Reciprocal-Space Formulation and Prediction of Misfit
Accommodation in Rigid and Strained Epitaxial Systems
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Geometrical properties form a key aspect of any description of heteroepitaxial systems in which
orientation, symmetry, and lattice parameters differ. An energetically founded epitaxial criterion,
which is geometric in nature, for matching at a planar interface is derived from a generalization of
the Frank—van der Merwe theory and the rigid models introduced by Reiss and van der Merwe. The
criterion is most naturally formulated in reciprocal space as the matching of overgrowth and substrate
reciprocal lattice vectors and is visualized with a construction analogous to the Ewald construction.
Structure factors are introduced and account for rigid trandations and the nonprimitive nature of
substrate and overgrowth surface unit cells. This article focuses on the derivation of the epitaxial
criterion and its consequences as a basis of a description of epitaxial configurations, pseudomorphism,
and the parameters of dislocation or misfit vernier arrays, in terms of crystallographic conventions.
The strength of the description isits general nature, asit is general and applicable to any combination
of crystal symmetries or mismatch and can be used to predict, or interpret, interfacial structure.

[. INTRODUCTION

Intuitively, the geometries of crystal surfaces on either

APPLICATIONS of epitaxial systems range from met-
allurgical materialsto semiconductor electronics, optics, and
superconducting thin-film devices. Conseguently, there is a
need for an accessible, theoretically founded formulation
of fundamental aspects of epitaxy, particularly to simplify
prediction of possible epitaxial configurations in these real
and, hence, complex systems.

The development of theoretical descriptions of epitaxy
began with Frank and van der Merwe¥ who accounted
for the periodic nature of the crystals of differing lattice
parameters and introduced the concept of pseudomorphic
strain, misfit accommodation, and misfit dislocationsin one-
dimensiona systems. Since then, many models have been
developed from arange of perspectives, usually with models
applicable to interfaces with simple geometry: polyatomic
crystals have rarely been treated.

Generalization of existing theoriesto complex symmetries
and unit-cell structures has been hampered by the absence
of a framework within which the models and predictions
can be expressed consistently. There is aneed for a descrip-
tion that is general, insensitive to anisotropy of elastic prop-
erties, does not rely on simple symmetries, is applicable to
polyatomic systems of any size with least complication, and
whose results and predictions can be visualized in terms of
any preferred or current framework. The reciprocal-space
description given here is a strong candidate. While several
fundamental aspects of this formalism have been applied by
earlier authors, these are significantly extended here.
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side of a planar epitaxial interface can be described very
generaly in terms of surface-reciprocal lattices, and it may
be expected that an epitaxial criterion related to the matching
of rows of atoms on either side of the interface can be
conveniently expressed in terms of these. Here, we derive
such amatching criterion from energy considerations.!? The
interfacial energy is minimized in an epitaxial system
described with a general, but rigid and essentially atomistic,
model .34 The criterion is made particularly useable through
the introduction of a geometrical construction analogous to
the Ewald construction, common in crystallography.

Consequences of the criterion are discussed, including
prediction of ideal epitaxial configurations,® and thisarticle
introduces useful measures of interfacia misfit related to
both direct and reciprocal space. Misfit is accommodated in
several ways in rea systems: homogeneous strain to allow
exact matching of the interface structures (pseudomor-
phism), both one- or two-dimensionally; periodic relaxation
characteristic of arrays of misfit dislocations; or misfit ver-
nier. From the epitaxia criterion we derive a formulation
for misfit dislocation spacings, directions and Burgers vec-
tors, and process for the unique characterization of misfit
dislocation arraysin terms of their degree of edge and screw
character. A real system may be expected to show combina-
tions of these misfit accommodation mechanisms, and their
prediction is dealt with elsewhere, where the elastic proper-
ties of the systems are taken into account.

[I. THE MODEL

Several models yield expressions which approximate the
energy of an epitaxial bicrystal and have been used to predict
epitaxial orientations or interfacial structure by minimizing
the interaction energy (such asin References 1, 3, 5, and 6).

In the geometric limit, both components of the bicrystal
are treated as rigid, retain their bulk or homogeneously
deformed lattices, and are in contact at a single interfacial
plane. On either side of theinterface, each component crystal
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presents a crystal plane, with a set of translational and rota-
tional symmetries and two-dimensional periodicities. The
set of wave vectors that together form the surface-reciprocal
lattice for each crystal face conveniently describes these
periodicities. It is useful to refer to the component crystals
as substrate and overgrowth, respectively, in particular when
one crystal is extremely thick, whereas the other is only an
atomic layer or so in thickness.

Fletcher™ has calcul ated the energy for abicrystal system
by summing over all the pairwise interactionsin the bicrystal
whileassuming central potentialssuch asMorse or Lennard—
Jones. Novaco and McTaguel” developed a linear-response
lattice dynamic formulation based on Fletcher’'s model,
which was applied to this rigid limit. Van der Merwe®
considered an orientation-dependent contribution to the
energy in arigid overgrowth and substrate system by using
a truncated Fourier series to express the overgrowth atom-
substrate crystal interaction potential. We present here a
short development of an expression for such a bicrysta
energy, which is essentially a generalization of Van der
Merwe's approach.>® The central result obtainable from
these approaches is a necessary criterion for the occurrence
of an epitaxial orientation expressed in reciprocal space. It
is an energetically founded geometric criterion imposed by
the crystalline nature of epitaxial systemsand isindependent
of a particular atomic-force model.

The substrate surface may be described in terms of atwo-
dimensional Bravais lattice formed by the basis vectors a;
and a,, with lengths of a; and a,, respectively, and an angle
of « between them. An associated reciprocal set aj and
&, is uniquely defined by the condition & X & = 27,
where §; is the Kronecker delta, and by the requirement that
these vectors are all coplanar. The lengths a; and a, may be
expressed in terms of the bulk nearest-neighbor distance a,,
asa = Cy an, (i = 1, 2) so defining the scaling factors Cyy
and C,.

The interaction energy between individua interfacial
overgrowth atoms (adatoms) and the substrate surface is
assumed to be periodically dependent on the adatom position
(r) and is conveniently expressed as a Fourier series:

VXY) = 2 Vi = > Vg2t (1]
{q} hk=—o

with

r = xa; + yay, On = hat + kas

a X n n X a
a5 = 2772—, a5 = 27 ——L 2]
|a]_ X az| ‘al X az‘
. . ; X a
with unit normal, n=_ +_°2
la; X &y

where g is a lattice-translation vector of the substrate sur-
face-reciprocal lattice, hand k areintegers, and r isaposition
vector expressed interms of the substrate. The Fourier coeffi-
cients can be determined from extensive detailed first-princi-
ple calculations, or by using empirical or semiempirical
atomic potentials!®¥ Many-body calculations can lead to
values for these coefficients. These single atom—substrate
calculations are of interest in absorption and atom-surface
migration. Calculations have more recently been extended
to atoms belonging to an epilayer using many-body
interactions.[*9
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Fig. 1—Transformation parameters for bcc {110} overgrowth (small cir-
cles) on fcc {111} substrate (larger circles).

1. THE EPITAXIAL CRITERION

We extend therelation [1] to deal with anisland character-
ized by primitive interfacial unit cellsof (2M + 1) X (2N +
1) overgrowth lattice points (adatoms C) on a substrate (S)
with primitive unit cells (atoms A). This can easily be gener-
alized to crystalline-island overlayers involving this and
more complicated cases, as is done subsequently. In this
simple case, the overgrowth lattice sites are arranged as
2M + 1 rows of 2N + 1 points each and are generated by
displacing a single point by all the vectors in the set

rem = Mb; + nbo:m=-M,-M+1,..-101, ..M,

(3]
n=-N,-N+1,..-101 .. N

The vectors b, and b,, with lengths of by = C,ib,, (i =
1, 2) and an angle of B between them, form the set of basis
vectors of the Bravais lattice of the overgrowth surface; the
coplanar vectors, b} and b}, define the overgrowth surface-
reciprocal lattice with by X b = 278;. The relationship
between the substrate and overgrowth unit cells, for an exam-
ple system of a bce(110) overgrowth on an fee(111) sub-
strate, are shown in Figure 1.

The tota interaction energy for the island is obtained by
summing the adatom interaction energy over al the atoms
(hence, al m and n terms) in the overgrowth island, which
yields a geometric series and, after some simplification, is
expressed as

V= hEK th(sin m(2M + Dp  sin 7(2N + 1)q> (4]
, hk

sin 7p sin 7q
where p and q are functions of h and k, given by the
expressions
p(h, K) = hryiCy + krizSy, q(h, K) = hrySys + KrasCys
[5a]

Here, 6 is the angle between b, and a, and determines the
relative orientations of the overgrowth and substrate unit
cells. The ratios
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b Cy b ..
aj Caj Ann

define the dimensional relationship between the overgrowth
and substrate lattices in terms of the parameter r, the ratio
of nearest-neighbor distancesin the respectivelattices, which
identifies most readily with the atomic-size ratio introduced
by Bruce and Jaeger.*Y) Other transformation parametersin
Eq. [5a] are

C:Sin(a—ﬁ) S:Sin0
0 sin o ’" sna
: . [5¢c]
s _sn(a—-pB—-10) _sin(B+ 0)
6 sina ' sin a

Implicit to the derivation of Eq. [4] is the assumption that
atoms in the overlayer interact independently with the sub-
strate, so that thetotal may be obtained by simple summation.
An equally important assumption is that the atomic interac-
tion across the interface is of rather short range and involves
the atoms adjacent to the interface only.

Direct calculation of the transformation between the b,
and b, and a; and a, systems (by expressing these vectors
in terms of a common Cartesian coordinate system, and
solving for p and ) shows that p(h, k) and g(h, k) in Egs.
[4] and [5] are the coordinates of the substrate wave vector
grk = ha* + kay*, expressed in the overgrowth reciprocal
lattice as g = p(h, k) by* + q(h, k) b,*. The energy in
Eq. [4] peaks sharply when p and q are integers. When this
necessary condition is met, the interfacial energy is sharply
minimized. Consequently, the translation vector of the sub-
strate reciprocal lattice gy, must coincide with a translation
vector of theovergrowth reciprocal lattice, g™. The condition

i.e, g = hal + ka3 = pbj + gb> = g™
[6]

isanecessary condition for an ideal epitaxial configuration,
which is defined as the orientation and associated lattice
parameters at which the interfacial misfit energy is mini-
mized for arigid system, asintroduced by van der Merwe.?
Note that the essence of the rigidity condition is that the
overlayer atomic positions in Eq. [3] form a regular grid.
This also includes a homogeneously deformed lattice (epi-
layer). At equilibrium, systems with ideal |attice parameters
will be found in the orientation yielding the least interfacial
energy. Thisnecessary condition for interfacial-energy mini-
mization has previously been obtained from a different
energy mode! by Fletcher.l®

As discussed subsequently, the condition [6] is equivalent
to a criterion that epitaxy occurs when sets of lattice rows
in the overgrowth and substrate are parallel and have equal
spacing in the interface. Atomic rows, as opposed to lattice
rows, are governed by the reciprocal-lattice criterion if the
reciprocal lattice is appropriately modified by the inclusion
of structure factors to account for nonprimitive unit cells
and tranglations. Only reciprocal lattice translation vectors,
which do not cause the combined structure factorsto vanish,
are relevant.

an = gP4,
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V. GEOMETRIC CONSEQUENCES OF THE
EPITAXIAL CRITERION

A. Matching of Lattice Rows

Discussion of theideal epitaxial condition and its geomet-
ric criterion is simplified with a system of indices for direc-
tions and lattice rows in the surface lattice, consistent with
Miller indicesin crystallography. These indices may be asso-
ciated with directions and spacings of families of rows of
lattice points. Just as reciprocal lattice vectors of a three-
dimensional lattice act aswave-propagation vectorsof plane-
wave fronts which coincide with lattice planes, so in two
dimensions reciprocal lattice vectors propagate line fronts
that coincide with rows of lattice points. The spacing of these
lattice rows is given by the wavelengths of the propagation
vectors, while the components of the reciprocal |attice vector
provide Miller indices for the lattice rows. In particular, the
reciprocal lattice vector qn = ha,* + kay* (denoted here
by [h K]*) defines a family of direct lattice rows that may
be indexed as (h k), and the vector gy is perpendicular to
these rows. The reciprocals of the indices give the intercepts
of the first lattice row of the family aong the a; and a,
vectors, and integer multiples give the intercepts of the oth-
ers. A specific direction in direct space paralel to xa; +
ya, is written as [x y]. The spacing of the rows propagated
by [h K]* is given by

Jand [7
=27+ JhPay - af + 2hkat x a + K%} x &}

In analogy to the zone law of crystallography, it is always
true that

hat + kat = [nK* L [kh] =ka, — ha,  [§]

where the overbar indicates a negative index. Lattice rows,
indexed as (h k), lie parallel to the direct lattice direction
[k h].

Consequences of the coincidence of a pair of overgrowth
and substrate reciprocal lattice vectorsincludethefollowing.

(1) If the wave vectors are parallel, then so are the lattice
rows they propagate. When crystals are aligned in ideal
epitaxial orientation, lattice rows of substrate and over-
growth are aligned in a parallel orientation.

(2) The aligned lattice rows have the same spacing in a
direction perpendicular to the lattice rows. Since gy =
g9, it follows that Ap, = APY where

_ 27
|aP| (9]
= 27 + JpPy X bt + 2pgb% X by + o?bk - b}
This is analogous to the Bragg condition of crystal-
lography.
(3) The spacing of atoms along the rows is not matched by
this single criterion. Matching a second spacing aso
produces full two-dimensional coherency.

L

B. Construction

The matching criterion of Eq. [6] is analogous to the
von Laue condition of diffraction theory™™ and leads to a
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Fig. 2—The “Ewald circle” corresponding to the substrate wave vector
[10]*. Both overgrowth reciprocal lattice vectors [2 O]* and [1 1]* lie
close to the circle. Note also that although the unit cell of the bec(110)
surface was rectangular, the effect of the central point has been to remove
some reciprocal lattice points, illustrating the effect of the structure factor.

geometrical realization similar to the Ewald construction,
as illustrated in Figure 2. This simplifies the qudlitative
discussions of epitaxy of real crystals and simultaneously
provides a visualization and a tool for quantitative predic-
tions of epitaxial orientations.

The stepsin the construction may be described asfollows.

(1) Choose the substrate lattice row which is to be matched
with the overgrowth. Express its direction as the sub-
strate direct lattice direction [k h]. Plot g = [h K]* toa
suitable scalein the substrate reciprocal lattice. Substrate
structure factors, to be considered subsequently, may,
depending on their sign and magnitude, respectively,
nullify the given vector gy, or reduce the epitaxial
potency associated with it. This must be taken into
account.

(2) Draw a circle, centered at the origin, through the end
of gne. This circle forms the locus of the endpoint of
gnk When this vector is rotated through 360 deg.

(3) Plot the overgrowth reciprocal lattice to the same scale
and in any suitable orientation, but with the origin at
the start of the vector qy. (Again, take account of struc-
ture factors.)

Any overgrowth reciprocal lattice point g that lies on
this circle will describe an overgrowth reciprocal lattice
translation vector, equal in length to g, and, hence, yields
the p and g values which satisfy the epitaxial criterion of
Eq. [6]. In addition, when the overgrowth lattice is rotated
so that a lattice point g lying on the circle coincides with
Ok, the overgrowth and substrate atomic rows with the same
spacings in both lattices that are perpendicular to g* and
gne Will be paralel. The overgrowth and substrate will be
in an ideal epitaxial orientation.

The angle between the vectors g° and gy givesthe angle
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through which the overgrowth needs to rotate in relation to
the substrate to achieve epitaxy. This angle, 6z, is given by

Qne X g™
[sjtelal

The vector cross product g™ X gy defines the sense of the
rotation. The nearest-neighbor ratio that allows a particular
pair of vectors to match in length can be calculated from
the condition Ay = APY, when the parameters C,; and Cy»
and the unit-cell angle B are unchanged.

The pair of values 6z and r (Eq. [5b]) associated with a
given pair of surface structures, together with a choice of
the orientation for which # = 0, allowsideal epitaxial config-
urations to be specified uniquely for a given pair of interfa-
cia planes. Such a convention was used by Bruce and
Jaeger™ and van der Merwe.

To expressthe epitaxial configuration asparallel crystallo-
graphic directions, the lattice row directions must be written
in terms of the (three-dimensional) crystallographic indices
of the surface unit-cell vectors: if the unit-cell vectors are
givenasa, = [uvw] and a, = [U V W]J;, respectively, the
reciprocal lattice vector [h K]* (itself perpendicular to [k h])
relatesto the row of atomswhich liesparallel to thedirection
ka; — ha, = [ku-hU kv-hV kw-hW]. Similarly, the matched
overgrowth reciprocal lattice vector provides the crystallo-
graphic indices of the matched direction and the index of
the row of lattice points whose spacing is matched with the
substrate, but along which lattice points are not necessar-
ily matched.

As an example, consider the bce(110) surface and its
epitaxy with an fcc(111) surface, as in Figure 1. Surface
unit-cell basisvectorsarea, = 1/2[110] anda, = 1/2[0 1 1]
for the fcc substrate and b, = [1 1 0] and b, = [00 1] for
the bce overgrowth, respectively. For perfect matching in
the well-known Nishiyama—\Wassermann orientation, the
overgrowth reciprocal lattice vector [2 O]* coincides with
the substrate reciprocal lattice vector [1 O]*. In surface coor-
dinates, the lattice row, whose spacing is matched is then
perpendicular to the respective surface reciprocal |attice vec-
tors, is [0 2] and [0 1] for the overgrowth and substrate,
respectively. Hence, the crystallographic directions of the
overgrowth and substrate, which are parallel, are [0 0 1] and
[0 1 1], respectively. Lattice positions along these directions
are not matched, but the spacing of rowsin the perpendicular
(overgrowth 1/2[1 1 0] and substrate 1/4[2 1 1]) directions
are equal.

cos (6r) = [10]

V. MISFIT AND MISFIT ACCOMMODATION

A. Measures of Misfit

Misfit between two crystalswith identical structure, meet-
ing at the same crystallographic plane but differing only in
an overall scale factor, may intuitively be expressed by a
single ratio of lattice parameters. This simple description
breaks down when surface symmetries and orientations dif-
fer. The row-matching criterion (Eq. [6]) provides a general
framework for defining misfit of general interfaces.

Two classes of misfit can beidentified. These are orienta-
tional misfit and dimensional misfit (general misfit contains
aspects of both). The orientational misfit is given by the
angle between nearly coinciding reciprocal lattice vectors
as 6, defined by Eq. [10].
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Measures for the dimensional misfit have been introduced
by several authors and are convenient under specific condi-
tions. Consider the following three expressions for misfit,
where A, and A, are the substrate and overgrowth lattice
spacings, respectively.

f_)‘a_/\b_ f_)‘a_/\b_ foo= Aa — Ap
a_/\—u b — 2 ) ab_l—
? ° E(Aa"'/\b)
[11]

The first was introduced by Frank and van der MerwelY
and applies when the substrate is considerably thicker than
the overgrowth and is approximately rigid while the misfit
is referred to the substrate lattice spacing, A, = A (EQ.
[7]), while A, = AP (EQ. [9]) is the overgrowth spacing.
The second was used by Matthews*® and applies most con-
veniently when the overgrowth strains to partially match the
substrate, and the misfit calculated by this expression has
thesame senseasstrain when related to theinitial overgrowth
lattice spacing. The third averages the lattice spacings and
was used by van der Merwel™ and Jesser and Kuhlmann-
Wilsdorfl*®! to describe systems in which overgrowth and
substrate both strain. While the first and third definitions
are actually the negatives of those of the original authors,
they are preferred here for the convenience of having the
same sense for misfit and strain. Besides the functional
advantages of particular definitions of dimensional misfit,
each expression is related to a particular choice of Burgers
vector. The Burgers vector expresses directly the closure
failure (per misfit dislocation) associated with a dislocation
array that may accommodate the misfit. These aspects are
discussed subsequently.

B. Misfit Accommodation by Homogeneous Strain in
One and Two Dimensions

If rows of atoms nearly match in orientation and spacing
(the corresponding reciproca lattice vectors nearly coin-
cide), the overgrowth (with the substrate treated as rigid)
may be expected to deform to reduce mismatch if the energy
cost due to strain is less than the energy gained when the
register is improved.

If the shape of the minimum in the energy function (Eq.
[4]) is a very narrow well, then the overgrowth effectively
distorts until exact matching is achieved, while for a wide
well, the energy will be minimized without exact matching.
The overgrowth structure deforms homogeneously toward
adopting the substrate | attice spacing. The term pseudomor-
phism has been adopted if matching has been achieved, and
the strain associated with the deformation has been termed
misfit strain.

Matching may involve a single direction in the crystal in
which the overgrowth strains to match the spacing of a
family of rows, while the lattice spacing along the rows
remains mismatched (one-dimensional pseudomorphism).
Alternatively, matching may be achieved in al directions
(two-dimensional pseudomorphism). Thismay include coin-
cidence matching in the sense of Frank or O-lattice matching
in the sense of Bollmann,[*®! where some lattice rows may
be skipped in the overgrowth or the substrate.

The strains necessary to achieve matching may be calcu-
lated directly from the condition for ideal epitaxy (Eq. [6]),
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while predictions of strainsin perpendicular (free) directions
and associated energy densities may be calculated within
the assumptions of elasticity theory.[>"18 This requires esti-
mates of elastic constants for the overgrowth region, and
even if they are somewhat uncertain for very thin over-
growths, the energy density does provide a measure of the
likelihood that a particular configuration will be observed:
the greater the deformation energy, the less the likelihood
that the configuration will be observed. Elastic constants
must be transformed to a coordinate system suitable for the
overgrowth as a two-dimensional system, and plane-stress
boundary conditions must be enforced to account for the
free surface parallel to theinterfacial planetoyield asuitable
expression for the energy density in terms of two-dimen-
siona strains:

1
&= > (Dygef + D228§ + Da3Y4) + Diexey + Dissxhy

[12]
+ D238y’)/xy

where the D terms are appropriately transformed, two-
dimensional elastic constants. It is sufficient to point out
here that, where the intention is to calculate the spacing,
orientation, and character of arrays of misfit dislocations
which accommodate residual strain, the strained lattice
parameters can be substituted into expressions [1] through

[4].

C. Misfit Didlocations and Misfit Vernier

The third misfit accommodation mode, besides simple
rotation and homogeneous strain, occurs when the energy
associated with misfit strain exceeds that to be gained by
exact matching. Local relaxation will occur if possible, but
overall lattice periodicities will not be the same in over-
growth, and substrate and reciprocal wave vectors will not
coincide. Local relaxation does imply aternate regions of
good and poor matching. This pattern is associated with
misfit dislocations if the regions of fit are larger than those
of the mismatch. “Misfit Vernier” is the term used by van
der Merwel® to characterize the pattern that occurs if the
regions of good and bad fit are of nearly equal size with
essentially no relaxation. In both cases, these patterns repeat,
and the period isknown as the dislocation spacing or vernier
period, as appropriate. The period can be calculated by
exploiting the anal ogy between misfit dislocation arraysaris-
ing from the growth of crystalswith different lattice spacings
and the superposition of two waves of different wavelengths
to produce beats. Similar geometric considerations have
shown these associations with Moiré patterns both in direct
space, as observed by Bollmann,*® and in reciprocal space,
as observed by Jesser.[*]

From the superimposed wave analogy, the beat wave vec-
tor is given by the difference of the wave vectors (Figure 3):

89 =0p — Ga [13]
where q, and g, are nearby wave vectors from the over-
growth and substrate, respectively. The wave vector 6q

determines the spacing of the beats, or dislocations, and
their orientation. The spacing (similar to Eq. [7]) is
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Misfit Dislocations in Reciprocal Space

a) Edge b) Screw

c) Mixed

$@g+ap)=a,\

Fig. 3—(a) through (c) Characteristics of misfit dislocations, which can
be determined from the reciprocal lattice. Note how the reference Burgers
vector B, and the dislocation line sense vector Z determine the character
of the misfit dislocation array uniquely. These are obtained from the vectors
g, and &q, where B, || q,, while Z 1 &q.

A = ﬁ _ 27 _ 27
°loq  Joqax 89 (Ga— do) X (G2 — qb)14
Ak [14]

/A2 + A2 — 2)a COS bR

while dislocation lines are parallel to the wave front propa-
gated by the wave vectors. Applying Eqg. [8], the lines of
coinciding phases (the wave fronts) lie along direct-space
lattice directions given by Z = [80q,, 60,], which gives the
line sense of the dislocation and may be expressed in sub-
strate or overgrowth coordinates. The dislocation linesthem-
selves intersect the basis vectors at integer multiples
1/(60)4,a1 and 1/(60)4,a, in the substrate coordinates, where
the substrate reciprocal lattice coordinates of the vector 6q
are used. Similarly, overgrowth coordinates provide the
intercepts in the overgrowth lattice.

Misfit dislocations and misfit vernier share the property
that the superimposed lattices are in exact phases repeatedly
after a constant distance of Ap = (A, — A) t = PA, =
(P + 12)A, = (P — L2)A, (P is an integer when the ratio
between A, and A, is rational) from which it follows that
VA = V2(UAr, + U\ and that the misfit fy, = /P, This
is generalized to two dimensions by introducing a reference
lattice (or, continuing the beat analogy, the wavelength of
the superimposed wave) as

4 = 5 (6 + 62 [15]

The Burgers vector can be expressed in terms of the
reference lattice g, or in terms of g, or gy as

a
|ai| ’

Definitions of the Burgers vector in terms of overgrowth or
substrate lattice spacings have the convenient feature that
crystallographic directions may be associated with them.
The reference lattice definition has the useful characteristic
that it expresses the character of the misfit dislocation
directly and that the symmetrical measure of dimensional
misfit, f,,, is directly related to it.

Bi = A withi = a, b, orr [16]
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Referring to Figure 3, when |q,| = |qs|, thereisno dimen-
sional difference between the lattices, but only an orienta-
tional difference. Here, g, L 69, and apure screw dislocation
array is described, with the Burgers vector parallel to the
dislocation line, in correspondence with the properties of a
general dislocation and misfit dislocation theory.[14151° The
other extreme occurs when ¢y, | g, with no orientational
difference, but only dimensional misfit. This producesapure
edge misfit dislocation with the Burgersvector perpendicul ar
to the dislocation line. Characterization of the screw and
edge character of the misfit dislocations is a property of
the Burgers vector B,, based on the reference lattice only,
together with the sense of the dislocation array, Z, given by
the difference vector.[?]

A convenient approach may be to describe dislocation
orientations and Burgers vectors crystallographically in
whichever system (overgrowth or substrate) is preferred, but
to determine the analytically important properties, such as
the fraction of edge or screw character, from the reference
lattice. Table | summarizes several of the important
parameters.

Variations which can be considered include dislocation
interactionswhose Burgersvectors of arrayswith equal spac-
ing can be added to produce other, equivalent arrays or
distended rows of misfit.

VI. STRUCTURE FACTORS

Theforegoing considerations on ideal epitaxial configura-
tions and their reciprocal lattice description and construction
aregeneralized toincludeisland displacementsand nonprim-
itive overlayer and substrate surface unit cells.

A. Substrate Sructure Factors of Nonprimitive (Atomic
Stes A and B) Substrate Surface Unit Cells

Consider a primitive overgrowth island, formed of C
atoms in position r, while the substrate has atomic sites (or
atoms) of two kinds, A at the origin and B in position r,
as measured in the surface plane. The overgrowth atom C
isin aposition of r — r, with respect to B. The interaction
energy of C with respect to the pairs A and B is accordingly
given by (V = V©), from Eq. [1]:

[17]

it +
V(X y) = 2 V| €270xk) V_hk g2m(hx—x)+k(y=y+))
hk=—o \Y/™
= E Vi Fryg 2tk
hk=—x
One can introduce the following definitions:
—i2m(h Vi
Fre = 1+ wpe 270 tlos) gy = —
Vi

Fw = Ffk — iIFfk = 1 + @y, COS 27T(hk+ + kY+) [18]
- iwhk sin 27T(hX+ + ky+)

to derive compact expressions for the potential given in Eq.
[17] as well as real and imaginary parts which correspond
to interactions described by cosine and sine functions,
respectively. (The interaction potentials for the cosine and
sineseriesareassumed to havereal coefficientsintheexpres-
sions given in Eq. [19].)
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Tablel. Summary of Misfit Dislocation Descriptors Obtainable from the Reciprocal Lattice

Absolute Misfit Dislocation Spacing

Reference Lattice

27 /\a)‘b

22

69 =0y — Ga = [601, 5G]*  Ap

“Joq] ~ JAZ + A2 — 22,4 COS 6)

1 .
== + with A, =
G =50+ d) " JAZ T A + 2.A COS bk

Line Sense Vector Burgers Vectors

Character

Z =[50, 5G] N

, withi =a, b, orr
|ai|

Pure screw: g, L 6q

Pure edge: q || 69
Screw fraction = cos?y, where v is the angle between B,
and the line sense vector, Z

VX, y) = hk;_ Viu(F & cos 277(hx + ky)

+ Fpc sin 27 (hx + ky))
> [19]
VS(x, y) = hgﬂc Vi(F & sin 277(hx + ky)

— Fpk cos 27 (hx + ky))

The extension to more than one additional featureis straight-
forward and has more terms in each of the structure factors
defined in Eq. [18], without changing the essential form of
Egs. [17] and [19].

B. Overgrowth Sructure Factors of Island Sze

In this section, the inclusion of structure factors due to
the overgrowth island is developed. As afirst step, consider
an asymmetrical island which is constructed from atoms at
overgrowth lattice points defined by all the vectorsin the set:

I = Mby + nby:
m=-M,-M+1,..-101 ..M -1, M’ [20]
n=-N,-N+1,..-1,01 ..N —1 N’

(Here M’, M, N', and N are not necessarily equal.)
Summing individual interaction terms of the exponential
form given by Eq. [1] leads directly to

v=> vhthk<é”<M'—M> X @mN=Na
hk [21]

><sirMT(M+M’~|—1)p><sin7r(N+N’~|—1)q
sinmp sinmq i

Theleading exponential expressionsbecome 1 for asymmet-
rical lattice with M = M’" and N = N'. The quotients in
the sine functions, as well as the leading exponentials, are
responsible for island-size effects in the misfit energies. The
delta function—like behavior of the quotients again leads
directly to the ideal epitaxial configurations, as obtained
earlier.

C. Structure Factor Expressing Trandation of the
Overgrowth Island

If the origin of the overgrowthisland undergoes adisplace-
ment of X,a; + Yoa, from the origin of the substrate surface
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lattice, the mth and nth lattice points in the overgrowth are
given as mby; + nbs, + Xpa; + Yea. It is seen that the
trangdation term is common to all overgrowth lattice points,
and, correspondingly, acts as a common multiplier of the
quotient functions in Eq. [17] and produces a further set of
structure factors:

9, = @2nlhotky) = Feo + jF
Ffr = cos 27r(hx, + ky,) [22]
i = sin 27r(hx, + kyo)

Expression [21] now becomes

V= E ViuFrdF ﬁk<é”(M'—M)p X eiﬂ(N'—N)q
. [23]

% sinz(M + M’ + 1)p % sinz(N + N’ + 1)q
sinzp sinmq b

D. Nonprimitive Overgrowth Unit Cells

Nonprimitive unit cells are characterized by the presence
of more than one atom in aunit cell, or more than one lattice
point in a unit cell. These are at positions displaced from
overgrowth lattice positions. We derive the effect of this
displacement by considering an atom displaced from alattice
site by x*b; + y*h,. If the total interaction energy of these
displaced atoms is considered, every m term is shifted by
X" and every n term by y*. This appears again in every
exponent and can be taken out as common structure factor.
In the simplest case, the essential symmetry of the substrate
potential is retained, but may be subject to amultiplier, such
as k. Atoms at lattice positions do not contain this term,
and a two-atom unit cell thus produces an unaltered energy
expression, plus a second expression in which each Fourier
term is multiplied by « and a displacement factor. As the
displacement is expressed in terms of the basis vectors of
the overgrowth, the displacement term is most compactly
expressed in terms of the pair p, . Overgrowth structure
factors may then be defined as

FPa=1+ F% =1+ x> ) = Fpa 4 jFp
FR=1+FX =1+ kcos27(px* + qy*) [24]
F = FY = ksin27(px* + qy*)

These structure factors are readily generalized to a basis
of more than one atom by including more terms in each
expression.
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E. Most General Sructure Factors

The general expressionsfor the misfit energy of amultisite
substrate, displaced, asymmetric, multiatom overgrowth is,
finally, given by
V = SV FrF R Pag 7 —Mp 5 gn(N =Ny

e [25]

% sin 7(M + M’ +1)p><sin7r(N+N’ + 1)q

sin 7p sin 7q e

where the real part of the expression refers to interactions
defined in terms of cosines only, and the imaginary part
refers to interactions in terms of sines only (V¢ and V* of
Eq. [19] respectively).

The combined structure factors may be shown to be

(FRFR + FRFR(FEFIN — PRI

[264]
— (FRFR% — FRFRFEFN + FEIF)
for the real part, and
(FRFRR — FRFR(FEFEN — FRIFSN) [26b)]
+ (FRFR + FRERFEFSN + FRIFSN)
for the imaginary part, with
FWN=cos 7(M" — M)p + (N’ — N)g) and
[26c]

FUWN = gin 77(M" — M)p + (N' — N)q)

The structure factors due to the nonprimitive nature of the
unit cells, namely, Fy, and FP9, will be zero for many combi-
nations of theintegers h,k and p,q and, thus, remove recipro-
cal lattice points from the substrate and overgrowth
reciprocal lattices, respectively. Added atoms reduce the
possible epitaxial-matching configurations otherwise pre-
dicted from consideration of the lattices alone. The transla-
tion structure factor F{ determines the phase of the
overgrowth with regard to the substrate. A bad choice may
put the overgrowth and substrate into direct opposition rather
than coincidence and is characteristic of arigid model. (This
is significant when misfit dislocations are not allowed.)

In practice, when h,k and p,q are integers (as happens in
ideal epitaxial configurations), the structure factors can be
precalculated, only therelevant Vy,, terms need to be retained
in the interaction potential, and some complexity can be
removed from analytical descriptions of even complex struc-
tural pairs. In all cases, the role of the sine quotients in p
and g, which lead to matching of rows of atoms in ideal
epitaxia configurations, remains critically important.

VIl. PREDICTION OF INTERFACIAL
CHARACTER

Exact prediction of the final interfacial structure would
require a calculation that includes details of both the dynam-
ics of growth and detailed knowledge of interatomic many-
body interactions, or, within simplified models, knowledge
of elastic constants of the systems and the active Fourier
coefficients of the interaction potential (Eg. [1]). However,
several qualitative considerations can be applied with the
geometric considerations which are a consequence of the
epitaxia criterion (Eq. [6]) to identify (and rank) strong
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candidates for epitaxial configurations for particular pairs
of overgrowth and substrate.

These qualitative considerations can provideapreliminary
ordering of candidate ideal epitaxial orientationsinto a hier-
archy.? The ability to predict interfacial character can be
improved somewhat if some broad quantitative considera-
tions are added into the calculations. For example, elastic-
energy densities (Eq. [12]) for the one- and two-dimensional
pseudomorphic fit modes arising from the predicted ideal
epitaxial configurations can be cal culated; misfit dislocation
strain energies can be estimated from well-known expres-
sions, such asthose of van der Merwel>*® and Matthews;!*®!
and structure factors (including size effects) can be
precal culated.

The total interfacial energy given by (Eq. [5]) shows
strong minima at ideal epitaxia configurations. This energy
reduction provides the driving force to both orient and
deform the unit cells on either side of the interface. While
wave vectors match in reciprocal space and produce a peri-
odic structure in direct space, matching of a particular pair
of wave vectors also produces matching with multiples of
these vectors—there is also a periodic structure produced
in reciprocal space. The misfit-energy reduction is produced
not only with the low-order Fourier coefficient, but also to
an infinite number of higher-order terms. The higher the
fraction of all possible vectors that are matched, the greater
the energy reduction. Therefore, the density (in reciprocal
space) of matched vectors is a qualitative parameter for
prediction of good epitaxial candidates.

The misfit energy reduction is directly proportional to the
Fourier coefficient V. Stoop has shown that these Fourier
coefficients decrease approximately exponentially with
order of the Fourier term. The order has been defined as
Ih| + |k| by Stoop,®?2 which is more specifically expressed
by the length (in reciprocal space) of wave vectors. It follows
that the shorter the wave vectors which are matched, the
more likely it is that the epitaxia orientation will be
observed. It is true, though, that the criterion has to be
applied with due caution, as Fourier coefficients of the same
order may differ appreciably in magnitude and may even
differ in sign.[%! The shortest wave vectors provide the long-
est range of order, and, hence, ideal epitaxia configurations
can be ordered by the length of reciprocal wave vectors,
or order.

Pseudomorphism is predicted for many epitaxia pairsand
is a well-known concept since Frank and van der Merwe's
articles of 1949.14 The strain energy associated with the
deformation of the overgrowth to matching the substrate
must be obtained from the reduction of the misfit energy
from the mismatched case. The smaller this energy, the
greater the chance of the epitaxial configuration being real-
ized in practice. The elastic-strain-energy densities (Eq.
[12]) can be used to rank possible pseudomorphic configura-
tions: the higher the strain-energy density, the less likely is
the configuration to occur.

Polyatomic systems include atoms that exhibit varying
bonding to the substrate (as expressed through the parameter
k), or one might include bonding sites of varying strength
in the substrate potential, for example, to model stacking-
fault energies (the parameter w). These are included in the
structure factors of Egs. [18] and [24]. The smaller or more
negative the structure factors (Eq. [26]) the less likely isthe
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configuration, although it is to be noted that the effects of
trandation (Eq. [22]) of the unit cell must aso be fully
examined, as appropriate translations may change the sign
of the interaction term.

Finally, size effects must be considered within the context
of the growth mechanism and history. When the islands are
small, two effects on the misfit-energy function are evident.
First, the quotients of sinesin Eq. [5] are not sharp, and the
growing island can conceivably orient and strain to match
the substrate with a less sharply defined orientation than
would apply to a large island. Second, the sine quotients
themselves show secondary minima that, although shal-
lower, may orient the growing overgrowth island toward
them.l¥! Linked to the size effect is the effect of higher-order
terms in the Fourier expansion (long-wave vectors). The
higher the order of the wave vectors, the greater the number
of candidate configurations (now properly described as coin-
cidence configurations) which are close to one another. The
minima of severa of these configurations may indeed over-
lap whileislands are small, leading to arange of orientations
within which the island may grow during its early stages.

The bece(110)/fec(111) interface provides an example of
effects which may be ascribed to growth history. Two well-
described configurations are close to one another, known
as the Nishiyama—Wassermann and the Kurdjumov—Sachs
configurations. Calculationsfrom reciprocal space show that
if anisland isoriginaly in two-dimensional coherence, it is
strained to match the reciprocal pairs associated with both
configurations. However, once the island gets too large to
match both (the strain energy being too high), a rotation of
5.26 deg is needed to retain a match with the Kurdjumov—
Sachs pair, while perfect orientation with the Nishiyama—
Wassermann configuration is achievable without rotation.
Gaigher and van der Bergi?! have reported observations on
substances which fall between the ideal lattice parameters
for the Kurdjumov—Sachs and the Nishiyama—\Wassermann
configurations. They show that orientations found lie in a
small range of 2 deg around the former orientation, while
the Nishiyama—Wassermann configurationisusually sharply
defined. This range may be ascribed to growth history if the
small island assumes near-pseudomorphism in early stages,
then ceases to match with one of the vector pairs as the
energy minimum becomes more sharply defined with larger
island size. Any impediment to rotation would mean that
the island is discovered away from an exact orienta
tion. Also, the Fourier coefficients responsible for the
Kurdjumov—Sachs orientation have larger magnitudes than
the two coefficients—one of which is positive—responsible
for the Nishiyama—Wassermann orientation. Consequently,
the range of misfit within which the coefficients for the
Nishiyama—\Wassermann orientation is effective is nar-
rowed, and narrows down faster with increasing thickness,
than that generating the Kurdjumov—Sachs orientation.[?)
Thequalitativecriteriaallow ahierarchy of possible epitaxial
configurations to be established, which alows some predic-
tion of likely candidates.

In addition to providing a basis for the prediction of
candidates for epitaxial configurations, the reciprocal space
considerations provide atool for theanalysis of experimental
observations. If, for example, a system is known to have a
particular (strained) lattice parameter, this may be used to
calculate the reciprocal spaces of the overgrowth, and the
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residual misfits can be determined by identifying and exam-
ining reciprocal |attice points which arein near-match condi-
tions. These provide the parameters of expected misfit
dislocation arrays (TableI), against which the actual interfa-
cia structure can be evaluated.

VIIl. CONCLUSIONS

Thereciprocal-space condition gP = g, which expresses
row matching as a necessary condition for exact epitaxial
matching, has produced a powerful technique for analyzing
epitaxial systems. Although it expresses a geometric rela
tionship, it is obtained from energy considerations. When
these vectors do not coincide, their difference can be used
to caculate the orientational and dimensional misfits, the
misfit strain and misfit dislocation structures including
Burgers vectors, the spacings and orientation of dislocation
arrays, and the edge and screw character in any given inter-
face within a single formulation.

General considerations lead to a qualitative hierarchy of
ideal epitaxial configurations which can be ordered by the
density of matched reciprocal lattice points, length of
matched wave vectors, elastic strain energy densities, struc-
ture factors, size effects, and dislocation spacings.

The strength of the formalism lies in its generality, the
uniqueness with which an epitaxial configuration can be
described, and the quantity of detail that can be obtained
from it. The disadvantages are that the two-dimensional
nature requires vector manipulations and that, inherently,
reciprocal space is not quite as intuitively natural as direct
space. Favorable, once more, is that descriptions of periodic
structures generally yield simpler expressions in reciprocal
space, and that is exploited here.

A computer programi?®27 (known as Orpheus since 1985
and not related to the commercial software of the same
name) for analyzing epitaxia interfaces and using al the
relationships given here can be obtained from the authors
(MWHB: mbraun@scientia.up.ac.za). It iswrittenin Micro-
soft Quick-Basic* (MSDOSand MACINTOSH** versions).

*Microsoft Quick-Basic is a trademark of Microsoft Corporation.
**MACINTOSH is a trademark of Apple Computer Corp., Cupertino,
CA.

It automates a search for candidate epitaxial configurations
with the construction of the Ewald type described in this
article, provides strainsfor one- and two-dimensional coher-
ency, strain energy densities, and valuesfor structure factors,
and gives a full list of crystallographic information on
Burgers vectors, dislocation spacings, and screw and edge
characters that can be expected.
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