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The origins of elasticity in thermoplastic vulcanizates have been debated for the 
past decade. Previous modeling attempts provide numerical solutions that make 
assessment of constituent concentration and interactions unclear. A microcellular 
modeling approach is proposed and evaluated herein to describe the steady-state 
behavior of dynamically vulcanized blends of ethylene-propylene-diene monomer 
(EPDMJ and isotactic polypropylene liPP). This approach provides an analytic result 
including terms for composition and cure state. Three types of deformation are ac- 
counted for: elastic and plastic deformation of iPP, elastic deformation of EPDM, 
and localized elastic and plastic rotation about iPP junction points. The viability of 
the constitutive model is evaluated in terms of iPP concentration and EPDM cure 
state. 

INTRODUCTION 

hennoplastic vulcanizates have a unique morphol- T ogy due to the process of dynamic vulcanization 
(1-3). This morphology, which has been investigated 
by many authors (4-lo), consists of a chemically 
crosslinked rubber phase embedded within a continu- 
ous semicrystalline thermoplastic matrix. Even though 
the matxix is a semicrystalline thermoplastic, dynamic 
vulcanizates behave elastically. Over the past several 
decades, the origins of this elasticity have been de- 
bated and several finite element studies and constitu- 
tive models have been proposed. A primary limitation 
of these studies is that none clearly identifies how 
composition and morphology influence the deforma- 
tion characteristics. This study presents and evalu- 
ates a new modeling approach to describe the steady- 
state deformation behavior of dynamically vulcanized 
EPDM/iPP blends. An analytical expression is devel- 
oped by combining concepts from microcellular solids 
with plastic hinge formation and strut yielding to ap- 
proximate the deformational response of these elas- 
tomers. Contributions from iPP concentration and 
EPDM cure state are included. 

Two different modeling approaches to explain the 
mimmechanisms of deformation of thermoplastic vul- 
canizates have recently been presented. In the first ap- 
proach, Kikuchi (1 1) and Okamoto (12) focus on the 
origins of elasticity of EPDM/iPP thermoplastic vul- 
canizates under tension with two-dimensional 

'To whom correspondence should be addressed. 

POLYMER ENGINEERING AND SCIENCE, MARCH 2003, Vol. 43, No. 3 

finite element modeling. Their results indicate that 
yielding in the thermoplastic matrix begins around 
the EPDM particles in an equatorial direction perpen- 
dicular to the applied load. The yielding then propa- 
gates around the embedded rubber particles shifting 
toward the loading direction. Upon considerable 
strain, only iPP polar ligaments remain unyielded. 
These unyielded ligaments serve to connect the rub- 
ber domains and allow for recovery. Once a significant 
strain has been imposed on the system to cause yield- 
ing of the polar ligaments, no elastic recovery can take 
place. While this model qualitatively describes elastic- 
ity for one loading condition, it does not take composi- 
tion, cure state, molecular weight, domain size, do- 
main shape, or domain polydispersity into account. 
This approach also requires a significant amount of 
iPP inelastic deformation to produce large strains. 
This is a direct consequence of the imposed represen- 
tative volume geometry and loading configuration. 

In the second modeling approach, Boyce (13- 16) and 
coworkers use finite element modeling to descriie the 
micromechanisms of deformation and recovexy in ther- 
moplastic vulcanizates. Their simulations indicate that 
upon yielding a pseudo-continuous rubber phase de- 
velops as a result of the drawing of iPP ligaments and 
shear of rubber particles. The initial matrix ligament 
thickness appears to control the initial stiffness and 
flow stress. They also observe that the majority of the 
matrix material does not deform during large deforma- 
tions but undergoes rigid body motion as the pseudo- 
continuous rubber phase shears and contorts around 
the unyielded rigid matrix regions. Finite element simu- 
lations are also used to describe stress-softening of 
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thermoplastic vulcanizates in plane strain compres- 
sion ( 15). The simulations indicate that additional 
compliance in the early stages of reloading is attrib- 
uted to changes in the matrix/particle configuration 
induced during the initial loading cycle. The thinnest 
matrix ligaments are left in a configuration favorable 
for elastic bending and rotation upon reloading in- 
stead of additional plastic straining. These deforma- 
tion modes occur at lower stress levels and result in 
an increased compliance. After sufficient strain occurs 
upon reloading, the tangent modulus increases, indi- 
cating that a strain has been reached where the parti- 
cle/matrix interaction now requires additional plastic 
straining of the iPP ligaments. 

The qualitative results of current modeling efforts 
are in stark contrast with one another. In one case, 
the majority of the iPP matrix yields around the em- 
bedded rubber particles with the exception of un- 
yielded ligaments at  the particle poles because of 
lower stress concentrations. These unyielded polar lig- 
aments connect the rubber domains and allow for 
elastic recovery (1, 11. 12). In another case the major- 
ity of the P P  matrix does not yield at all. Only the thin 
ligaments between particles yield, while the rubber 
domains shear around the undeformed iPP regions, 
creating a pseudo-continuous EPDM phase (13- 15). 

Similar to finite element analysis, the proposed mi- 
crocellular model also assumes an initial geometry 
and mode of failure. However, the microcellular model 
described below provides an analytical solution that 
includes terms for composition and morphology. An 
analytical solution is desirable to allow formulation 
design with specific properties in mind compared to 
experimental formulations. 

PROPOSED MODEL 

The first objective of the proposed model is to de- 
scribe the steady-state loading and unloading of 
EPDM/iPP blends including contributions from com- 
position and morphology. The second objective is to 
determine if the proposed model can be used to pre- 
dict the steady-state behavior over a broad range of 
compositions. The morphologies of dynamically vul- 
canized EPDM/iPP blends have been studied previ- 
ously (1 0). Representative morphologies of PHXM and 
EHXM are shown in Figs. 1 a and 1 b, respectively. The 
scanning electron micrographs are of chemically 
etched, cryogenically microtomed surfaces. Therefore, 
the recessed regions identify where the rubber is 
etched, leaving raised regions of semicrystalline iPP. 
The etched morphologies resemble a foam or microcel- 
lular structure. 

Idealized strut models are typically used as a mor- 
phological tool to describe mechanical and physical 
responses of non-ideal microcellular geometries ( 17. 
18). The composite foam response is assessed in 
terms of strut geometry and intrinsic polymer proper- 
ties. The collapse or failure mechanisms of microcellu- 
lar foams generally occur in one of two forms, either 

through strut buckling or through the formation of lo- 
calized plastic hinges at the strut junction points (18). 
Both failure mechanisms were explored while develop- 
ing the proposed microcellular model. Microcellular 
collapse through plastic hinge formation requires the 
least amount of energy and as such is incorporated in 
the deformation response. One would expect a vis- 
coelastic material to dissipate energy to different de- 
grees when exposed to various loading rates. Figure 2 
illustrates the irreversible work exhibited under two 
loading conditions for EHXM. Triangular loading de- 
forms the materials at a constant strain rate while si- 
nusoidal loading applies a constantly changing strain 
rate. It is evident that the hysteresis exhibited by 
EPDM/iPP vulcanizates is similar under these two 
loading conditions. Therefore, it can be assumed that 
some mechanisms other than viscoelasticity are re- 
sponsible for dissipation in these systems. In the pro- 
posed model, the work required to rotate the plastic 
hinges provides a possible mechanism for dissipation. 
The origins of elasticity from a microcellular analysis 
arise from a competition between the restoring force of 
the elastically deformed rubber and iPP struts and the 
strain energy necessary to rotate the plastic hinges. 
The proposed model may also capture geometrical 
strain hardening to some degree, due to alignment of 
the struts as the hinges rotate and the struts align 
into a parallel configuration. 

By imposing a microcellular representative volume 
element (RVE) and applying a prescribed deformation, 
the proposed model will have some of the same limita- 
tions as a finite element analysis: the geometry and 
kinematically admissible displacement field are both 
prescribed and the displacement may not be a lower 
bound solution. However, an analytical solution will 
provide a result that can be used as a formulation 
tool. The RVE is shown in Flg. 3a, where the morphol- 
ogy is considered to act as aJilled-foam. The foam 
struts are regions of iPP and the foam interstices are 
filled with EPDM rubber. In Rg. 3, t is the strut thick- 
ness, A is the strut length, and 28 is the angle at the 
junction of two iPP struts. For a microcellular geome- 
try, the volume fraction of strut material (C) is directly 
proportional to the strut density (S) as well as the 
square of the thickness to length ratio given by Eq 1 
(18). 

A two-dimensional uniaxial deformation is imposed on 
the RVE as shown in Flg. 3b. Three types of deforma- 
tion are included in the proposed microcellular model: 
elastic deformation of the EPDM, elastic and plastic 
deformation of the iPP struts, and localized elastic and 
plastic rotation at the strut junction points through 
the formation of plastic hinges. 

A complete derivation of the microcellular model is 
given in the Appendix. However, the final expressions 
for extension and far-field stress are discussed below. 
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Fg. 1 .  SEM micrographs illustrating morphologies of (4) PHXM and (b) EHXM. 

An expression for the axial strain in an iPP strut is ex- 
pressed by JZq 2, where iPP modulus (E), EPDM shear 
modulus (G), and far-field stress (a,) are variables. 

sign is used for loading and the plus sign for unload- 
ing. The normalized rotational moment (rn) will have 
two values: one corresponding to initial deformation 
that is within and elastic regime (me) and one corre- 
sponding to high levels of deformation within the plas- 

EC 2 Gtan(0 - 74 tic regime (rnp). In the plastic regime, rotation occurs 
through the formation of plastic hinges. These values 
of rn are given by Eq 3. where the first term corre- 
sponds to rn, and the second corresponds to mP. 

(1  - cp3 
E = 2 { [$ mm - 

The first term in Eq 2 is due to deformation of iPP 
struts. The second term is due to shear deformation of 
the EPDM. The third term of Eq 2 is due to localized 
hinge rotation at the strut junction points. The minus 
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Fig. 2. (a) RVE for microcellular analysis with iPP struts and EPDM interstices (bl imposed two dimenswnaL uniaxial deformation on 
RVE. 

In Eq 3, OL is a factor that defines the degree of con- 
straint on the struts and its value determines when 
plastic hinges form. uy is the yield stress of the iPP lig- 
aments, and all other terms are as dehed previously. 

An expression for the far-field stress can be written 
as in JZq 4; where now the plus portion refers to the 
loading curve while the minus portion refers to the 
unloading curve. 

2 ECsin0 

The corresponding uniaxial extension ratio is ex- 
pressed by Eq 5. 

A = (1 + e )  sin0 151 
At large deformations the iPP struts undergo plastic 

yielding. Therefore, the deformation response of the 
blend will have a history dependence on the elastic 
strain. Consequently, it is necessary to calculate the 
imposed strain in relation to the maximum previous 
strain. This can be accomplished using Eq 6, where E' 

is the new strain after a maximum previous extension 
of Ef. 

The microcellular model described above results in 
an analytical solution that includes terms for iPP con- 
centration (C) and EPDM cure state (G). Morphologi- 
cal terms, such as domain size, are mathematically 
eliminated from the equations for far-field stress and 
total extension. However, if the processing conditions 
remain constant, domain size is directly related to 
composition by Eq 1. From a previous study (lo), 
morphology also appears to be directly related to cure 
state as well as iPP concentration. The morphology is 
also independent of iPP molecular weight. 

EXPERXMEnI"AL SECTION 

Three formulation parameters control the final mor- 
phology and mechanical properties of thermoplastic 
vulcanizates: the compositional ratio of EPDM to iPP. 
the iPP molecular weight, and the cure state of the 
EPDM phase. These three parameters are chosen in 
such a way to allow examination of a broad range of 
morphologies. Advanced Elastomer Systems provided 
EPDM/iPP blends of various composition, cure state, 
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F'ig. 3. steady-state hysteresis loops for EHXM imposed under sinusoidal and triangular Iwding. 
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and iPP molecular weight. Table I lists the six com- 
pounds examined; all compositions are given in 
weight percent. The oil used in the formulations con- 
sists of a hydrocarbon, par&m oil that is incorpo- 
rated as a processing aid. High and low molecular 
weight iPP are used in the formulations and is charac- 
terized by melt flow rate (MFR) in accordance with 
ASTM D1238. Low, medium, and high EPDM cure 
states are also examined. 
As a result of these variables, a sample naming sys- 

tem is adopted for ease of comparison. The sample 
name consists of four letters in which the first letter 
refers to the majority volume fraction: P for iPP-rich or 
E for EPDM-rich. The second letter refers to the mo- 
lecular weight of the iPP: H for high molecular weight 
or L for low molecular weight. The third and fourth 
letters refer to the extent of crosslinking of the EPDM 
rubber: XL for a low crosslinking density, XM for a 
medium crosslinking density, or XH for a high cross- 
link density. For example. a composition referred to as 
PHXM is iPP-rich with high molecular weight iPP and 
has a medium crosslink density of the EPDM rubber. 

In order to evaluate the proposed model in terms of 
steady-state deformation, the compositions are exam- 
ined under cyclic loading. Initially, samples are com- 
pression molded into 3-mm-thick plaques at 2 10°C at 
a pressure of 3.5 MPa for approximately 20 minutes 
and then water-cooled. Tensile specimens are cut to 
an ASTM D638 type V geometry and tested on a ser- 
vohydraulic Instron 851 1. Specimens are gripped so 
that only the 7.62-mm gauge length is between the 
grips. This gripping geometry is used to measure 
strain more accurately than the traditional tab grip- 
ping. All samples experience the same loading condi- 
tion. A ramp function, followed by 30 oscillatory sine 
waves and 30 triangular waves, is imposed on the 
samples under displacement control. Various static 
offsets and amplitudes are examined with the condi- 
tion that the material unloads to approximately zero 
stress during the fourth quarter of each sine and tri- 
angle wave. Since the current goal is to describe the 
steady-state behavior after removal of stress-soften- 
ing, only the 30th sine and triangle wave are ana- 
lyzed. From previous investigations, it is known that 
these materials reach a steady-state response upon 
removal of the M u h s  effect, which occurs after ap- 
proximately 10 cycles. 

The proposed model includes basic properties of the 
constituent materials. Thus, these basic mechanical 
properties are measured. Advanced Elastomer Systems 

Table 1 

provided neat iPP resin of 0.7 and 20 MFR as well as 
virgin EPDM samples of various cure states. The 
stress-strain behavior of the neat iPP is investigated 
using an Instron 1123. Samples are first compression 
molded at 210°C and 3.5 MPa of pressure for 20 min- 
utes. They are then water-cooled in the melt press. 
Tensile specimens are cut according to ASTM D638 
on a Tensile Kut router in a type IV geometry. The 
shear behavior of crosslinked virgin EPDM samples is 
examined using an ARES Rheometric Scientific rhe- 
ometer in a parallel-plate geometry. A frequency 
sweep is performed and shear storage modulus is 
measured. 

MODEL EVALUATION 
In order to evaluate the proposed microcellular 

model in terms of the steady-state deformational 
characteristics, it is first necessary to understand how 
the various compositional parameters influence this 
behavior. Figure 4a. 4b, and 4c show steady-state 
hysteresis loops as a function of iPP volume fraction, 
EPDM cure state, and iPP molecular weight, respec- 
tively. It should be noted that the offset in strains 
shown in Figs. 4a-4c is a consequence of the perma- 
nent set imposed while achieving the steady-state re- 
sponse (i.e., after removing the Mullen’s effect). It is 
evident from Fig. 4a that iPP volume fraction is the 
compositional parameter that influences hysteresis 
and strain hardening to the greatest degree. Figure 4b 
shows that as cure state increases, the amount of ir- 
reversible work increases slightly, as does the strain 
hardening response. Of the available compositions 
listed in Table 1, EHXL is the only composition with a 
low cure state. However, EHXL has poor fatigue life, 
and consequently, a steady-state response cannot be 
reached prior to failure. Note, however, that iPP mo- 
lecular weight has very little effect on the overall 
steady-state response (Flg. 4c). Therefore, its influ- 
ence on steady-state behavior is not incorporated into 
the proposed model. 

Table 2 lists the material properties of interest for 
the constituent materials. The stifhess and yield stress 
of neat iPP is independent of molecular weight within 
experimental error. It should be noted that the prop- 
erties listed in Table 2 are not in the presence of the 
processing oil. The shear moduli of crosslinked virgin 
EPDM samples all have similar values. Presumably, 
the shear modulus should be a function of cure state; 
however, this is not observed for the limited amount of 
sample provided. As a result, the constituent properties 

Sample EPDM I-PP Oil I-PP MFR Cure State 

PHXM 25% 50% 25% 0.7 Medium 
PLXM 25% 50% 25% 20 Medium 
EHXL 40% 20% 40% 0.7 Low 
EHXM 40% 20% 40% 0.7 Medium 
EHXH 40% 20% 40% 0.7 High 
E U H  40% 20% 40% 20 High 
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Fig. 4. Comparison of eqmhenM steady-state behavior with that predicted by the proposed microceUular model for PHXM. 
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Table 2. 

Constituent E, (MPa) u,(MPa) G' (MPa)' 

- 0.7 MFR iPP 192 36 
20 MFR iPP 170 36 
EPDM low cure - 
EPDM rned cure - 

- 
- 0.21 
- 0.15 
- 0.20 EPDM high cure - 

'Vdues at 1 Hz. 

used in the model simulations are as follows: E = 200 
ma, oY = 35 MPa, and G = 0.2 MPa and G = 0.25 for 
medium and hgh crosslinking densities, respectively. 
It has been shown that the paraffin oil has an equal 
affinity for the EPDM and amorphous iPP regions, and 
as such it is ignored when estimating iPP concentra- 
tion. Since volume fraction cannot be measured be- 
cause of the presence of the processing oil, concentra- 
tion values are estimated as C = 0.33 and C = 0.67 
for EPDM-rich and iPP-rich blends, respectively. The 
factor a determines the amount of constraint on the 
system and affects when plastic hinges form; in all 
cases an a value of 100 is used. 

Four experimental steady-state hysteresis loops for 
PHXM are shown in Fig. 5 as the open symbols. The 
solid curves are the predicted stress-strain response 
calculated from the microcellular model using S = 7. 

uim and Alan J.  Lesser 

A strut density of 7 corresponds to a non-cubic repre- 
sentative volume element. Three slopes are observed 
upon unloading and two upon reloading. The initial 
negative unloading slope is due to reversal of direction 
at the plastic hinge sites. The following positive un- 
loading slope occurs after the hinges have rotated 
back and now the iPP struts are unloading elastically. 
The next inflection point occurs when the iPP struts 
are placed in compression and there is competition 
between the compressive force on the struts and lat- 
eral expansion of the rubber phase. Some general ob- 
servations can be made regarding the modes of defor- 
mation by comparing the experimental stress-strain 
curves with those calculated from the microcellular 
model. The stiffness, critical stress, and permanent 
deformation are predicted reasonably well at low 
strains (A 4 1.7). In this regime, the irreversible work 
is also estimated reasonably well. However, at  high 
strains, the predicted stress-strain response is very 
different from that observed experimentally. Very little 
hysteresis and a higher degree of permanent deforma- 
tion are predicted. Overall, the strain hardening re- 
sponse in terms of the stress upon unloading is pre- 
dicted reasonably well; however, this trend is lost 
upon reloading. It appears that for an iPP-rich compo- 
sition the predicted response at large strain is more 
highly dominated by iPP strut deformation than is ob- 
served experimentally. As such, it can be deduced 

1 .o 1.5 2 .o 2.5 

Extension Ratio (mmfmm) 
Fig. 5. Comparison of experimental steady-state b e h i o r  with that predicted by the proposed microceuular model for EHXM. 
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that not all of the iPP is in the form of deformable 
struts. In fact, there may be a large amount of dead 
volume or regions of iPP merely undergoing a rigid 
body motion instead of inelastic deformation. 

Similar steady-state hysteresis loops for EHXM are 
shown in Fig. 6. The open symbols again represent 
data at four strain amplitudes. The solid curves are 
predictions calculated from the microcellular model 
with S = 14. A strut density of 14 represents a volume 
element close to a cubic structure, as S would equal 
12 for a true cubic structure as drawn in Fig. 3a For 
the EPDM-rich material, the predicted stress-strain 
response is much closer to that observed experimen- 
tally. The critical stress, permanent deformation, and 
stiffness are all approximated reasonably well at small 
and large strains. The experimental hysteresis loops 
exhibit two slopes. These slopes or stiffnesses are pre- 
dicted reasonably well. The model indicates that the 
higher stiffness is due to deformation of the P P  struts 
while the lower stiffness is due to deformation of the 
rubber domains. The strain hardening response in 
terms of the critical stress upon unloading is due to 
the deformation of the rubber domains, as EHXM ex- 
hibits a much higher degree of strain hardening than 
does PHXM. However, at all strains, the magnitude of 
irreversible work or hysteresis is not captured by the 
proposed model. Figure 7 shows the same type of 
analysis for EHXH. Again, the critical stress, perma- 
nent deformation, and stiffness are predicted reason- 
ably well while irreversible work is not captured. It is 
interesting to note that adjustments to the shear 

modulus (commensurately with an increase in cross- 
linking density) show very little difference in both the 
experimental and predicted responses. 

The proposed microcellular model can provide insight 
regarding the mode of deformation when the deforma- 
tion is dominated by the rubber phase. However, when 
the majority of the deformation occurs in the iPP struts, 
as in PHXM, the predicted stress-strain response be- 
comes very inaccurate at large deformation. In all cases 
the magnitude of irreversible work is not captured. The 
objective for developing an analytical model was enable 
predictions of deformation over a range of composi- 
tions. However, this is not achieved since the proposed 
microcellular model does not capture the response for 
PP-rich systems at large deformations. Consequently, 
this approach does not reveal how composition and 
morphology influence the deformation characteristics 
any more than do previous finite element studies. It ap- 
pears at high levels of iPP concentmtion that the model 
predicts too much deformation in the P P  struts and 
not enough deformation in the EPDM. This suggests 
that not all of the iPP deforms. It is possible that there 
is a considerable degree of dead volume or iPP that is 
simply undergoing rigid-body motion (similar with the 
findings of Boyce and coworkers). 

CONCLUSIONS 
A microcellular model qualitatively describes some 

aspects of the steady-state deformation of EPDM/iPP 
blends. The imposed deformation includes: elastic 
deformation of the rubber phase, elastic and plastic 

Fig. 6. Comparison of experimental steady-state behauior with that predicted by the proposed microcellular model for EHXH. 
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R g .  7. 

deformation of the iPP struts, and localized elastic and 
plastic rotation of the iPP junction points. The model 
predicts the critical stress, permanent deformation, 
and stiffness for EPDM-rich compositions at all 
strains tested and iPP-rich compositions only at small 
strains. The proposed model does not capture the 
amount of irreversible work at any level of deforma- 
tion or for any iPP concentration. The strut density 
appears to be related to iPP concentration: as iPP con- 
centration is doubled, the strut density must be re- 
duced by a factor of two in order to obtain agreement 
with experimental data. The proposed model results 
in an analytical solution that includes compositional 
information. However, it does not indicate how com- 
position and morphology influence deformational 
characteristics to any greater degree than previous fi- 
nite element studies. 

APPENDIX-MICROCELLULAR 
MODEL DERIVATION 

Three types of deformation are accounted for in the 
proposed model: elastic deformation of the EPDM, 
elastic and plastic deformation of the iPP struts, and 
localized elastic and plastic rotation at the strut junc- 
tion points through the formation of plastic hinges. 
Derivation of the microcellular model is based on the 
representative volume element (RVE) shown in Flg. 2a 
where t is the strut thickness, A is the strut length, 
and 28 is the angle at the junction of two iPP struts. 

For a microcellular geometry, the volume fraction of 
strut material (C) is directly proportional to the strut 
density (S) as well as the square of the thickness to 
length ratio given by EqAl (17). 

A two-dimensional uniaxial deformation is imposed on 
the RVE as shown in RLJ. 2b. The total force acting on 
the RVE is given by Eq A2, where urn is the far-field 
stress and is the cross-sectional area of the 
RVE center plane. 

F = ( r , f i X 2  (A21 
A free body diagram of one strut is shown in Fig. A l ,  
where F is the total force acting on the RVE, T is the 
shear force acting on the elastomer, M is the rota- 
tional moment about hinge sites, and F",, Fxz. and Fy 
are unknown reaction forces. Fy and F,, are deter- 
mined as in Eqs A 3  and A4, respectively. 

(A3) 
F T  

y 4 2  
EFy=O F = - - -  

The axial force acting on the strut at point A is given 
by Eq A5. 
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Fig. A l .  Ree body diagram ofa strut 

By combining Eqs A3, A4, and A5, the axial force act- 
ing on a strut becomes: 

The shear force on the elastomer is given by Eq A7, 
where G is the shear modulus of the EPDM, tan@ - 
y4) is the shear strain, and (1 - C)’/3 is the area 
fraction of elastomer. 

T = (1 - C)”/” A2 G tan(0 - 74) (A71 
An expression for the axial strain in a strut is given by 
Eq A8. 

By combining Eqs A2, A6, and A7 and substituting 
into Eq A8 an expression for the axial strain in a strut 
is given by Eq A9. 

The first term in Eq AS is due to deformation of iPP 
struts. The second term is due to shear deformation of 
the EPDM. The third term of Eq A9 is due to iPP plas- 
tic hinge rotation. The minus sign is used for loading 
and the plus sign is used for unloading. The rota- 
tional moment (M) will have two values: one corre- 
sponding to initial deformation that is within and 
elastic regime (Me) and one corresponding to high lev- 
els of deformation within the plastic regime (M,). Me is 
given by Eq A1 0, where u is the maximum stress in 
the strut due to elastic bending. 

1 Me = -U t 3  
6 

A constraint is imposed so that the curvature of the 
strut remains constant. The strut curvature is given 
byEqAl1. 

Upon substitution of Eq A10 into A1 1, the maximum 
stress in the strut due to elastic bending is deter- 
mined as Eq A1 2. 

u = -( E t  -)(9 - 74) 
2 X  

In the plastic regime deformation takes place through 
the formation of plastic hinges at the strut junction 
points. The plastic moment (M,) of a fully plastic 
hinge is given by Eq A1 3. 

1 M p  = - u ~  t 3  
4 

The normalized rotational moment (rn) is defined as 
M / t 3 .  me is found by substituting Eq A1 into A12 and 
combining with Eq A1 0. The elastic and plastic values 
of rn are given by Eq A1 4 where the first term corre- 
sponds to m, and the second corresponds to rn,. 

In Eq A14, a is a factor that defines the degree of con- 
straint on the struts and its value determines when 
plastic hinges form. 

Assuming the elastomer to be incompressible, a re- 
lationship between 0 and E can be determined as in 
J?q A1 5. Since there is no deformation in the third di- 
mension, this is derived by keeping the area constant. 

When Eqs  A9, A 1 4  and A15 are combined and re- 
arranged, an expression for the far-field stress can be 
written as in Eq A1 6, where the plus portion refers to 
the loading curve while the minus portion refers to 
the unloading curve. 
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G -(€I - y4) 2 4m( s)3’2Cos 8)  (A16) 

The corresponding uniaxial extension ratio (A) is given 
by Eq A1 7. 

A = dii (1 + &) sine 

At large deformations the iPP struts undergo plastic 
yielding. As a result, the deformation response of the 
RVE will be dependent on the strain history. As such 
it is necessary to calculate the imposed strain in rela- 
tion to the maximum previous strain. The new un- 
strained length of a drawn strut (A’,,) is given by Eq 
A1 8, where ef is the maximum previous strain and A, 
is its original length. 

A relationship between the new length of the drawn 
strut and its 0rigma.l length is given by Eq A1 9. 

A; + AA’ = A,(1 + 8) (A 19) 

The elastic strain ( E ’ )  in a newly drawn strut is then 
given by Eq A20. 

AA’ __ = &’ ., 
Ab 

By combining Eqs A18, A19. and A20. an expression 
for the elastic strain in a newly drawn strut in terms 
of the maximum previous strain and strut material 
properties is given by Eq A21. 

UY 
- + & - & f  E 

(A2 1) &’ = 
Us, 

l + e , - L  E 
The resulting stress-strain behavior of the RVE can 

be calculated using A9, A1 6, A1 7, and A21. This ana- 
lytical result describes the steady-state mechanical 
behavior in terms of iPP concentration (C) ,  basic con- 
stituent properties (E, uy. and G), and geometric pa- 
rameters (0 and a). Two critical conditions result from 
this type of analysis. The critical angle for plastic 
hinge formation occurs when rn, = rnp and is given by 
Eq A22. 

A critical angle also exists for the onset of strut yield- 
ing. This is derived by including the yield strain in Eq 
A1 6 and is given by Eq A23. 

/ \ 2  

Once the critical angle is reached, the iPP struts begin 
to plastically yield and draw as they orient in the di- 
rection of the applied load. This strut orientation cap- 
tures geometrical strain hardening to some degree. 
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