) (m/2kT)t exp—mu,2/2kT (3)

where E is the field and e the charge of the ion, remains
to be solved.
The substitution

u=(1/kT) (3mv—eEz)

leads to the equation

2(9f/9z) = +Gd(z) for v,>0, (4)
=—Gd(z) for ,<0, (4)
where
=~1—3.-"1“£‘ for u>0
w5 2kT u
=0 for u<0.

In terms of z and v, the solution is

_ B m exp[— (1/kT) (3mv2—eFz) ]
S 2)=v (0 2) T ™ (1T (A= o )

(5)
where v has a value zero, one or two, as follows
v=1 for z<0,
for 2>0,
=2 V> O,
Imvr—eEz>0,

=0 for 7,<0,

=0 for 3mv2—eE,<0.

It is instructive to calculate the flux of ions given by
this distribution. For positive z, a simple integration
gives the value B independently of the value of z
which means simply that all ions formed eventually
reach this region. For negative z the flux is zero. The
flux in one definite direction is not zero, but rather has
a maximum of B/2 when =0 and drops very rapidly
from that value. As an illustration, the flux is B/20
when the dimensionless quantity — Fez/kT is 1.16,
and B/200 when it is 1.82. Thus, the number of ions
remains appreciable only for a short distance back of
the plane of formation.
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THE CROSS SECTION

The long-range potential between ions and neutral
spherical molecules is of the inverse fourth power sort,
that is,

¢(r) = —€a/2r", (6)

where ¢ is the charge of the ion and « the electric
polarizability of the molecule. The orbits of such a
potential have been given by Langevin® in connection
with a calculation of the mobilities of ions in gases.
Typical cases are shown in Fig. 1.

An orbit is determined by two parameters, the rela-
tive initial velocity g and the impact parameter b,
which is the distance between the initial part of the
orbit and a parallel line which goes through the center.
For these orbits there is a critical value of &, depend-
ent on g,

bo= (4325!//"32) }; (7)

such that orbits for which b< 8, pass through the origin
while orbits for which 8>8, come no closer than

by l
b

Fic. 1. A typical family of trajectories as a function of the
impact parameter b. The dotted trajectory is the critical one for
b=5, and approaches the circle r=>50/v2. Only trajectories with
b< b will enter the reaction sphere if it has radius .. less than this,
i.e.,7.<bo/Vv2. Thus the cross section for entrance into the reaction
sphere depends on b but not, within limits, r,. On the assumption
that all molecules which enter the reaction sphere do react, the
same may be said of the reaction cross section.

These curves are a modified form of those given by Langevin.®

¢ P. Langevin, Ann. chim. phys. 5, 245 (1905).

G. GIOUMOUSIS AND D. P.

STEVENSON

ro/bo

F16. 2. Dependence of
distance of closest ap-
proach 7o upon the im-
pact parameter b. The
energy  enters only ,
through the critical im- o
pact  parameter by,
which is a scale factor.

b/bo

bo/v2. The dependence of the distance of closest ap-
proach 7, on b is given in Fig. 2.

Suppose now that there exists a critical radius 7.
such that reaction is impossible if the ion-molecule
distance be greater than this, and practically certain if
less. Then, so long as 7, be between zero and by/V2, all
collisions for which 6< &, must lead to reaction, and so
the reaction cross section” is

o(g) =mbi’= (/g) (4¢a/u)*. (8)

Since” b, varies inversely as the square root of the
relative 'velocity, there must be some collisions at the
higher velocities for which it is not true that 7,<bo/V2,
but"the above expression will still be valid if these are
sufficiently few. Thus the polarizability must be large
and the mass of the molecule small so that & may be
large. Similarly the molecule should be “small,” i.e., of
limited extent of electron cloud, so that r. may be
small. In addition, energy may be lost to the internal
degrees of freedom, so that these are best few and
with widely spaced energy levels. Thus the analysis is
most likely to be valid for some such reaction as that
between a noble gas ion and hydrogen, or hydrogen
with hydrogen.®

REACTION RATE

The rate of production, per unit volume, of sec-
ondary ions is given by Eq. (1), but what is desired is
the rate of production integrated over the whole
volume. If A be the cross-sectional area of the ion
chamber at right angles to the electric field, then this
rate is given by

p=af ([[amonme@mas  ©

where the lower limit may be taken as minus infinity
to excellent approximation, and the upper limit 7 is
the distance from the electron beam to the exit slit.
From Eq. (8) it may be seen that the factor, ge(g) in
Eq. (9), involving the cross section is independent of g,

7 Field et al. (see reference 3) use the distance of closest ap-
proach in place of the impact parameter in calculating the cross
section, with result that their value is incorrect by a factor of two.

8 It should be recognized that the inverse square root dependence
on energy of the cross section is not universal, but rather depends
on the particular form of the potential chosen. For an inverse #th
power potential, ¢(r) =—ar~» (with #>>2), the cross section
varies as E2/»,
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so the integrations over v; and Ve are independent.
Since most of the factors in the integrand are Max-
wellian distributions, the integration of these factors
may be performed by inspection, leaving

P=mA[2re(a/u) ][ (B/m*) - (m/2kT) ]

(f 1 f ™ (on, 5) “PL (W/RT) G —cEs) ]
ol 2 2 T L(U/RT) hmu2—eEz) b

)d'Ulde s

(10)

where 7, is the number density of the molecules. A
change of variable
u= (1/kT) (3mv*—eEz) (11)

and integration with respect to z yields

P=mAB(2r%)ye(a/u)}(2mkT)} (/e El) F[(e El/kT)?,

(12)
where if
a=(eEl/kT)},
the function F(e) is given by
F(a) =f (uta?)(e~*/u)tdu. (13)
0

Experimental results are given in terms of a quan-
tity Q, the phenomenological cross section, defined by*

i(§1) =1(PF)mlQ, (14)

where 7( Pt) and 7(S*) are the ion currents due to the
primary and secondary ions, respectively. Now (.S*)
is proportional to P and ¢(P*) to AB, so that

0= (27) (2mae?/u)}- (RT/eEL}-F(eEl/kT)}.  (15)

The function F(a) is unity when ¢ is zero, but for large
a is asymptotically proportional to @, that is,

F(a) ~ant (16)

Since the potential energy due to the electric field
eEl would always be much greater than the thermal
energy k7, a would be much greater than unity, and
we have

Q=2r(2mae®/u)}-1/ (e EL)*. an

This cross section, (, is independent of temperature
and varies inversely as the square root of the reduced
mass and of the ion repeller voltage.

It is evident from the above that the microscopic
cross-section ¢ and the phenomenological cross-section
Q are distinct entities dependent on different variables,
and the relation between them is not of a simple form.
This distinction is not clear in the previously mentioned
paper of Field et al?

It is very important, especially in problems involving
radiation chemistry, to be in a position to compare
the above cross section with the rate constant for the

297

thermal reaction, that is, for the reaction when the
ions as well as the molecules satisfy a Maxwellian
distribution. Since go(g) is a constant, if both f; and f,
are Maxwellian the rate of production of secondary
ion (3) is

dns/dt=mnage (g) = 2rnma e/ u)?, (18)
and the rate constant is®
k= 2m (&a/ ). (19)
In terms of Q, % is then given by
k= (eEl/2m)*Q. (20)

This equation, it should be noted, has a wider range of
validity than either Eq. (17) or Eq. (19). In other
words, Eq. (20) would hold approximately so long as
go(g) were nearly constant, even if the value were very
different from the theoretical value derived from Eq.
(8). Thus, in the cases where the inverse square root
law holds for the dependence of cross section on ion
repeller voltage, Eq. (20) gives a rigorous interpreta-
tion of the mass spectrometric data in terms of ordi-
narily observable reactions. This is particularly im-
portant since many of these reactions are of the sort
postulated as intermediate steps in the reactions of
radiation chemistry.

One point which remains to be considered is to what
extent our conclusions in the foregoing are in error
because of the nonzero thickness of the electron beam.
It is evident that such a distributed ion source leads to a
distribution in the values of 2. In order to set an upper
limit to the error, let it be assumed that the distribution
is uniform for 24209, and zero beyond. Then the
cross section may be calculated by a simple integration,
with result that it agrees with the value assuming a
plane source at 2z, to within 0.5%,. Since the actual
distribution is likely to be peaked about 2z, and has
been estimated* to be of lesser extent than assumed
above, it would appear that the approximation of zero
beam thickness is a good one.

COMPARISON WITH EXPERIMENT

The comparison with the experimental work of
Stevenson and Schissler! is given in Table I. The first
column lists the polarizabilities’® of the neutral re-
actants. Those for the various isotopic hydrogens
are theoretical and the remaining ones experimental.
The second column contains the reduced mass of the
reactants in atomic mass units; the third column
the ratio of the maximum to the minimum components
of the polarizability tensor, and thus gives an estimate
of how gross is the error in our assumption of an iso-

9 Except for an obvious misprint, Eq. (8c) of reference 2 is
the same as Eq. (19). It appears surprising that a classical and
quantum mechanical argument should agree exactly, but the Ey-
ring treatment uses a classical approximation at a late stage, so
both are really classical.

10 Hirschfelder ef al., reference 5, p. 950.
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TasLE I. Comparison with experimental rate constants.

u (atomic Qmax m3/mc;lecule sec
Reaction «-10# cm? mass units) Qmin Exptl. Theoret.
Art+H,—ArHY+H 0.7894 1.919 1.40 1.68 1.50
AH*
Ar++HD-—+{ praue 0.7829 2.810 1.40 1.43 1.23
Art+-Dy—ArD*4-D 0.7749 3.661 1.40 1.35 1.09
Krt+H,—KrHt+H 0.7894 1.969 1.40 0.48; 1.47
Krt+D;—KrDt+4-D 0.7749 3.845 1.40 0.304 1.05
Net+Hy,—NeH++H 0.7894 1.832 1.40 0.27, 1.53
N,¥+De—N.D*+D 0.7749 3.523 1.40 1.72 1.10
CO*4-Dy—COD*+D 0.7749 3.523 1.40 1.63 1.11
O;+He*—0.H*+H 1.60 1.897 1.94 7.56 2.16
0;-+Dt*—0.D*+D 1.60 3.579 1.94 3.56 1.52
Dy;+Dgt—Dyt+D 0.7749 2.015 1.40 1.43 1.45
HCI*4-HCl-H,Ci*+Cl 2.63 17.994 1.31 0.43 0.89
HBr*+HBr—H,;Br++Br 3.61 41.001 1.27 0.22, 0.67

tropic tensor. Finally, there are the rate constants:
the first calculated from the experimental Q’s via
Eq. (20), and the second the theoretical value of Eq.
(19).

As has been shown by Stevenson and Schissler,! all of
these reactions satisfy the inverse square root law for
the dependence of cross section on ion repeller voltage
and are temperature independent. Thus the microscopic
cross section must have nearly the functional form
derived earlier, that is, one varying inversely with the
relative velocity, though the constant factors may not
be in agreement. For those reactions where the experi-
mentally derived and calculated rate constant are in
substantial agreement the inference is that the ion-
induced dipole model for the determining stage of the
reaction is essentially correct. Of the remaining reac-
tions there are some for which the model is evidently
incorrect. Thus, oxygen has a polarizability tensor
which is far from isotropic, while hydrogen chloride,
hydrogen bromide, and methanol have electric dipole
moments.!! There is another group of molecules which
has been investigated, that of hydrocarbon ions and
molecules®* for which the phenomenological cross
section is a linear function of the reciprocal voltage
and for which there is a small temperature dependence.
Certainly the functional form of the microscopic cross
section in these reactions is not of the sort considered
here.

A delicate test of whether the errors are due to some

1 Tn general, one would expect the reaction cross sections for
molecules with permanent electric dipole moments, to be greater
than those given above, because the net effect would be an at-
tractive force. However, the potential depends on the orientation
of the molecule, so that some suitable average potential must be
found. If a Boltzmann factor is used, the resulting potential has
an inverse fourth power dependence on distance, and so could be
included within the model we have assumed. However, the poten-
tial as so derived assumes thermal equilibrium, while here, as noted

already, we are far from thermal equilibrium. The matter is specu-
lative, and must be considered further.

factor consistently over or underestimated, say a non-
unit transmission coefficient or perhaps a polarizability
that must be taken as the maximum component of the
tensor rather than the mean, lies in the examination of
a series of isotopes. Here the ratios of the rate constants
should depend only on the variation of the reduced
mass and a slight variation of the polarizability. On
referring to Table II one sees that the calculated ratios
agree with experiment in two cases where the ions are
the same, but not in one where the ions are different.
This indicates that our view of an ion as a structureless
point charge is overly simplified.

CONCLUSIONS

The result of greatest validity in the foregoing work
is Eq. (20), the relation between the specific rate of
the thermal reaction and the phenomenological cross
section, as discussed in the previous section.

Essentially, the mechanism herein proposed is that
the course of the reaction depends only on the long
range forces between the reactants, as was postulated
by Eyring, Hirschfelder, and Taylor.? The limitations
of such a view are evident; in the reaction of HD with

TasLrE II. Ratios of rate constants for isotope effect.

1744
Reaction Exptl. Theoret.
Art+He—ArHt+H 1.24 1.38
ArD*+H
Art+HD ArH+4D 1.06 1.13
Art4+-Dy—ArD*4+D 1.00 1.00
Krt+H,—KrH*+H 1.60 1.40
Kr*+D:—KrD+¥+D 1.00 1.00
Krt+H,—KrHt+H 1.78 0.96
Net+H;—NeHt+H 1.00 1.00
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HD*, for example, it can only predict the sum of
HD;* and HzD* but not the ratio. Our conclusions
then are:

(i) that formation of the activated complex depends
only on the long range forces,

(ii) that our method of calculation of the proba-
bility of formation is valid if certain conditions are
met, to wit: no dipole moment, r,<b,/V2, etc., and

(iii) that while in some cases the activated complex
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always goes on to react, so that our expression for the
rate constant is very close to the experimental, this
need not always be so.
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