The Canary Tree Revisited

Author(s): Tapani Hyttinen and Mika Rautila

Source: The Journal of Symbolic Logic, Vol. 66, No. 4 (Dec., 2001), pp. 1677-1694
Published by: Association for Symbolic Logic

Stable URL: http://www.jstor.org/stable/2694968

Accessed: 13/06/2014 17:35

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Association for Symbolic Logic is collaborating with JSTOR to digitize, preserve and extend access to The
Journal of Symbolic Logic.

http://www.jstor.org

This content downloaded from 62.122.78.49 on Fri, 13 Jun 2014 17:35:04 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=asl
http://www.jstor.org/stable/2694968?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

THE JOURNAL OF SymBoLIC LoGIc
Volume 66, Number 4, Dec. 2001

THE CANARY TREE REVISITED
TAPANI HYTTINEN' AND MIKA RAUTILA

Abstract. We generalize the result of Mekler and Shelah [3] that the existence of a canary tree is

independent of ZFC + GCH to uncountable regular cardinals. We also correct an error from the original
proof.

§1. Introduction. In [3] A. Mekler and S. Shelah defined the notion of a canary
tree. A tree T is called a canary tree if it is of cardinality 2 and of height w; with
no uncountable branches such that whenever a closed unbounded set is forced into
a bistationary subset of w; without adding reals also an w;-branch is added into the
tree T. The main result in [3] is that the existence of a canary tree is independent of
ZFC + GCH.

When we studied the proof of the consistency of the existence of a canary tree
we observed that there is a minor flaw in the proof. Namely, the partial order used
does not add the desired order-preserving functions. By modifying the partial order
the problem can be fixed. We will do that and we will also generalize the theorem
to regular uncountable cardinals «, i.e., we show that it is consistent with GCH
that there is a tree T of cardinality 2* and of height s such that there are no x*-
branches in the tree and whenever a x-stationary subset of k™ is destroyed without
adding new subsets of x, a k™ -branch is added into the tree 7. In addition we show
that it is consistent with GCH that there are no k-canary trees. Both consistency
results can be obtained by forcing notions which preserve all cardinals.

Our proof is longer than the one in [3] partly because we are not able to utilize
the general theory of proper forcing, especially the iteration lemma, but we have to
prove everything “from scratch”.

It should be noted that it is possible that there is a x-stationary subset S of k*
such that whenever a x-cub is forced into S new subsets of k are added into the
universe [2]. Anyhow, if GCH holds then it is possible to force a k-cub into any
k-stationary subset of k™ without adding small subsets.

In addition to the destruction of k-bistationary sets, k-canary trees have connec-
tions to other problems, too. Assume GCH. Let k be a regular cardinal and let 7,
be a k-dense linear order of cardinality . Let A denote x*. For a subset S of 4
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1678 TAPANI HYTTINEN AND MIKA RAUTILA

define the linear order ®(S) to be 3_,_, 7o Where

. 147, ifaeSNSE
) e otherwise.

Recall that a tree U is a universal non-equivalence tree for a model 2 if for every
model 93 in the same vocabulary as 2 and of the same cardinality as 2 the following
holds: If 2l and B are non-isomorphic, then player V has a winning strategy in the
Ehrenfeucht-Fraissé game between 2 and 8 in which player V has to go up the tree
U move by move. (We say that the length of the game is U.) Now the existence of
a k-canary tree is equivalent to the existence of a universal non-equivalence tree for
®(S), S C A (see[3, p. 211], and [9, p. 126] for a similar result for Abelian groups).

Our notation is fairly standard, but a few words are in order here. Suppose k < 4
are cardinals. The Cohen forcing which adds 4 many subsets of « is denoted by
Fn(2,2, k). By S we denote the set of ordinals of cofinality « that are strictly less
than A.

Suppose further that & is a regular cardinal. A subset C of 1 is k-closed if every
6 € S} for which C N4 is unbounded ind isin C. The set C is a k-cub subset of A if it
is k-closed and unbounded in A. A subset S of A is k-stationary if it intersects every
r-cub subset of . The notions of k-bistationary and k-costationary are defined in
the obvious way. A simple fact worth noting is that a subset S of A is x-stationary
if and only if S N S is stationary.

Let p be a pair. The first component of p is denoted by Ist(p) and the second
component by 2nd(p).

The standard name of an object x in the ground model is denoted by x. We
usually omit the check when it is clear from the context that the standard name is
meant.

Let P be a partial order and G a P-generic set. The interpretation of a P-name
7 by G is denoted by 7[G]. A subset B of P is pre-dense in P if for every condition
p € P there is a condition ¢ € B which is compatible with p. A nice name for a
subset of 7 is a name of the form

U{{”} X Ay | m € dom(z)}

where each A4, is an antichain in P. An important property of nice names is that if
u is name for a subset of ¢ then there is a nice name 7 for a subset of ¢ such that
F7=u.

Let S be a subset of k™. By T'(S) we denote the tree obtained by ordering the
sequences

{b € U (eth) g [ b is strictly increasing and n-closed}
a<i
by end-extension.
Suppose that T is a tree. The elements of T at level « is denoted by Levr (). Let

t € T. By ht(¢) we denote the height of the element ¢, and by pred(s) we denote
the predecessors of 7.

Acknowledgement: The authors would like to thank Pauli Véisanen for pointing
out an error in the first version of the paper.
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§2. A problem in the original proof. For the reader’s convenience we now describe
the partial order used in [3].

Let Qy be the set of functions such that a function f is in Qy if and only if
dom(f) C S is countable and
Vo € dom(f)(f () €%9).

Order Qy by reverse inclusion. Clearly Qy is w;-closed, and of cardinality w; as we
assume GCH.

From a Qp-generic set Gy we define a tree 7 (Gy) as follows:
T (Go) = {t € <"y | ¥6 < dom(¢) (216 ¢ ran(| ] Go)) }

One can easily verify that 7 (Gy) is of cardinality 2% and in V[Gy] there are no
w;-branches in 7 (Gy). Hence the tree I (Gy) will be a canary tree if for every
bistationary subset S of w; we can add an order preserving function from T'(S)
to 7 (Gy) without adding an w;-branch to 7 (Gp). The partial order P(S, Go),
which we define below, is designed to add the needed function for 7'(S) where S is
a bistationary subset of w;. First an auxiliary notion of an S-node is defined. A
node ¢t € 7 (Gy) is an S-node if for every 6 € S2'\ S less than or equal to dom(z) it
holds that ¢[5 ¢ 95. It should be noted that if ¢ is an S-node then 7|6 is an S-node
for every 6 € dom(#) and ¢ has successors of arbitrary height which are S-nodes.
Now we define the partial order P(S, Gy). The elements of P(S, Gy) are pairs (g, X)
such that X is a countable subset of |, _,, (e+D@,, g is an order preserving partial

mapping from T'(S) to the S-nodes of 7 (Gp) the domain of which is a countable
subtree of T(S) and the following conditions hold:

Ve € dom(g)Ve € X (¢ € g(c)),
(1) Y{(ci|i€w)edom(g)({c; | i €w) increasing — U g(ci) € T7(Gy)).
iCw
For a condition (g, X) € P(S, Gy), let
o((g, X)) = sup{dom(¢) | t € X V ¢ € ran(g)}

and dom((g, X)) = dom(g). A condition (A, Y) € P(S, Go) extends (g, X) if and
only if

gCh,
XCvY
Ve € dom(h)\dom(g )(dom( (c)) > o((g. X))).

Cram 2.1. Suppose that Gy is a Qy-generic set and S is a bistationary subset of w,
in some forcing extension which contains Gy. Then for every t € T(S), the set

D, = {(g. X) € P(S.Go) | 3t' > tvt* > 1'V(g*, X*) € P(S, Go)

(1* € dom(g*) — (g, X) L (g*, X*))}
is dense in P(S, Gp).
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1680 TAPANI HYTTINEN AND MIKA RAUTILA

PrOOF. Suppose that ¢ € T(S) and p € P(S, Gy). Letg = (g, X) € P(S, Gy) be
an extension of p such that for some ¢ > ¢, "’ € dom(g). (If there are no such ¢”
and ¢, we are done.) Let a = o(g). Choose an ascending sequence (f; | i < @) of

ordinals such that f; € S, fy > «a,
{seT(S)|s>({"~(B))}Nndom(g) =0

and f = Ui, i € S. Forn € w, let b, = t" ~ (B | i < n). Choose two
sequences (u; | i € w) and (u! | i € w) of elements of 7 (Gy) such that

Yu € 7(Go)(u > up — Vs € X(s Z u)),

Yu € 7(Go)(u > uy — Vs € X(s Z u)),

ug > g(t"), ug > g ("), uo L ug,
dom(ug) = dom(ug) > B,

and for eachi € w,

u; and u} are S-nodes,
dom(u;) = dom(u}),

up < uipr, up < uly,
dom(u;41) > Uran(u,-), dom(uj, ) > Uran(u,f),
U dom(u;) (= U dom(uf)) ¢ S.

i€w I€w

This is possible since X is countable and every S-node has S-node continuations
arbitrarily high in 7 (Gy). As at most one branch is cut in I (Gy) at every limit
level, U;e,, i € T (Go) or Use,, i € T (Gy) (or both). We may assume that
U =Ujeo i € T (Go). Let g1 = (g1, X) where g1 = g U {(b;, ;) | i € w}. Clearly
g1 € P(S,Go) and ¢; < q. Since § € S, the sequence ' = |J,,, bi ~ (B) € T(S).
Suppose t* > t'. Let g, be any extension of g| such that * € dom(g;). Then
g(t*) > u. Letd = J;¢, dom(y;). Since u € 5§ and § ¢ S, g,(¢*) is not an
S-node. ~

Suppose that G is a P(S, Gp)-generic set. By the claim above, it is clear that the

the domain of the function f = (J{g | 3X ({(g, X) € G)} is not dense in T(S); in
fact, the set

{teT(s) |Vt eT(S)(t' >t — 1 ¢dom(f))}

is dense in T'(S). Hence f can not be the desired order preserving function from
T(S) to 7 (Gy). Thus it seems difficult to prove that there is one in V[Go][G].
One can try to fix the problem by requiring in (1) that (J;, g(c;) must be an

S-node instead of just requiring that it is in 7 (Gjp). Of course this does not resolve
the problem but just moves it.

§3. A fix and a generalization. In this section we fix the problem we found and
at the same time we generalize the theorem.

We start by defining the concept of a k-canary tree.
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DEerINITION 3.1. Let k be a regular cardinal. A tree T is a k-canary tree if the
following conditions hold.

(i) The tree T is of cardinality 2* and of height k™.
(ii) There are no k*-branchesin T.
(ili) Whenever a k-closed and unbounded set is forced into a k- bzstatzonary subset of
k1 without forcing new subsets of k, a k™ -branch is forced into T .

Note that Condition (iii) is equivalent with the following: If § C S*" is a
stationary subset of ™ and a cub subset of k* is forced into k*\S without adding
subsets of cardinality at most &, then a x*-branch is added into T'.

REMARK 3.2. A tree T is a canary tree if and only it it is an w-canary tree. -

Next we define the notion of «-proper forcing and prove few crucial properties
which we shall need in the sequel. The definition of k-proper forcing is a direct

generalization of that of proper forcing [7, p. 102]. The following definition of a
generic condition is, of course, from [7, p. 101].

DEFINITION 3.3. Let N be and elementary submodel of (H(y),€) and let P € N
be a partial order. A condition q € P is an (N, P)-generic condition if for every dense
subset D of P that is in N the set N N D is pre-dense below q.

DEFINITION 3.4. Assume k is a cardinal with k<* = k. A partial order P is k-proper
if the following hold:

(1) It is k-closed.
(i) For every y large enough and for every N < (H (x), €) of cardinality k if

PeN,
k+1CN, <N CN,

N N k" is an ordinal,

and p € PN N then there is an (N, P)-generic condition g with q < p.

REMARK 3.5. (i) A4 partial order P is proper if and only if it is w-proper.
(ii) Suppose that k<* = k and a partial order P is ™ -closed, or it is k-closed and
has the k*-c.c. Then P is k-proper. -

This direct generalization has a drawback, namely it follows that k-properness is
not necessarily preserved under iteration with k™ -support (by A-support we mean
what some authors would call < A-support). An example of this is the partial
order due to L. Stanley and Shelah [4] demonstrating the failure of a generalization
of Martin’s axiom.We shortly describe the situation. Let us consider sequences
of length w; of functions from w; to w; and order these sequences by defining
g <* f if and only if for all @ < f < w;, g() and g(pB) differ at zero or they
differ before f(a) and f(B) do. Assuming CH it can be shown that there is no
infinite <* descending sequence. On the other hand, for every sequence f there
is an w;-closed partial order P(f) having the w,-c.c. such that a P(f)-generic set
G introduces a sequence g <* f. With an iteration of length & we can force an
infinite <* descending sequence. Since every step is w;-closed, the iterated partial
order is also wy-closed. Hence CH holds in the forcing extension. It follows that
w, must be collapsed. By the remark above, the partial orders used in the iteration
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1682 TAPANI HYTTINEN AND MIKA RAUTILA
are )-proper, but the iterated partial order is not as the lemma below shows. For
some positive versions consult [8].

LemMMA 3.6. Suppose k is an uncountable cardinal with k<* = k, P is a k-proper
partial order and G is a P-generic set. Then for any set A € V|[G] of ordinals of
cardinality &, there is a set C € V of cardinality k that covers A,i.e., A C C.

ProOF. Let G be a P-generic set. If suffices to prove that for every function f
from k to ordinals that is in V'[G], there is a set C € V of cardinality & that covers
ran( f). Towards a contradiction assume that

(2.1) f is a function from & to ordinals in ¥'[G] such that for every subset C
of sup(ran( f)) of cardinality « in ¥ it holds that ran(f) € C.

Let f be a P-name for a function from & to ordinals with f = f [G]. Let p € G be
a condition that forces (2.1).

Let N < (H (), €) where y is large enough such that
IN|=&, k+1C N, <*N C N,
f.p.P€eN,
N Nk =6 is an ordinal.

Let o < k. Then the set

Do={reP|3p(rk fla)=p)}
is dense in P and definable from f, o and P. Thusitisin N. Let
Co={BcOrd|IrePON(IF f(a)=p)}
Clearly Co C N. Let g be an (N, P)-generic extension of p.
Since N N D, is pre-dense below ¢, g forces “f (a) € C,”. It follows that
glFran(f) C C

where C = |J,,.,, Co. Clearly Cisin V. Since C, isa subset of NV, itis of cardinality
at most x. Hence C is of cardinality at most x. This contradicts the assumption

that p forces “ran( f) is not covered by any set of cardinality « thatisin V.

COROLLARY 3.7. Suppose k is an uncountable cardinal with k<* = k and P is
k-proper. Then k™ is a regular cardinal in every P-generic extension.

LemMa 3.8. Suppose k is an uncountable cardinal with k<* = k, and P is k-

proper. Then forcing with P preserves stationary subsets of k. Especially it preserves
k-stationary subsets of k.

PrOOF. Suppose S C sV isstationary. Then thereis u < k% such that S ﬂS,’f isa
stationary subset of k*. So we may assume that S C S ,’f. Towards a contradiction
assume that C is a P-name and p a condition such that

plkC Cktisacuband C NS = 0.
There are two cases to consider.

(A) (This is due to Shelah [5]) Suppose ¢ < k. Let <* be a well-ordering of P.
Since S%, € I[x*] (see [6]), also S;+ € I[x*]. Let the sequence a = (a¢ | £ < k)
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and the cub subset E of k* witness this. Choose N < (H (), €), where y is large
enough, of cardinality x such that

k+1CN,
NNnk=56eSNE,
a,p,PS,C,<*eN.

Asd € SNE, thereis e C 6 of order type cf(d) = u such that | Je = J and for
every £ < § thereis { < d witheNé = a;. ThuseNné € N for every & < 6.
Let {0: | £ < u} be a strictly increasing enumeration of e. Define by recursion a
descending sequence (p¢ | & < u) such that po = p and

ey is the <*first p’ stronger than p; such that for some y; > ¢, p' IF y: € C,

if £ is a limit ordinal, then pe is the <*-first p’ stronger than p; for each { < &.
This is possible since P is k-closed and u < &. For every { < u, the initial segment
(pe | € < Q) is definable from p, P, <*, C and {J; | ¢ < {}. Thus each p: € N.
Which in turn yields y; € N. Since P is k-closed, there is a lower bound g for
(pe | € < ). Now g forces “C is unbounded in §”, and therefore it forces “6 € C”.
This contradicts the assumption that pI- C NS =0,asé € S.
(B) Suppose that u = k. Let y be large enough and N < (H(x), €) as required in
Definition 3.4 suchthat S, C, p € Nand NNkt =J € S. Since N is an elementary
submodel of (H (), €), we have

N=plkp “C C kT isacub”.
For a < 4, let

Do={qeP|g<pAIP<rta<fArg-BeC)lu{geP|qLlp}
Clearly D, is a dense subset of P and in N. Let g be a (N, P)-generic extension
of p. We claim that ¢ forces “C is unbounded in §”. Towards a contradiction
assume that ¢’ < ¢ forces “C is bounded in §”. We may assume that ¢’ decides
the supremum of C NJ. Let this be y. As g is (N, P)-generic, thereisr € D, N N
compatible with ¢’. Let ¢"" be a common extension of » and ¢’. As r € N, there is

B € N Nk greater than y such that r forces “ff € C”. Since ¢” extends r, it forces
this too. Now ¢” forces

. CNICyYyACNIZy
which is absurd.

Since g extends p and p forces “Cisacub”, g forces “d € C”. But this contradicts
the assumption pIF CNS =0,asd € S.

This completes the proof as we reached a contradiction in both cases. -

REMARK 3.9 (Shelah [5]). Ifthere is a supercompact cardinal, then there is a forcing
extension in which there are regular cardinals A > k, a stationary set S C St and a
k*-closed partial order P such that S is not a stationary subset of A in any P-generic
extension. .

Now we turn our attention to the main theorem.

THEOREM 3.10. Assume GCH. Suppose k is a regular cardinal. Then there is a
partial order P such that in every P-generic extension there is a k-canary tree, all
cardinals are preserved and GCH still holds.
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ProOOF. The proofis rather long, so we have divided it into claims. First we define
the partial order mentioned in the theorem, and then in the claims we prove various
properties it has.

Let Qy be a collection of functions such that f is in Qy if and only if
dom(f) € S¥", |dom(f)| < &,
V8,7 € dom(f)(f(8) €6 A (6 <n— f6) L f(n))).

Order Qy by reverse inclusion. Then Qy is k*-closed, and of cardinality x* as we
assumed GCH.

In a forcing extension J;, which contains a Qy-generic set Gy we define a tree of
functions

T(Go)={f € <'k* |WeSE (f10¢ran( JGo))}.

Suppose that S is a x-bistationary subset of ¥ in ;. We associate a partial order to
S and Gy, but first we have to redefine the notion of an S-node. Anodet € I (Gp) is
an S-node if for every & € S\ S less than or equal to dom(¢) it holds that ¢4 ¢ %3.
For a partial function g from T'(S) to 7 (Gy), leto(g) = sup{dom(¢) | ¢ € ran(g)}.
Now we can define the partial order P(S, Gp). Let P(S, Go) be the collection of
pairs (g, X) that satisfy the following conditions:

(3.1) The element g is an order preserving partial function of cardinality at
most x from T(S) to I (Gy) the domain of which is closed under initial
segments.

(3.2) The element X is a partial function from &* to |J,_,. **V&* of cardi-
nality at most x such that

o(g) N SE" C dom(X),
Yo € dom(X) N SE (X (a) € (| Go)(a)).
(3.3) Forallt € dom(g), dom(g(z)) = sup(ran(z)).
(3.4) Forallt € dom(g), g(¢) is an S-node.
(3.5) Forallt € dom(g) and o € dom(X), X (a) Z g(2).
(3.6) For all strictly increasing sequences (#; | { < ) of elements of dom(g),
it holds that |, () € 7 (Go).

A condition (g, X) is stronger than a condition (A, Y) if and only if # C g and
YCX.

The partial order P(S, Gy) is k-closed since the union of a descending sequence
of elements of P(S, Gy) clearly satisfies Conditions (3.1) — (3.5), and if the length
of the sequence is less than , Condition (3.6) does not set any new requirements.

Let e = x**. Finally, we define an iterated forcing notion

0= (P..0pla<ef<e)

with @* -support (i.e., supports of conditions are of cardinality < I_{,+) as follows:
Let (Sg | 0 < f < €) be an enumeration of forcing names such that Sy is a Pg-name
for a x-bistationary subset of s*. Let Q4 be a Pg-name such that

ks Op = P(Sp, G(0))

where G (0) is a name for the Qp part of the generic set.
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We will show that Q is k-proper. A crucial property in the proof is that the partial
order does not force new subsets of cartinality at most . This makes it possible to
generalize the proof that a single step is k-proper to the whole iteration.

Cram 3.11. Suppose that Gy is a Qy-generic set and S is a k-stationary subset of
kY inaforcing extension V| which contains Go. If G is a P(S, Go)-generic set over V7,
then\J{g | 3X({g. X) € G)} is an order preserving function from T (S) to I (Gy).

Proor. It suffices to prove that for every ¢ € T'(S), the set
D; ={(g.X) € P(S,Gy) | t € dom(g)}

is dense in P(S, Gy). Solet p = (g, X) € P(S, Go) such that ¢+ ¢ dom(g). Let
a = sup(ran(z)) and B = {u € dom(g) | u <p(s) t}.

Let
b = sup(B),
b= gw),
u€B

6 = sup{sup(ran(u)) | u € B}.

If b € B or cf(d) < k, then obviously b’ € T (Gy). If b ¢ B and cf(6) = &, then
Condition (3.6) ensures that b’ € 7 (Gp). Sob’ € T(Gp). Ast € T(S)and b < ¢,
we have 6 € S. By Condition (3.3), dom(d’) = 6. Since g(u) is an S-node for
every u € Bandd € S, b’ is also an S-node. (Here Condition (3.3) forbids the
trick we used in Claim 2.1.) If B = 0, let b’ = (. Let ¢’ € I (Gp) be an S-node
continuation of b’ with ht(¢’) = « such that for all y € dom(X), X(y) € pred(c’).
Since [dom(X)| < &, there is such a node ¢’. Let mapping g’ be defined for every
u € pred(¢)\B by

g'(u) = the unique element in pred(c’) N Levg (g, (sup(ran(u))).

It follows from the fact that ¢’ is an S-node that g’(u) is an S-node for every
u € pred(¢)\B. Let X’ be defined for every y € ((a + 1)\dom(X)) N S&" by

X'(y)=(JGo)»)e

where ¢ = max(o(g), sup {ht(s) | s € (JGo)(y) Npred(c’)}) + 1, i.e., we take an
initial segment of (|J Go)(y) that is longer than anything in ran(g) and long enough
to diverge from pred(c’). Letg = (gU g’, X U X’). Clearly g € D;. -

DEFINITION 3.12. For each a < €, let

P, ={pe P, |V esupt(p)Ix € V(p({) = %)}.
Cram 3.13. For every a < ¢ the following hold:
(i) P is k-proper.

(ii) Forcing with P, does not add subsets of cardinality at most k.
(iii) P! is a dense sub-order of P,.

ProOOF. The proof is by induction on a. If & = 1, then P, = Qy, and the
properties (i) and (ii) follow as Qy is k™ -closed. Property (iii) is obvious.
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Suppose that a < e and that for every { < o the claim holds for P;. First we
prove that P, is k-proper. Let N < (H(y), €) such that

IN|=k, k+1CN, <*N C N,
kT N N =4 is an ordinal,
P, € N.

Let p € P, N N. We need to find an (N, P,)-generic extension g of p. For that
purpose let (D, | { < k) enumerate the dense subsets of P, that are in N. Choose
a descending sequence (p; | { < x) such that

Po=p,
Pe+1 € DN N.

This is possible since P, is x-closed and <*N C N. By the induction hypothesis,
for all { < a, forcing with P, does not add subsets of cardinality at most . Hence
for every € < k and { € supt(pe), the set

Dey = {r € P, | r decides the value of p:({)}

is dense in P, and definable from p: and {. As P, is a k*-support iterated forcing
notion, supt(ps) C N for each & < k. Thus D is in N for every { € supt(pe).
But if a condition r € P, decides the value of pg((), then ¢ will decide the value,
too. For this reason the following holds in H (y):

V& < K¢ € supt(pe)3E’ < k3gg € VAX; € V (per [ W pe(0) = (g8, X7)).

Since N is an elementary submodel of H(y) and supt(p:) C N for every & < k,
we have that gé,Xg €N. Letg; = U¢<,¢g§ and X; = U, Xé. (If { < o and
¢ ¢ supt(pg), then let gé = Xé = (.) Then g;,X; € V. Since d > &, we can

choose ¢ € %5 such that t[x ¢ N. Now define ¢ as follows: Let the support of ¢ be
Ue<e supt(p¢) and for each { € supt(g), set

0= {Um PO U{(.0)} ifC=0

(g Xo) otherwise.

(Actually standard names should be used.) We prove by inductionon{ < « that¢[{
is a condition. As for every & < k, the condition ps(0) € N and it is of cardinality
atmost x, pz(0) € N. Thus, by a density argument, we have |, dom(p¢(0)) = 4.

Since <*N C N, cf(d) = . It follows from these observations that ¢(0) € Qo,
whence ¢[1 is a condition.

Suppose that { is a limit ordinal and for all {’ < {, ¢[{’ is a condition. It follows
from the definition of the x ™ -support iterated forcing notion that ¢ [{ is a condition.

Suppose that { = B + 1 and { € supt(g). Then ¢|pB forces “q(f) satisfies
Conditions (3.1) - (3.5)” since it forces “p;(f) = (gf, Xf)” for every & < k. Soif
it did not force all Conditions (3.1) — (3.5), then there would be ¢’ < & such that
q 1B forces “(gg,, X, g} is not a condition” from which it would follow that p, is not
a condition. To see that Condition (3.6) is satisfied, let (z: | £ < k) be an increasing
sequence of elements of dom(gg). Let u = .., g5(ts) and y = dom(u). Then
cf(y) = &. There are three cases to consider:
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(A) Suppose that for some &* < k every #; is in dom(géi ). It follows from the fact
that ¢ [ IF pe-(B) = (gf.. XL.) that g1 I u € 7 (G(0)).
(B) Suppose y < J. Then there are &*, &’ < k with

o(gf.) > 7, dom(gf. (z:)) > dom(XZ. (7).

It follows from cf(y) = & that y € dom(X f*). Thus, by Condition (3.5), we have
Xf,, (y) € géi (s) for all s € dom(géi). Therefore Xg(y) € u, and ¢|p forces

“u € 7(G(0))” as required.
(C) Suppose y = 6. Since dom(u) = § > & there are £*,&’ < & such that

dom(gf,,(téf)) > k. But gg*,tgr € N yields gf*(téx) € N. It follows from the

definition of gg that gg(zs/) = gf* (tz/). By the choice of 7, we have t|x ¢ N. Thus
gp(tz) € t,and hence u  t. As g[p forces “¢ is the only branch that is cut at level
6 in 7 (G(0))”, it also forces “u € 7 (G(0))” as required.

So q|B forces “q(B) € Op” and hence ¢|{ is a condition. By the construction of g
it is the required (N, P, )-generic condition.

The proof that P, does not add subsets of cardinality & is almost a verbatim copy
of the proof that P, is k-proper. Suppose that the set R isin ¥ and 7 is a Po-name
for a function from s to R. Towards a contradiction suppose that a condition
p € P, forces that 7 is a new function. Pick a model N such that in addition to the
aforementioned conditions also ¢ and p are in N. Construct the condition g and
observe that for each £ < & the set

Ds = {r € P, | r decides the value of 7(£)}

is a dense and open subset of P,, and definable from 7 and £. Hence it is in N.
By the construction of ¢, it decides the value of 7(¢) for every ¢ < k. But thisis a
contradiction since g extends p.

The condition ¢ constructed above also shows that P/, is a dense sub-order of
Pa. |
Cram 3.14. Suppose a < €. Then:
(1) If G4 is a Py-generic set, A C G, is at most of cardinality k and A € V[G,],
then there is a condition q € G with q < p for every p € A.
(i) IFq Py is k-closed.
(i) I+q Pae is k-proper.
Proor. (i) By 3.13(ii), 4 € V. By 3.13(iii) we may assume that 4 C P.,. We also

may assume that |4 = . Let {g; | i < x} be an enumeration of 4. Foreachi < &
and ¢ € supt(q;), let (gé, X;) = qi(&). Define

S = | supt(qy),
i<k

p= U{sup(dom(Xé)) | i<k A& esupt(g;)},
T = U{dom(gé) | i<k AE&esupt(g;)}.
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If g € G, is such that

(4) S C supt(q),
(5) V¢ € S(B C dom(Xz)),
(6) VE € SVt € T(t € dom(ge) V gl |-t ¢ T(Sy))

where (gg, X:) = q(&) for & € supt(q), then g < p forevery p € A. So, it suffices to
prove that the set of conditions satisfying (4) — (6) is dense in P/,. Foreach ¢ € S,
y < fandt € T, the sets

Dy = {re P, | & esupt(r)},
D¢, = {r € P, |y € dom(2nd(r(¢)))},
De, = {r e Pl |tedom(Ist(r(&))) Vri€ ke t ¢ T(Se)}
are densein P!, (and in P, ). The denseness of the first two is obvious. To see tha’g the
last set is dense in P/, let p € P/,.. Suppose first that p[¢ does not force “1 € T(S:)”.
Then there is an extension r € P, of p such that r[¢ forces “1 ¢ T(S¢)”. Thus
r € Dg,. Suppose then that p|¢ Ike ¢ € T(Sg). Let (g7, X7) = p(¢). Suppose

t ¢ dom(gf) since otherwise we are done. Let G, be a P;-genericset with p[¢ € G,.
By Claim 3.11, in V[G,] there is an extension

r=(g",X") € P(S¢[G,], G,(0))
of p(&) with 7 € dom(g"). Let p’ € G, be an extension of p|¢ that forces
r € P(St, G,(0)).

Define ' € P!, as follows: Let supt(r’) = supt(p’) U supt(p) and for each
¢ € supt(r’), set

p'(Q) if{<é,
) =<r if{ =¢,
p(l) if¢>¢.

Clearly ' < pand r'|& Iz t € T(Se).
To complete the proof let N < (H (), €) of cardinality x be such that

k+1CN, <*NCN, ktNN =6 €0rd,
p.P..S. BT €N.

Since S, § and T are each at most of cardinality «, we have S, f, T C N. Therefore
forall ¢ € S,y < pandt € T, the sets D¢, D¢, and D¢, are in N. Thus any
(N, P.))-generic extension g of p satisfies (4) — (6).

(ii) Suppose G, is a P.,-generic set and let P, = P!, [G,]. Work in V'[G,]. Let
(p: | i < y) be a decreasing sequence of conditions of P, . for some y < . Then,
by the definition of the quotient forcing [1, Definition 4.1],

{sza|l<y}§Ga
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By (i), there is p € G, with p < p;|a for every i < y. Define ¢ such that for each
¢ € supt(p) U U, supt(p:),

_{p© ifé¢<a
10 = {u Pl ifE>a

Since y < k, Condition (3.6) is satisfied. Therefore ¢ € P.. It follows that ¢ € P, .
and g < p; forevery i < y.

(iii) If o = 0, then this is 3.13(i). So suppose o > 0 and Ga is a P/ -generic set.
Let Py = P!, .[G,]. Work in V[G,]. Let N < (H(y), €) be such that

IN|l=K, s +1CN, <*N CN,
kT NN =4 is an ordinal,
P,. €N

Let F = | J{p(0) | p € G,} and t = F(5) (this is defined as cf(d) = ). Let p be
the least ordinal with #[p ¢ N. Then p < 4. Let (D¢ | { < &) be an enumeration of

dense subsets of P/, thatarein N. Let p € P, N N. Next we choose a decreasing

sequence p = (p; | { < k) of conditions of P,. such that py = p and for each
(<K,

DPe+1 € DN N.

If p < &, then there are no other requirements on how the sequence is chosen. In
the case that p = J the sequence p is chosen as follows: Let

n:k— (e\@)NN
be a bijection. If{ is a limit ordinal, then let p; € P/, be any condition that extends
pp for each < {. This is possible by (ii).
Suppose { = f§ + 1. First pick p; € Dg N N with p; < pg. Let
i =n(p),
(g1, X{) = pr (i),
7 = max(sup(dom(X7)). o(g;)).
(Note that it is possible that g/ = @ or X/ = 0.) Since g/, X/ € N and both are of

cardinality at most s, we have y; < . Define p; such that supt(p;) = supt(p;) and
for each ¢ € supt(p;), set

(&) if & #1,
PC(é) {<§;aX/U{y’+lt My + 1)) }> if&=1i.

Clearly p; € Po.. This ends the description how the sequence p is chosen.
By (i), let ¢’ € G, be such that it extends each p;|a. For each { < x and
& € supt(py). let (g, X¢) = pr(&), and let (g¢, Xe) = (Upe, &2 Upey X7 ). Define
q by
(ge. Xe) & >a
for each ¢ € supt(q’) U U, supt(pc).
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We show by induction on { € [a, €] that g[( is in P;. Suppose { = c. Then

qi¢ = q' € G,. Suppose { is a limit ordinal. It follows from the definition of the
x*-support iterated forcing that ¢[¢ € P;.

Suppose { = f§ + 1. If { ¢ supt(g), then ¢[¢ = q[f and it follows that g[{ € P;.
Suppose then that { € supt(g). The proof proceeds as the proof of 3.13(i). The
only difference is that in case (C) we have to distinguish the cases p < d and p = 4.
If p < 4, then we have an initial segment of 7 that is not in N, and therefore we can
proceed as in (C). If every initial segment of ¢ isin N, i.e., p = J, then we have, by
the choice of the sequence p, X4(yg + 1) = ¢[(yg + 1). Therefore the image of a
sequence reaching up to level § in 7 (G (0)) must diverge from ¢, which is the only
branch cut at level § in 7 (G(0)). Hence the union of the image is in 7 (G (0)).

Thus g € P.. Since gla = q' € Gy, g € Poe. S0, q is the required (N, Py )-
generic extension of p. -

CraM 3.15. Suppose G is P.-generic set. Then in V[G] there are no k*-branches
in 7 (G(0)).

PROOF. Suppose that b is name for a function in ** x*. It is enough to show that
the set

D={geP.|qlt Ja<r(bla¢T(GO))}

is dense in P.. Let p € P.. Pick amodel N < (H (), €), where x is large enough,
such that

IN|=k, k+1C N, <*N C N,
p.P..beN,
N Nkt =4 is an ordinal.

As<*N C N, cf(6) = k. Let {D¢ | { < k} enumerate the dense subsets of P, that
are in N. Choose a descending sequence (p; | { < ) of conditions such that

bo=p,
Pe+1 € DeNN.

This is possible as P. is k-closed and <*N C N. For every o < J, the set

{q € P. | q decides the value of 5(c:)}
is dense in P, and definable from o and b. Hence it is in N. Therefore the sequence
(pc | € < k) determines the value of 5[d. Let this value be ¢. By Claim 3.13, it is in
V. By the same argument as in the proof of Claim 3.13 we find gé eV, X g 4
and &' < k for every £ < k and { € supt(p;) such that

e ¢ ke pe(0) = (g8, X2).
Again, let gr = U, gé and X; = U, Xg, and define g by
(gc. X¢) otherwise.

We show by induction on { that ¢[{ is a condition. The case { = 1 is clear since
cf(d) = k. Suppose that { is a limit ordinal and for all {’ < {, ¢[¢’ is a condition.
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It follows from the definition of the x*-support iterated forcing notion that ¢[{ is a
condition.

Suppose then that { = g + 1. If { ¢ supt(q), then ¢[{ = ¢[B. Suppose that
¢ € supt(q). Since supt(q) C N, ¢ € N. Clearly Conditions (3.1) — (3.5) are
satisfied. So we verify only Condition (3.6). Let (#; | ¢ < k) be an increasing

sequence of elements of dom(gy). Let u = |J,, gs(t¢) and let y = dom(u). Then
cf(y) = &.

(A) If there is £* such that every 7 is in dom(gg*), then |J,,, géﬂ (tz) =uand q|p

forces “u € 7°(G(0))” as required.
(B) Suppose y < 6. Then there are £*, &' < k with

o(gf.) >y, dom(gf. (tz)) > dom(XZ. ())

from which it follows that X3(y) Z u. Hence g[p forces “u € 7 (G(0))”.
(C) Suppose y = d. Clearly

(7 e {a <kt | bla € a Acf(a) = k}isa k-cubin k™.
By 3.14(iii), we have
(8) I-e Sp is a k-bistationary subset of k™.

By combining the above two observations and using the maximal principle we find
a P.-name « for an ordinal with

(9) e @ <kt Abla € %G Aa ¢ S Acf(a) = k.
As N is an elementary submodel of H(x) and y is large enough, the observations
(7) - (9) hold also in N. Clearly the set

Dy={r€P:|Ja<k™(rir. a=0a)}

is dense in P, and in N (we may assume that the name ¢ is in N). Therefore for
someé < kand a < 4,

pe ke & = a Atlaisnotan Sg-node.
On the other hand, by the definition of the condition ¢, we have for all y < J,
q ke uly is an Sg-node.
Combining the above observations with the fact that g < p, yields
qlre u#t.
As q forces “t is the only branch cut at the level 6™, it forces “u € (G(0))”, too.

Hence g is a condition. Clearly it extends p and it forces “b|0 = t At ¢ T (G(0))”.
Thus it' isin D. ~

Cram 3.16. For each a < e the identity mapping from Pl to P, is a dense
embedding.

Proor. This follows immediately from Claim 3.13(iii). -
Cram 3.17. Foreacho <€, |P.| < k™.
Proor. This follows from GCH. =
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CrLamM 3.18. Forall o < e, P., and P, have the e-c.c.

Proor. For a < g, by the previous claim, P,, has the e-c.c.

Let {p; | { < e} C P! be of cardinality €. By the A-system lemma, thereis / C
of cardinality e such that the set {supt(p;) | { € I} forms a A-system with root d.
As d is of cardinality at most &, sup(d) = ¢ < e. Since |P;| < x* there are {p and
{1 with pg [d = p¢, [d. But then py, and p;, are compatible.

By Claim 3.16, also P, has the e-c.c. for every o < €. =

CraM 3.19. For all o < € there are at most € nice P.,-names for a subset of (k).
ProoF. By Claim 3.18, P/, has the e-c.c. Hence the number of nice P, -names for

a subset of (k*)is
(1par)" = (=)

+

It follows from GCH that (n+"+)~ =gttt =¢. -

CramM 3.20. For every o < € and nice Po-name S for a subset of (k™) there is a
nice P!,-name S’ for a subset of (k) with

IFp, S =S

PROOF. Suppose that S is a nice P,-name for a subset of (x*). Let v = |S| and
let {(t, pr) | { < v} enumerate S. For each { < v, choose an antichain 4, C P,
such that 4, is a maximal antichain below p; and contains only conditions stronger
than p;. (If p; € P/, thenlet A, = {p}.) This is possible by Claim 3.16. Let

S = |z} x 4o).

{<v
Clearly I-p, S = S’ -

Now we continue the proof of Theorem 3.10. By Claim 3.13, forcing with P,
preserves all cardinals less than or equal to k*. By Claim 3.18, it does not collapse
€.

We have to ensure that we have added an order preserving function for every
r-bistationary subset of k¥ in a P.-generic extension. To that end choose in the
definition of Q the enumeration {S; | 8 < €} so that for each a <  every nice
P! -name for a s-bistationary subset of (k) appears in the enumeration with an
index greater than o. By Claim 3.19, this is possible. Suppose that G is a P.-generic
set and S is a k-bistationary subset of * in ¥'[G]. Let S be a nice P.-name for a
k-bistationary subset of k* with S = S[G]. Since P, has the e-c.c. thereis 7 < €
such that S is P,-name. By Claim 3.20, an equivalent P,-name appears in the
enumeration {Sy | B < €}. Hence there is an order preserving function from 7'(S)
to 7(G(0)) in V[G].

By Claim 3.13 forcing with P. does not add new subsets of k. Hence all cardinals
up to « are preserved and GCH holds up to . Since P, is k-proper, it preserves
x* (this follows also from Claim 3.13(ii)). All cardinals above xk* are preserved

as P, has the x**-c.c. Suppose that 1 > k*. Then 2* < ((|P;|"+)A)V in V[GN

P!]1 = V[G]. But |P!| = x** which yields 2* < ((n++)l)y. Using GCH and the
assumption that A > k¥, we get 2* = 1+ in V[G]. =
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§4. A forcing extension where there are no x-canary trees. The proof of the fol-

lowing theorem is essentially from [3], but for the sake of completeness we give
it.

THEOREM 4.1. Assume GCH. Suppose k is a regular cardinal. Then there is a
partial order P such that there are no k-canary trees in any P-generic extension, but
all cardinals are preserved and GCH still holds.

PrOOF. We claim that in every Fn(k ', 2, k*)-generic extension there are no k-
canary trees. Towards a contradiction assume that G is an Fn(x*+,2, k*)-generic
setand T is a k-canary tree in V'[G]. Since we assumed GCH in the ground model,
the partial order Fn(k*+,2,x%) has the k™F-c.c.. It is also xk™-closed. Hence it
preserves all cardinals. It also follows that GCH holds in V[G].

We can regard Fn(k*t,2,k") as a product of length x** of partial order
Fn(x*,2, k%) with support less than x™, i.e., the partial order

Pove = {f e T Enx*.2.5%) | lsupt(£)] < n"’}

§EH++

ordered coordinatewise is isomorphic to Fn(k**,2,k%). Thus, we regard G as a
P,.++-generic set.

Since T is of cardinality k™ in [G]and P,++ hasthe k**-c.c., thereare 4 C k*+
of cardinality x* and a P4-name T with T = T[G]. Let o = min(k**\4), and
B = k**\{a}. Then T € V[Gp] and P.++ = Pp x Pr,). Working in V[Gp], let
Sbea Poy-name for the «-bistationary set {{ < k¥ | (U Goy)(() = 1} and 0
a Py,)-name for the partial order T(S). By GCH in V[G], I[x*] is improper in
V[G]. Thus, forcing with Q adds a x-cub into the x-stationary set S without adding
subsets of cardinality at most & [2]. Therefore in every P4} * Q-generic extension
over V[Gp] there is a k™-branch in T as T is assumed to be a k-canary tree. Let
7 be a P4} * O-name for this branch. First we note that O[G(a}] C V' since P+
is kT -closed. Choose recursively conditions (p;, si) € Prqy * Q and ordinals g; for
i < k" as follows: First let (pg, so) = 1 and fy = 0, and then for each i < k¥,
choose an extension (p},, sit1) of (p;. s;) which decides the value of 7 at level i.

Then choose an extension p;’ ; of p;, that decides the value of s;};. Let this value
be s/, . and set

Biv1 = (dom(p,,) Uran(si,,)) + 1,
piv1 = piy U {(Bir1, D},
Sit1 = Sil+1 ~ (Bi+1)s

and for every limitd < ™,

Bs = U {sup(dom(p;)) | i <4},
ps = Upi U {(Bs, 1)},

i<d

ss=\Jsi ~ (Bs)-

i<d
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Note that for a limit ordinal 6 < k™,

U {sup(dom(p;)) | i<} = U {sup(ran(s;)) | i <8}.
This ensures that p; forces “s; € Q”. For successor case, since p', | decides the value
of i1, we have p;, forces “s;y; € Q7. Thus, ({(p;,s;) | i < k) is a descending
sequence of conditions in V' [Gp] such that (p;, s;) decides the value of 7 at level i.

Thus there is a k*-branch in T in V' [Gg]. This contradicts the assumption that T’
is a k-canary tree in V[G]. -
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