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Abstract The concepts of complex locally uniform rotundity and complex locally uniformly rotund
point are introduced. The sufficient and necessary conditions of them are given in complex Musielak-
Orlicz spaces.
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In recent years many mathematicians ') have devoted to the geometric theory of complex
Banach spaces, because its applications in harmonic analysis, operator theory, Banach algebra,
C* algebra, differential equation, quanturn mechanics, liquid mechanics and so on are irre-
placeable by the geometric theory of real Banach spaces. For a comprehensive description one
may refer to ref. [1]. In 1994 Thorp and Whielely introduced the concept of complex extreme
point. In 1975 Globevnic'?! introduced the concepts of complex sirict rotundity and complex uni-
form rotundity .

Let [X, [l * Il ] be a complex Banach space. A point x € S(X) is called a complex ex-
treme point of B(x) if ye X, | %+ Ay |l <1(la<gll) imply ¥ = 0. If every point in S(Xx)
is a complex extreme point of B(X), then X is said to be complex strict rotund. Furthermore,
if for any € > 0, there exists ¢ >0 such that

2,y € X, lyll e, lza+ayll <s1risD=allzll <1-9,
then X is said to be a complex uniformly rotund space. Clearly, we can get the equivalent de-
scriptions of complex extreme point and complex uniform rotundity as follows: A point x € S(X)
is called a complex extreme point provided that max % + Ay | >1 for any 0 y€ X; X is

complex uniformly rotund provided that for any € > 0, there exists & > 0 such that max | x+ Ay

| =1+ 68 forall x,yE€ X satisfying || x|l =1 and || y | >e.

By such descriptions it is natural to introduce the concepts of complex locally uniformly ro-
tund point and complex locally uniform rotundity .

Definition 1. A point x € S(X) is called a complex locally uniformly rotund point of B
(X) provided that for any € > 0, there exists 6 = 8 (x,¢) >0 such that max I %+ Ay =1+

& for any y € X satisfying || y || > ¢.

Definition 2. X is called a complex locally uniformly rotund space provided that every
point in S(X) is a complex locally uniformly rotund point of B(X).

Wu and Sun'> ! have discussed complex extreme point, complex strict rotundity and com-
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plex uniform rotundity of vector-valued Musielak-Orlicz function space Ly ( X) and found the suf-
ficient and necessary conditions of them. In this paper, we will give the sufficient and necessary
conditions of complex locally uniformly rotund point and complex locally uniform rotundity in Ly

(X).

Let (T,Z, ) be a finite nonatomic measurable space. Suppose that a function M(t,u):
T x [0, % )—>[0, » ] satisfies

(%) for p-a.e. t€ T,M(1,0) =0; lirgM(t,u) = and0< M(t,u') < ® for some
u' >0;

(#%) for y-a.e. t€ T, M(t,u) is convex on [0, ® ) with respect to u;

(*%x) for each u€[0,%), M(¢t,u) is a S-measurable function of ¢ on T.

Moreover for a given complex Banach spaces (X, || * || ), we denote by Xy the set of all
strongly 3 -measurable functions from T to X, and for each x € X7, define the modular of x by

pM(x) = JTM(t, Il x(¢) || Ydz. The linear set Ly = {x € XT:pM(/\x) < ® for some A >0}

endowed with norm

ol y = inf{c > 0: pM(%)s 1}
is a complex Banach space. We call it vector-valued Musielak-Orlicz space and denote it by Ly
(X). For x€ Ly(X), write &,(x) =inf{c >0: py(x/c) < o }. It is proved that & (x) =
lim I xlrn | 4> where T, = {:tE€T: | x(¢) || >nl.
Write e(t) =supluz=0: M(t,u) =0}, E(t)=supluz=0: M(z,u)< o},

It is true that e(¢) and E(t) are S-measurable with respect to ¢ (see Proposition 5.1 in
ref. [6]).

M(t,u) is said to satisfy the A-condition on To( M € A(Ty)) if there exist k=1 and a
nonnegative measurable function §(¢) such that Jr M(e,8(2))dt < % and M(¢,2u) < kM

(t,u) (t€Tpa.e.; uz=06(t)). From ME A(Ty), it is easy to verify that for any & >0,
there exists a nonnegative measurable integrable function 80(¢) on Ty, and k >0, such that
M(t,hu) < kEM(2,u) + 80(t), ¢t € Tha.e.
IfMCA(T), we write MEA.
Lemma 1. Let X be a complex Banach space. If
%,y € Xand lx+yll + lx-yll + lx+iyll + ll =iyl

= Z |+ kyll <4 +8)lxll,

k=21, x§

then max x+%y"s(l+13«/§) I« .
Proof. Pick f€ X* such that || fll y* =1, f(x) = | x| . Since

4ll x| =4f(x) = 4Ref(x) = Ref(4x) = D, Ref(x + ky) < >, | flx + ky) |
s o lx+ byl <40+ 8) M=l

we have

I+ byl =1 f(x+ ky) icadlalls 1 f(x+ ky) |- Ref(x + ky) <48«

k=i1,ii.
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Observing that || y || S%Z | kx + y |l =%Z lx+kyll <(+8)Il 2, wecan de-
k k

duce
Ref(x + ky) < Ref(x) +1f(y) I< lxll + lyll s @+ =l <3l=l.
Combining this with Imf(x) = 0, we can obtain
Imkf(x) =Imf(x + ky) < (1 f(x + ky) 1% - Re’f(x + ky))%
<((Ref(x + ky) + 48 |l x | ) - Rf(x + ky))2
1

= (88| x || Ref(x + ky) + 168% || x | *)2

<245l %1% +160% | x 1)7 < V405 |l x| .
Taking k = =1, + i, respectively, we obtain

| Imf(y) 1< v/408 |l x || , | Ref(y) I< V405 || x| .
It follows that | f(y) I< /808 || x || .
Furthermore we have
lx+kyll <l fla+ky)1+48xll <1 f(x)1+1f(y)1+48 | x|
slxll +9voll«ll +46ll2ll <« (@+13V)Ixll, E=x1, £i.

For |A] <1, we may only consider the case of ReA =0, ImA =0. Then

x+ AL s—l-( | x + (Red)y | + Il 2+ (ImA)iy | )

2

<qlzeyl + lzriyl) < Q+1378) 21

Lemma2. I MEA, then || x, | y>lepn(x,)—>1.

Proof. If there exists ¢ >0 such that || x, || y <1~ ¢, then we have py(x,) < || x,
H usl-e.

If py(x,)<1-¢€ and Il %, | y=1, combining this with suppy(2%,) < %, we obtain a

contradiction
= ol ) = el (s - 2+ (22 )
s(m - 1)pM(2x,.) + (2 - m)pm(x,.)
g(m - l)sl:PPM(Zx,,) + (2 - m)(l —e)—>1-c¢.

If | %,/ =1+¢, then we have pM(xn); | %, | y=1+c¢.
x
If pM(xn)al +¢ and | X, | u—1, combining this with suppM(Z W) < @, we
" n M
obtain a contradiction

X, 2X,
1+ e <ou(n) = ou| 2 - I ) T2+ ol = D i )

<@l n e T=) + (s ||M-1>pM(ﬁ)»1.

(We have known that the conditions ME A and e(t) =0 (a.e.) imply py(x,) >l || 2, |
—1 in Proposition 5.13 of ref. [6]. This lemma shows that the condition e(t) =0 (a.e.) is
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not necessary . )

Theorem 1. A point x€ S(Ly (X)) is a complex locally uniformly rotund point if and
only if

(1) llx(e) |l =E(t) (a.e.) orpM(x)=l;
(i) | x(e) | =e(t) (a.e.);

(iii) for any € >0, D >0, there exist & > 0 such that
Iy | 4Cx,y,8) | < %, I YB(x,y,8) |y < % for any y € Ly(X), where

Alx,y,8) = {e € T: D  l2x(e) + ky(e) Il <41 +8) N x(e)l},
B(x,y,8) = {t€ T:lx(e) | =0, M(¢,1) < D, | y(&) Il < d}.
(iv) If S€(0,1), Toc T,LM(;,J%”—)(M < w, then ME A(Ty).

Proof. Necessity
If (i) is not true, then py(x) <1 and p{t€ T: || (1) | <E(t)} >0. Take b>0
such that To={tE€ T: || x(z) || + < E(2)} is a positive measurable set and
[ MG s Dars | MG =@ 1+ b <1

Take 0€ S(X), and let y(¢) = 591 r,- Then y 0. But forany A, A1, py(x + Ay) <
1, which contradicts the fact that x is a complex extreme point.

If (i) is not true, then p{t€ T: | x(¢) || < e(t)} >0. Take b >0 such that T, = {¢
T: | x(¢) || + bge(t)} is a positively measurable set. Take € S(X) and let y(z) =
b@lrb. Then y 0. But for any A satisfying 1A |1 1, we have

on(x + dy) < pu(x IT\T‘) + jTM(t, |l xCe) | + 5)det = pu(x IT\T‘) <1

Hence || x + Ay I u<1(1A1<1), which contradicts the fact that x is a complex extreme
point .
If (iii) is not true, then there exist € >0, D >0, for any n, there exists y, € Ly (X)

Yala

such that

J’n| B(.,,1 u>~—, where
Ani= A{zgy) = (1€ T 1a() + b | <414 ) 120 n}

B,i= B(xyet)={r€ Tl e =0, MG, < D, 15D ] <

(,, 1 ”>-—or

:slv—
n_v_a

If | y,L|An I 2%, by Lemma 1, for t€ A, , we have

< (1 + 13@) I xCe) .

#(0) + 57.(0)

Furthermore, we have

A
x(t) + EYL

x4+ 3y 04, [t n xu)n]
|l T — =J M 1 dt+j M|t
1413 /% T\A 1+13 4 1+13 /%
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< jTMu, I x(e) Il )de < 1

<!+ 13,/—1-"*1. But
u n

that x is a complex locally unformly rotund point.

€

= —, which contradicts the fact

This shows =
y_ O

+i |
x 2yn An

%)
214,

If | Yolg Il M;—;—, letting z, =y.l, we have || z, |l M;-;-. But for any A satisfying [A 11

.~

oule + 2z = [ MG x( 1Dt [ MG 1 2(0) + 20 e

o

< M(t,”x(t)” )dt+J M(t,H yo(2) I )de
T\ B

o

-
< MCt, |l xCe) |l )dt+;supM(t,1),uanpM(x)+M<1+M

JT\B, €B n n

D
furthermore, we have || x + Az, || y<<1+ ;,uT»l (n— ® ), which contradicts the fact that x

is a complex locally uniformly rotund point.

If (iv) is not true, then there are s € (0,1) and Ty T such thatj M(t, I lx(_t) I )

< @ and M ¢ A on Ty. By Theorem 5.5 in ref. [6], we can construct y = yITOG Ly(X)
satisfying poy(y) <1 and §(y) =1. Let
g (1) = {sy(t), t €T, =1t € Ty: |l y(e) | > ni,

o, otherwise.
Obviously uT,—>0, since

oulx + 27,) < pu(x) + | Mo, 1 2(0) + A3 () 1
<eu() + [ (o, o el 2L

<!+ (1- s)J M(t, M dt + sJ MG, Nl yCe) |l )de
T, - § T
— 1.
But | Yn | y=sll ylr I u= sy (y) = s, which contradicts the fact that x is a complex lo-

cally uniformly rotund pomt.
Sufficiency. We shall consider the following two cases:
I. | x(e) Il = E(z) a.e.

For any € >0, by condition (iii), there exists 8 > 0 such that “ y l Alzry.8) “ u < for any

y€ Ly(X). Then for || y || y=¢€, we have “le\A(x,y s

Du=2e. ForieT\ A(x,y,

1
d), we havemz lxCe) + ky(e)l > W x(e)ll = E(t).a.e.
Combining this with £ (T \ A(x,y,@)) >0, we have

0 Z(xl:g ) L\m,y,a)M("z(l_lJr—a—)Z IxCe) + ky(e) | )dt =
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Hence, maxpM(%x) = o . This shows max | 2+ kyll y=1+39.
k

II. enlx) = 1.
If x is not a complex locally uniformly rotund point, then there exist € >0, y, € LY (X)
and || ¥n Il 4> € such that

Hx+ky,,ﬂMs1+%, n=12,"3k=+1, 1.

By condition (iii), there exists 8 € (0,1/2) such that for any y € LY (X), Il ¥l asy.0) I m
< €/3, where

Ax,y,8) = {1 € T30 1) + () Il <40 +28) 1 =) 11},
Let A, = {%,%.,0}, Bo=T\ A,. Then | y,,lgn W y>2e/3 (n=1,2,").

We shall consider the following two cases:

(11-1) ir:ijM(t,(l + )l x(e)N)de = a >0,

el = [l 2 Jars [ w0 e
< F M(t,mz Il x(e) + ky. () | )dt +1 :28

v A
u

U ey A BOREACTI LT

r

1 28
TM(t’Z(—l—I_I—/_n_)Z | x(2) + ky.(t) I )dt -1+ 28

] BnM(t,ml—l/-n—)-Z | x(e) + ky,(e) i )dt

<t p(e, B2 g, 20 (o, L2y e

I

o

n

1+1/n 1+28)8 1+1/n
1 x+ky,,) 20 J
<t 2ol i) - Tl M (s ) e e
1 28
< T 125%™

For large n satisfying 11:12/8”

20

=pu(x)<l- 1328 @ contradiction .

> 1+ &, the above inequality is true. Letting n—> % , we have 1

(11-2) iz:fJBM(t,(l + &) xCe) | dde = 0.

By passing to a subsequence, we may assume M(t,(1+8) I x(e) 1 )de < o
p g R

n=1

let B = _YlB,,. Then we haveJ MG, (1+8) 1 x(e) | )dt < . By condition (iv), we have
"= B
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M€ A(B). Then for 6/¢, there exist D >0 and a measurable nonnegative function do(t),
J &o(t)dt < o such that
B
M{t, 6u/e) <

Take 7> 0 such thatJ So(t)dt <

that x{¢t€ T: M(¢,1) > D} < 5/3. By condition (iii), we can take 8’ >0 such that for any
yE€ Ly(X), |l yl¢e,y,oy Il w<€/3, where

C(x,y,8") =t € T:lx(e)l =0, M(¢,1) < D, Il y() Il < &'}
Let H,= B, \ C(%,¥,,0"). Then || y,,IH“ | y>e3(n=1,2,").

(11-2-1) pH, < 9 (n = 1,2,).

(t U) + 80(t), t € B.

DM
%when eC B, pe < 7. For this 9, take D >0 such

Since

3

?%'H”

I < PM(3yn|H)=JHaM(z,%H yn(t)u)dtsjﬂnM(t : (||1y+n(1t/)n||))dt
< H( ( ’Jlj%(‘lgrf”—)"' 30(¢))dtSEJHnM(t,Jinn(%l)dt+%-

( I y,,( ) | )dt L With the same method as in the proof of (II-1), we have

=1and H,C B,cC B, we have
M

Th"’“[ M\, T m )= 3D
1 x+kyn)
)<4Z‘°’”(1+1/n
_20 ( S S
“Ts20)4 " "4(1+1/n)

om
) 2215 4 by ()

20 ( IEXO N)
<tl-timl Mo Tom 1Y
o281
<'T1+28 2D
Letting n—> , we have 1 <1 - m—g—aﬁ, a contradiction.
(-2-2) eH, = 7 (n = 1,2,-).

Since e(t)>0=>M(:,(1+8)e(t))>0; e(t)=0=>M(t,8/2) >0, there exists b>0
such that ¢ {t€ T:e(2)>0and M(¢,(1+8)e(t)) <bore(t)=0 and M(t,8'/2) < b}
< 9/3. Combining this with p{tE T: M(t,1)> D} < 7/3, we obtain (2, = /3, where
0, =1t € H,: M(4,1) < D, e(zt) > 0=>M(t,(1+8)e(t)) = b
e(t) =0=2>M(t,8'/2) = bl.
When t € 2, and e(t) >0, we have

M(t"l—(l_:lT/T)Z,: | xCe) + ky,(2) H) = M©,(1+8) I x(e) )

=>M(t,(1+8)e(t)) = b
when t € Q, and e(z) =0, we have

1 Ny, () )
M(t,mzk: | x(e) + by, (e) 1) = M(t,—lTl—/n—')a M(t,0'72) = b
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S T by
So we always haveJQ"M(t,4(1 " l/n)z,,: I x(t) + kyn(t) I )dt = . Then

3
x 28 J' ( 1 )
PM(1 N 1/n)<1 “T+280 M\ 0 3 1/n)§k: FxCe) + kyaCe) Il de
20 by
<l-717%" 3
Letting n—> , we have 1 <1 - ﬁ%, a contradiction .

Theorem 2. Ly(X) is complex locally uniformly rotund if and only if

(i) MEAE; (i) e(t)=0(a.e.); (iii) for x€ S(Ly(X)) and any ¢ >0, there ex-
. €
ists 8 >0, such that “y'A(x,y’b)"Msg— for any y € Ly(X), where

Alx,y,8) = 11 € T: 25 I 2(0) + by() | < (14 &) I 2 I 1.

Proof.  Necessity.

If (i) is not true, it is clear that there exists x € S(Ly (X)), | () || < E(¢) (a.e.)
and py(x) < 1. By condition i) in Theorem 1, x is not a complex locally uniformly rotund
point.

If (ii) is not true, then To= {t € T: () >0} is a positively measurable set. Take b >

0, T T\ Tosuch thatJrM(t,b)dt = 1. Take poe = S(X), x = ezt)uolro+ bug ! p .

Then pM(x) =1. Hence | x | w=1. But ,u{te T: | 2(e) | <e(e)! = uTy >0, which
shows that x is not a complex locally uniformly rotund point by condition (ii) of Theorem 1.

If (iii) is not true, by the conditon (iii) in Theorem 1, «x is not a complex locally uniformly
rotund point .

Sufficiency. Given x € Ly (X), for any y € Ly (X) satisfying || y | y=¢, we write A =

{t €T E | 2Ce) + ky(e) | <41+ 8) |l x(2) | }, where & > 0 is defined by condi-

2¢

3 By (i), (ii) of Theorem 2 and Proposition 5.13 in ref.

tion (iii). Then || ylp\ 4 ll 4>
(6], Il ylpyall M>2?e implies py(yl7\4)=¢’ (&’ only depends on €). Then

1 ) o,
= ou(x) < 3 Doulx + by - 2 MGy Dar <1 - 2o

5’

5 - By Lemma 2 there is r > 0 (r only depends on &,¢’)

We have m?xpM(x + ky);l +
such that max lx+kyll y=1+r.

Remark. Comparing this Theorem with Theorems 5.19 and 5.20 in ref. [6], we know
that complex uniform rotundity is essentially stronger than complex locally uniform rotundity and
the latter is essentially stronger than complex strict rotundity. In addition to conditons (i) and
(ii) in Theorem 2, the complex strict rotundity and complex uniform rotundity of X are added to
the criteria of complex strict rotundity and complex uniform rotundity of Ly ( X) respectively. So
people guess that the third condition of complex locally uniform rotundity of Ly(X) is the com-
plex locally uniform rotundity of X. But it is not true. The sense of condition (iii) in Theorem 2
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is that, roughly speaking, for every x € S(Ly (X)), the set {x(t): t€ T\ Ty} is complex
uniformly rotund in X, where T, is a set with arbitrarily small measure.
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