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S T R E S S E D  S T A T E  O F  A N  A N I S O T R O P I C  BODY 

W I T H  E L L I P T I C A L  H O L E S ,  E L A S T I C  

I N C L U S I O N S ,  A N D  C R A C K S  

S. A. Kaloerov, E. S. Goryanskaya, 
and Yu. B. Shapovalova 

UDC 539.3 

A method is proposed for  studying the two-dimensional stressed state o f  a multiply connected anisotropic body 

with cavities and elastic and rigid inclusions, as well as planar cracks and rigid laminar inclusions. 

Generalized complex potentials, conformal mapping, and the method of least squares are used. The problem 

is reduced to solving a system of linear algebraic equations. Formulas are given for  finding the stress intensity 

factors in the case of cracks and laminar inclusions. For an anisotropic plate with a single elliptical hole or 

a crack and an elastic (rigid) inclusion, some numerical results are presented from a study of  the effect of the 

rigidity o f  the inclusion and the closeness of  the contours to one another on the distribution of  stresses and 

the stress intensity factor. 

Methods have been proposed [1-3] for determining the two-dimensional stressed state and stress intensity factors for 

anisotropic bodies with cavities, inclusions, and cracks. These methods are used in the following to study the stressed state of 

some specific anisotropic bodies with elliptical holes and rigid or elastic inclusions, in the limiting case, elliptical holes and 

rigid inclusions can change into cracks or rigid laminar inclusions. 

We shall consider a cylindrical body-matrix with a general rectilinear anisotropy acted on by external forces and in a 

two-dimensional stressed state. Let the body be fceakened by L longitudinal cavities with elliptical cross sections. The surfaces of 

J of the cavities are free of support (basic problem 1) or are rigidly fastened (basic problem II). Elastic cylindrical inclusions of 

another anisotropic material are sealed or glued into the remaining L-J cavities in the matrix. The result is a multiply connected 

region S in the transverse cross section of the body which is bounded by the external contour L o and the ellipses Lt(l = 1, L) (Fig. 1 ), 

which can be positioned arbitrarily relative to one another, while the others can be transformed into rectilinear cuts. The finite 

regions corresponding to the elastic inclusions are denoted by S t (l = J + 1, L). The case where L 0 goes entirely to infinity cor- 

responds to an infinite body with cylindrical cavities and inclusions. We shall assume that the external forces act on the cylin- 

drical surfaces and, for an infinite body, also at infinity in the form of constant stresses ~x �9 ~ y ,  "cyz, Xxz, and z~.  In the latter 

case, there is no rotation to.~ at infinity. 

Determining the stressed state of this body reduces to finding the complex potentials ~k(zk) (k = 1, 3) for the body-matrix 
and �9 (t)~-{/)~ k ~'-k P (k = l -~  1 = J + I, L) for the inclusions from the following boundary conditions at the contours L t [2, 3]: 

3 

2 Re Z [3q kt 8kt O'k (zk) = fql (t) (q = 1,--3 l = O,-"J) 
k=l 

(1) 

and 

3 
2 Re Z {~qkt 8kt 0 " ' "  ' + r(/) xct) o,(t) ,  ~(1),1 - . 't" = - -  k~'~k J ~'qk"k k ~"k I j -Wqt~ p ( l = J + l , L ;  q i,6), 

k=l 
(2) 
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where [2, 3] 

Ski = - c o s ( n y )  + ~k cos(nx) ,  8(~ t) = cos(ny)  - It (l) cos(n_r); (3) 

c o s n x = y ' / ~ x ' 2  +y "2 , c o s n y = - x ' / ~  "2 , 

x ' (0)  = x~ cosq~ t - y~sinq~ t, y ' (0)  = x~sinq9 t +y[cos%; 

x" t = - a  t sin0,  y~ = b t c o s 0 ;  

p.k and p.~l) are complex parameters [4] for the mat r ix  and inclusion materials ,  respectively; a t and b l are the scmiaxes of  the 

ellipse Lt; 0 is the parameter  for parametric specif icat ion of  an ellipse; q~t is the  angle between the positive Ox direction of the 

main coordinate  system and the 0 t x t axis o f  the local coordinate  system associa ted  with ellipse Lt; ~qkl, Vqka(t) and fqt(t), ~ql(t) are 

constants  and real functions which depend on  the me thod  of  loading and suppor t ing  the contour  L r 
If  the complex potentials have been de te rmined ,  then the stresses and  displacements  in the body and in the inclusions 

can be calculated using the formulas [3, 4] 

3 
(cr::, Cry, ~ry_, x~ z , "~.ry ) = 2 Re E (~']k ,X2k ,~'4k, 3"5k, ~'6k )qb~ (Z k ), 

k=l 

(Yz = - (a l3crx  + a23Gy + a34Tyz + a35"r'x'z + a36Txy ) I a33 ; (4) 

3 

( u , v , w ) = 2 R e E ( P k , q k , r k ) ~ k ( Z k ) + ( - m 3 Y + U  O, to3x + v O, Wo); 
k=l 

(5) 

3 
_(l) ~(t) .it) .(t) .( l) ,  = 9 R - ' ~  t~. (t) ~ (1) a (t) a(t) .~(t) ~m,{t)t.(t) 
u x ,Uy ,Uyz,Uxz,Lry) - ~ , a  ~ lk"~2k"~4k'l~'5k"~6kP~k ~'k P" 

k=l 

G (1) -r + a(l),.r(l) + a(l).~(t) a.,-,(l),,.(l) _ (l) (1).. (1) 
- = " 13""x 23Vy 34 yz "~35~xz "t-a36T'_wl/a33 ; (6) 

3 
(u(I) v(l) w ( l ) ) _ 2 R ~ ' ~ r n ( l )  ~(l) .(l)xgntt) t (t) . . . .  (1) _ (t) (I) . (1) it).  

�9 ' -- ~L.a~l"k ,'4k "'k J~k tZk )-l'(--W3 Y+Uo "0)3 ~+Vo 'Wo )" 
k=l 

(7) 
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Here 

~'lj  = ~ 1 ;  ~'2j = 1; ~'4j = - ~ j ;  ~'5j =~tj~.j; ~'6j = - k t j  (J = 1, 2); 

~'t3 = ~3L3; ~-23 = L3; ~'a3 = - t ;  ~'53 = ~'3; ~'b3 = -bl3~'3 ; 

Ij--t . '-j  , ~k (_ = l ;  =--  ); "~5j =P ' j  r~j ' ' ~ r j - - - ~ j  ; 

~.~t3) _ , ()-~(t). ,~(t) a(t) :~(t) ;dr) _ ,(t)a(t) 
- e'3 "~3 " "~23 = ~'(3/); = - 1 ;  = 1.1.~1); ; (8 )  "~43 " ~ 5 3  "~63 - -~3  '"3 

-'(t)3y + u o, t03X + v o, and w 0 are the rigid displacements of the matrix; -t~ .r-'-"O-'- " (l),to3. (t)x + v (1), and w (t) are the rigid displace- 
St) merits of the lth inclusion as a whole; and Pk, q,, P(k l), and q,, are constants that depend on the elastic properties of the matrix 

and inclusions [2--4]. 

After suitable conformal mapping,  the complex potentials Ok(z k) and Ok (/) (zk(t)) can be represented by the fol- 

lowing series [2, 3]: 
L 

I=0 p=l 

where 

d~(I)t-( I)~ " ~  t.( l), . (1). 
~ k  ~ k  J=~..~U'knWklntZk ) ( I = J + I , L ) ,  

n=O 

z p  
( l=O) ,  

q~kO,(zk)=tRl~Q 

(9) 

f Z(i) ,~n 
~(1)~  _ k 

akl p and b,(. l) ~n are unknown constants;  ~kl are variables determined from the implicit dependences [1] 

Zk ZOkl + gklt~kl +mkl/~kl),  z~l) ~; +,,(l) = =" r'k Y ,  

Rkl = [at(c~ +ktk sintPl ) + ibl(sintPl - g k  cosq~l)]/2, 

= (cos + cos ,)l, 

Zokl = xOl + gkYol ; 

and the R~ l) are constants  calculated using a formula obtained from that for Rkl by replacing la k by ~.~0 

Starting with the boundary conditions ( I )  and (2), we construct the functional 

j Mj 3 t  3 

j=l m=l q=llk=l 

(10) 

(11) 

(12) 
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L My 6 1 3  

j=J+lm=lq=l k=l 

+R(J)~(J)op'(J)t . t(J) '~+~,(J)~(J)o)'(J)tz(J) ' , l  ~ 12 
I'qk k k '~k " t-'qk k k ~" k IJ-'+'qj I " (13) 

Here 

L 

/=0 n=l  

we have 

o,( t ) t  ( t ) ~_~h ( l ) , , , ,  t,(t)~ ( I = J + I , L ) ;  k ~Zk J--Z_~kn' l 'k ln" 'k  ,' 
n= l  

[ ~  n - I  

/ ~  (z = 0), 

q~'tn (Zk) = t Rk0 n 

.--~-1 -'7-~_~ - 
l ~ k '  R k l ( ~ k l - - m k l )  

(I = I, L), 

n(z~t) )n- t  
W'ktn(Z~t))= (R~t)) n ( l = J + l , L ) .  

On satisfying the conditions for minimizing the functional (13) 

Ol 
- - = 0  (k=1,2,3; /=0 ,  L; n=l,2,.. .); 
~a kln 

0/ 
Ohtt) 

~ k r t  

- 0  (k=1,2,3; l = J + l , L ;  n=l,2,...), 

j Mj 3 3 

Z Z Z Z~,,~J%~'~,,[~,,~J~.,J*;(z, ) + ~,,.~:-,J * > , ) -  :,, }+ 
j = l  m=lq=l s=l 

L Mj 6 3 
�9 P - -  - �9 �9 J r  + Z 

j=J+lrn=lq=l s=l  

(J) (j) ,( j),( j)-ta_~,(J)~(J)f~,(j)t.( j)%_ m - -  _ _  + ~ q s S s  O s  ("s * T ~ q s " S  S ~"S " .~qj]=0 (k=l,3; I=0,  L; n=l,2,...), 

L My 6 3 

( J )8  ( j )  ' 8 O "  - + O "  

j = J + l m = l q = l  s=l  

+ta(J)•(J)'•'(J):'(J)'+•((J)-8!J) * s~J)(Z~J))-q) qi] =0 (k n = 1,2,3,..). 1,"3, ~q$ u s ,~w~. k4.$ ) I " = 

( 1 4 )  

(15) 

(16) 
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Substituting Eq. (14) in Eq. (16), we obtain a system of linear algebraic equations for deterrmning the unknown con- 

stants akt n and bkC~: 

J Mj 3 3 L 

E E E E E E ~ qkJ ~kj(~kl"[p q'J~ '](P:rPU"rP + ~q'xj ~sj(~'srpa'rP ]+  
j=l m=lq=l s=l r=l p=l 

L Mj 6 3 L ~, 

+ E E E E E E~tlkJ~)kJCP'kln[~q'q~.~J(Psrpasrp +~q"J~"Jq)'srp asrp + 
j=J+lm=lq=l s=l r=l p=l 

( j )  ( j )  , (j) +'~(J)-~(J)_._-77--'; '( j) 1 _  
+13,t~6.~ ~t ~ipb.,p P qs o s u  o.,.p j -  

j Mj 3 3 

= - Z  Z Z Z  ~,,~Js~J~z,ot~,.~.,~ ~, + ~,.a.~ r~ + 1,.)- 
j=l m=lq=l s=l 

L Mi 6 3 

j=J+lm=lq=l  s=l 

(17) 

(k = 1,3; I= I ,L ;  n = 1,2,...). 

L Mj 6 3 L 
( j )  ( j )  , , + 

j=J+lm=lq=l s=l r=l p=l 

+R 'g .,,.," "~ +R(J)g(J). , , '  l - , ( ])+ff(J)R(J) '~, '~"7~'~(J)~-- 
~qs j , - ,s j ,e  sr.p~,Srp ~qs ~s ~ sjp~.sp Vqs os 'e ~jp~'Sp J -  

L Mj 6 3 
E E V V R ( J ) 8 ( J ) '  ' [ f a  ~ i-, ff_a ff,,ll" qk k ~ klntVq~j ~j ts  +[~ qsj~)sJ Fs  +qOqj] 

j=J+l m=lq=l s=l 

R 

(k = 1,3; n = 1,2....). 

Once the last system is solved, the complex potentials are known, so it is possible to compute stresses (4) and (6) on 

the base areas, as well as the normal and tangential stresses on areas tangential and perpendicular to the contour: 
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T A B L E  ! 

Stress 

c~6 

a7 

0. deg 

0 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 

0 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 

0 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 

, : m  

3.589 

3.201 

2.477 

1.900 

1.353 

-0.144 

-.-4.992 

0.383 

1.593 

2.003 

2.292 

2.508 

2.591 

2.591 

2.508 

2.292 

2.003 

1.593 

0.383 

-4.992 

-0.144 

1.353 

1.900 

2.477 

3.201 

3.589 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

10 

3.425 

3.044 

2.333 

1.735 

1.111 

-0.401 

-5.540 

0.227 

1.534 

1.948 

2.251 

2.462 

2.552 

2 

2.758 

2.758 

2.564 

2.166 

1.727 

1.159 

-5.540 

-0.051 

1.366 

1.813 

2.128 

2.343 

2.433 

0.5 

1.997 

1.99 l 

1.947 

1.757 

1.326 

0.084 

-5.226 

-0.248 

1.170 

1.653 

1.981 

2.203 

2.292 

). 

0.1 

1.508 

1.628 

1.803 

1.799 

1.477 

0.353 

--4.996 

-0.402 

t .045 

1.552 

1.889 

2.114 

2.203 

0.01 

1.353 

1.494 

1.759 

1.831 

1.550 

0.458 

---4.932 

-0.459 

1.003 

1.518 

1.858 

2.085 

2.175 

0 

1.323 

i .486 

1.748 

1.835 

1.574 

0.435 

--4.992 

-0.498 

0.993 

1.517 

1.852 

2.083 

2.170 

2.265 

2.183 

1.961 

1.649 

1.243 

0.366 

-2.904 

0.196 

1236 

1.722 

2.204 

2.767 

3.047 

1.522 

1.459 

1.275 

0.979 

0.599 

0.I10 

-0.887 

0.097 

0.643 

1.089 

1.468 

1.872 

2.085 

0.671 

0,635 

0.517 

0.304 

-0.038 

-0.075 

0.358 

-0.264 

-0.006 

0.419 

0.659 

0.855 

0.967 

0.167 

0.143 

0.063 

-0.066 

-0.165 

0.099 

0.896 

-0.763 

-0.459 

0.079 

0.149 

0.215 

0.269 

0.027 

0.036 

-0.067 

-0.157 

-0.145 

0.363 

1.036 

-1.109 

-0.652 

-0.127 

-0.200 

0.005 

0.046 

0.012 

..-0.012 

--0.082 

-0.166 

-0.136 

0.414 

1.052 

-1.167 

-0.680 

-0.143 

-0.041 

--0.021 

0.017 

0.064 

0.059 

0.061 

0.089 

0.146 

0.206 

0.235 

0.213 

0.153 

0.104 

0.078 

0.1367 

0.065 

0.366 

0.369 

0.392 

0.463 

0.590 

0.725 

0.790 

0.735 

0.590 

0.515 

0.488 

0.414 

0.354 

0.647 

0.684 

0.790 

0.953 

1.157 

1.345 

1.427 

1.342 

1.159 

1,088 

1.037 

0.807 

0.646 

0.703 

0.777 

0.970 

1.239 

1.52 t 

1.742 

1.819 

1.712 

1.529 

1.508 

1.425 

1.055 

0.818 

0.643 

0.732 

0.973 

1.302 

1.632 

1.896 

1.939 

1.822 

1.654 

1.673 

1.576 

1.142 

0.874 

0.629 

0.720 

0.969 

1.308 

1.654 

1.884 

1.953 

1.835 

1.669 

1.695 

1.597 

1.153 

0.881 

Rigid incl. 

0.446 

0.559 

0.683 

0.737 

1.192 

2.151 

0.874 

-0.701 

0.183 

0.773 

1.199 

1.483 

1.585 

-0.060 

-0.086 

-0.172 

-0.316 

-0.490 

-0.687 

-0.861 

-0.240 

-0.107 

-0.265 

-0.285 

-0.157 

-0.098 

0.636 

0.721 

0.954 

1.271 

1.588 

1.825 

1.937 

1.934 

1.849 

1.490 

0.841 

0.332 

0.121 
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TABLE 2 

0, deg 

0 

30 

60 

75 

90 

105 

t20 

150 

180 

0 

30 

60 

75 

90 

105 

120 

150 

180 

2.36 

2.05 

1.26 

-0.12 

-5.38 

-0.12 

1.26 

2.05 

2.36 

1.39 

1.I0 

0.52 

0.16 

-0.64 

0.16 

0.52 

1.10 

1.39 

-0.14 

0.07 

0.49 

0.64 

0.94 

0.64 

0.49 

0.07 

-0.14 

I 1 

2.55 

2.13 

1.25 

-0.18 

-5.44 

-0.04 

1.32 

2.10 

2.41 

1.49 

1.24 

0.59 

0.12 

-0.75 

0.24 

0,72 

1.42 

1.72 

0.31 

0.36 

0.58 

0.71 

0.77 

0.70 

0.55 

0.40 

0.38 

~ = 2  

10.51 

2.76 ! 

2.16 i 

1.18 ! 
l 
l 

--0.30 i 

-5.53 
I 

0.01 

1.36 
i 

2.13 

2 . 4 3 1  

1.52 
i 

1.28 

0.60 ! 

1.10 

-0.89 

0.10 ! 

0.64 

1.47 

2.09 

0.37 

0.39 

0.59 

0.73 

0.79 

0.74 

0.60 

0.49 

0.35 

0.1 

3.43 

2.07 

0.98 

-0.52 

-5.64 

0.11 

1.42 

2.17 

2.47 

1.57 

1.33 

0.62 

0.1 

-1.09 

-0.17 

0.44 

1.37 

3.21 

0.45 

0.43 

0.59 

0.74 

0.82 

0.78 

0.67 

0.66 

0.12 

0.01 I 
od 
3.86 

2.00 

0.90 

-0.59 

-5.65 

0.15 

1.44 

2.18 

2.48 

1.59 

1.34 

0.62 

0.11 

-1.15 

-0.27 

0.34 

1.25 

3.84 

o;  
0.48 

0.44 

0.59 

0.74 

0.83 

0.80 

0.70 

0.75 

-0.0,. 

0.36 

2.05 

1.29 

-0.12 

-5.39 

-0.12 

1.26 

2.05 

2.36 

0.64 

0.43 

0.01 

-0.04 

0.42 

-0.04 

0.01 

0.43 

0.64 

0.15 

0.44 

1.00 

1.21 

1.28 

1.21 

1.00 

0.44 

0.15 

1 

2.18 

1.97 

1.28 

-0.04 

-5.313 

-0.1g 

1.20 

2.00 

2.31 

0.66 

0.51 

0.05 

-0.03 

0.37 

-0.23 

0.01 

0.66 

0.83 

0.63 

0.77 

1.15 

1.33 

1.40 

1.30 

1.09 

0.91 

0.80 

L = 0 . 5  

I 0.5 

2.00 

! .95 

1.33 

0.08 

-5.23 

---0.25 

1.17 

1.98 

2.29 

0.67 

0.52 

-0.04 

-0.08 

0.36 

-0.26 

-0.01 

0.66 

0.97 

0.65 

0.79 

1.16 

1.35 

1.43 

1.34 

1.16 

1.04 

0.65 

0.1 [ 0.01 

i 1.48 1.22 

1.99 2.04 

1.50 1.56 

0.25 0.32 

-5.12 -5.09 
I 

--0.32 --0.35 

1.11 1.10 

1.95 1.94 

2.26 ~ 2.25 

0.68 0.69 

0.53 0.54 

0.04 0.05 

-0.11 -0.12 

0.34 0.34 

-0.26 -0.25 

0.03 0.06 

0.62 0.61 

1.17 1.19 

0.61 0.58 

0.80 0.80 

1.17 1.17 

1.36 1.36 

1.45 1.46 

1.39 1.40 

1.26 1.30 

1.25 1.32 

0.21 0.04 

i n = G x COS 2 ~" + O'y COS 2 n y  + 2Xvy c o s n x  cosny,  

i s = i x cos 2 n y  + i y  cos 2/L~ - 2"~xy c o s n x c o s n y ,  

"~nz = ~v- COSny + ~l: - cOS n ' ~ ' . . .  . . . .  "~s:. = ' C y z C ~ 1 7 6  

"~ns =( iv .  - C~)cosrL~cosnv +'Cxy (cOs- n-'r cOs~ n v ) - .  . . - 

The analogous stresses on the / th  inclusion are 

cos-  n y  + 2 " ~  c o s n x c o s n y ,  if(n/) = i ! :  ) cos 2 n x  + i(ly ) "~ l 

(18) 
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TABLE 3 

O. deg 

0 

15 

30 

45 

60 

90 

120 

135 

150 

165 

180 

0 

30 

60 

75 

90 

105 

120 

135 

150 

165 

180 

2.00 

1.99 

1.95 

1.76 

1.33 

-5.23 

1.17 

1.65 

1.98 

2.20 

2.29 

0.67 

0,52 

-0.04 

-0.08 

0.39 

-0.26 

-0.01 

0.42 

0.66 

i 0.86 

] 0.97 

0.65 

0.79 

1.16 

1.35 

1.43 

1.34 

1.16 

1.09 

1.04 

0.81 

0.65 

b]o 

I o5 I o l I o I o o, 

3.30 

2.95 

2.26 

t . 2 5  

1.26 

-4.99 

0.51 

1.78 

2.50 

: 3.14 

3.54 

0.65 

0.52 

I -0.02 

] -0.22 

I 0.31 

-0.28 

0.31 

-0.05 

0.46 

0.88 

0.97 

o7 
0.69 

0.60 

1.04 

1.28 

1.39 

t.33 

1.08 

0.65 

0.36 

0.95 

1.43 

5.14 

-0.03 

0.04 

1.76 

2.48 

-1.63 

-3.88 

-2.42 

0.98 

5.50 

10.87 

0.65 

0.44 

0.00 

-0.02 

0.44 

-0.19 

-0.11 

0.12 

0.38 

0.60 

0.67 

9.79 

-2.05 

I -I.33 

2.16 

2.78 

-0.76 

-3.97 

--4.08 

] -1.98 

5.12 

19.78 

0.65 

0.43 

! 0.00 

i -0.02 ! 
: 0.44 

-0.14 

-0.07 

0.14 

0.38 

0.59 

0.67 

49.86 

-655 

-2.23 

1.84 

3.01 

i -0.37 

-3.54 

-4.87 

-5.41 

-3.08 

91.42 

0.64 

0.43 

0.00 

-43.04 

0.44 

--0.08 

-0.05 

0.16 

0.40 

0.59 

0.67 

0,15 0.15 0.15 

0.44 0.44 0.44 

1.03 1.02 1.02 

1.25 1.24 1.24 

1.33 1.32 1.32 

1.27 1.26 1.26 

1.06 1.06 1.06 

0.76 0.77 0.77 

0.44 0.46 0.47 

0.31 0.28 0.25 

0.60 0.41 0.25 

= co:-,,y +o(:' co:- 2 !'2 cos,  cos.v. 

_(1) _ ~(1) o , ~  n, ,  (l)v (1) . +17xz cos,Lr, "C(y/z) COS ,Lr - ~!~) COS,IV, 

q;(n/) (I) (I) (I) 2 "~ = ( G y  - -  r x ) COS ~f COS n y  + ~.ry (COS n x  - COS ~ ny). (19) 

3715 



T A B L E  4 

- I  

or7 

0. deg ) .=2 ~, = 0.5 

0.5 0.1 0.01 ~, 0.5 0.1 0.01 

0 1.39 1.34 1.27 1.28 0.64 0.64 0.63 0.63 

30 1.10 1,06 0.98 0.99 0.43 0.43 0.42 0.42 

60 0.52 0.47 0.37 0.39 0.01 0.00 0.01 0.01 

75 0.16 0.12 0.04 -0,01 -0.04 -0.05 -0.01 0.00 

90 -.0.65 ---0.53 -0.38 -0.41 0.42 0.44 0.44 0.48 

105 0.16 0.13 0.27 0.29 --0.04 -0,08 -0.08 --0.12 

120 0.52 0.44 0,49 0.49 0.01 -0.04 -0.04 ---0.05 

135 0.82 0.72 0.71 0.72 0.21 0.16 0.16 0.15 

150 1.I0 0.99 0.91 0.94 0.43 0.40 0.40 0.38 

165 t .31 1.23 0.83 0.90 0.59 0.59 0.59 0.51 

180 1.39 1.33 0.45 0.26 0.64 0.67 0.67 0.48 

0 -0.14 -.-0.12 -0.09 -0.09 0,15 0.16 0.12 0.11 

30 0.07 0.09 0.12 0.I2 0.43 0...~ 0.43 0.43 

60 0.49 0,53 0.57 0.56 1.00 1.02 1.02 1.02 

75 0,64 0.70 0.76 0.76 1.21 1.23 1.24 1.24 

90 0.69 0.78 0.83 0.82 1.28 1.32 1.32 1.32 

105 0,64 0,74 0.82 0.83 1.21 1.26 1.26 t .26 

120 0.49 0.60 0.68 0.66 1.00 1.06 1.06 1.05 

135 0.27 0.39 0.51 0.52 0.72 0.77 0.78 0.79 

150 0.07 0.15 0.28 0.26 0.43 0.47 0.48 0.49 

165 -0.08 -0.03 0.18 0.19 0.23 0.25 0.30 0.31 

180 -0.14 -0.03 0.29 0.66 0.15 0.23 0.39 0.85 

K1 + 1 .iX) 0.68 0.59 0.55 1.00 0.65 0.58 0.58 

K 1- [.012 0.45 0.07 0.03 1.00 0.37 0.04 0.03 

If s o m e  o f  the  contours  L t degenerate  into a rectilinear cut or a rigid l inear  inclusion,  then it is possible  to calcula te  the 

s tress  intensity fac tors  near  the ends  of  the corresponding p lanar  crack or l aminar  rigid inclusion [5]: 

K 1 = l im ~r r sin 2 (Pl + (~v cOS2 (Pl - 2 z r v  cosqo/sin(p/) ,  
r-~0 " " "" 

�9 " 1  

K9 = l im - 2~r~r[(cr v - o" r )sin ~0 t cos ~01 + 2z.ry (cos 2 q~t - s in"  q~t )]' 
- r ' - " ~ 0  " " 

K 3 = lira ~ r ( z  v. cos~0 / -  z r. s in q~/). (20) 
r - + 0  " ~ " ~ 

S o m e  n u m e r i c a l  s tudies  were done  o f  the stress distribution and  the  changes  in the s t ress  intensity factors  for an 

anisotropic plate wi th  an elliptical elastic inclusion in the presence of  an elliptical hole which  can degenera te  into a c rack  or an 

absolutely rigid rec t i l inear  inclusion. The  plate was acted on by stresses Cry = p (Fig. 2). In this case,  the subscr ipt  k in all the 

formulas  given above  takes  the values ! or  2, while all quanti t ies for k = 3 equal  zero. Here [3] we have 

L = 2; (l~lkj. ~2kj) = (~'6k, ~k'2k) (.J = I, 2); (134k2' ~5k2) = (Pk, %), 
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g(2) R(2) ~(2) R(2)~_/a(2) ~(2) .(2) ~(2)~ 
~lk ' w 2 k ' ~ 4 k ' ~ 5 k  * -x '~6k ' ' ~2k ' -Vk  '--qk J" 

fq! = O, ~q2 = O. 

The plate material was taken to be fiberglass, for which a l l  = 6.711, a t2  = 2.081, a13 = a l6  = a26 = 0.000, a22 = 166.670, 

a66 = 250.00, [.t I = 0.831i, P-2 = 6.481i. The core material was assumed to be a material for w h i c h  the deformation coefficients 

are calculated using the formulas abe) = Laij. 

The normal stresses co  l in the plate near an unsupported contour  L t, cr O near a contour  L 2 on areas perpendicular  to the 

contours, and the normal stresses err 2 on areas tangential to the contour  o f  an inclusion are given in the following tables. 
1 ") "~ For various values o f  the parameter ~., Table ! lists the s tresses a o, cr~, and ~ r  for con tours  L 1 and L 2 that are circles 

with the same radius separated by a distance c = 0.5. Here X equal to ~, and 0 corresponds to the  cases  of  absolutely flexible 

(a plate with two circular holes) and absolutely rigid (plate with a circular  hole and a rigid core)  inclusions.  The data o f  Table 1 
'9 

show that as the rigidity o f  the core increases (as 3, is reduced),  cr~ and cry decrease near the hole  and the inclusion, while cy~ 

increases. 

For different values o f  c, Table 2 lists the stresses o" o, cr~, and c r near  circular contours L l and L 2 with the same radius. 

These data show that on approaching a hole with an inclusion, ero l near  the contour of  the hole increases  for ~. > I and decreas- 

es for L < 1, while cr~ and a r near  the contour o f  an inclusion increase for arbitrary L. An especia l ly  high stress concentration 

is seen in the zone between the contours. 

Table 3 lists the stresses c70, cry, and cr 7 as functions of  half  axis  b o f  the contour L 1. Here  the half axis a o f  the con- 

tour L l and the radius of  the circular inclusion L 2 were equal to 1. It was  also assumed that L = 2 and c = 0.5. Table 3 shows 

that as b ~ 0, there is a sharp rise in the stress concentrat ion near the ends  o f  the diameter 2a o f  contour  L 1. Here the stresses 

near the contour of  inclusion L 2 vary little. As the calculations show, for b -< 10 -3, the ellipse L l can be regarded as a rectilin- 

ear crack. 

Table 4 lists the stresses G 0 and err 2, as well as the stress intensity factors for the ends  o f  the crack in a plate with a 

crack L 1 of  half length 1 and a circular inclusion L 2 o f  unit radius. These  data show that on approaching  a crack with an elas- 

tic inclusion, the stress intensity factors vary significantly, while the s t resses  vary little. 
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