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THE JOURNAL OF SYMBOLIC LOGIC 

Volume 66, Number 4, Dec. 2001 

THE CANARY TREE REVISITED 

TAPANI HYTTINENt AND MIKA RAUTILA 

Abstract. We generalize the result of Mekler and Shelah [3] that the existence of a canary tree is 

independent of ZFC + GCH to uncountable regular cardinals. We also correct an error from the original 

proof. 

?1. Introduction. In [3] A. Mekler and S. Shelah defined the notion of a canary 
tree. A tree T is called a canary tree if it is of cardinality 2W and of height 0w with 
no uncountable branches such that whenever a closed unbounded set is forced into 
a bistationary subset of wl without adding reals also an 01 -branch is added into the 
tree T. The main result in [3] is that the existence of a canary tree is independent of 
ZFC + GCH. 

When we studied the proof of the consistency of the existence of a canary tree 
we observed that there is a minor flaw in the proof. Namely, the partial order used 
does not add the desired order-preserving functions. By modifying the partial order 
the problem can be fixed. We will do that and we will also generalize the theorem 
to regular uncountable cardinals a, i.e., we show that it is consistent with GCH 
that there is a tree T of cardinality 2`~ and of height a+ such that there are no +- 
branches in the tree and whenever a it-stationary subset of a+ is destroyed without 
adding new subsets of a, a t+ -branch is added into the tree T. In addition we show 
that it is consistent with GCH that there are no ii-canary trees. Both consistency 
results can be obtained by forcing notions which preserve all cardinals. 

Our proof is longer than the one in [3] partly because we are not able to utilize 
the general theory of proper forcing, especially the iteration lemma, but we have to 
prove everything "from scratch". 

It should be noted that it is possible that there is a it-stationary subset S of a+ 
such that whenever a ,-cub is forced into S new subsets of r, are added into the 
universe [2]. Anyhow, if GCH holds then it is possible to force a D,-cub into any 
i-stationary subset of a+ without adding small subsets. 

In addition to the destruction of i,-bistationary sets, it-canary trees have connec- 
tions to other problems, too. Assume GCH. Let r, be a regular cardinal and let q,. 
be a r,-dense linear order of cardinality ia. Let A denote ai+. For a subset S of A 
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1678 TAPANI HYTTINEN AND MIKA RAUTILA 

define the linear order 'D(S) to be Z<2 c where 

I 1+q, if af e S nSi 

t1c otherwise. 

Recall that a tree U is a universal non-equivalence tree for a model 2l if for every 
model 9 in the same vocabulary as 2l and of the same cardinality as 2l the following 
holds: If 2l and 9 are non-isomorphic, then player V has a winning strategy in the 
Ehrenfeucht-Fraisse game between 2l and 9 in which player V has to go up the tree 
U move by move. (We say that the length of the game is U.) Now the existence of 
a ii-canary tree is equivalent to the existence of a universal non-equivalence tree for 
'D(S), S C A (see [3, p. 211], and [9, p. 126] for a similar result for Abelian groups). 

Our notation is fairly standard, but a few words are in order here. Suppose ri < A 
are cardinals. The Cohen forcing which adds A many subsets of r, is denoted by 
Fn(&, 2, ra). By SA we denote the set of ordinals of cofinality ri that are strictly less 
than A. 

Suppose further that r, is a regular cardinal. A subset C of A is e-closed if every 
6 E SA for which C n6 is unbounded in 6 is in C. The set C is a D,-cub subset of A if it 
is e,-closed and unbounded in A. A subset S of A is it-stationary if it intersects every 
D,-cub subset of A. The notions of iz-bistationary and i,-costationary are defined in 
the obvious way. A simple fact worth noting is that a subset S of A is it-stationary 
if and only if S n SA is stationary. 

Let p be a pair. The first component of p is denoted by lst(p) and the second 
component by 2nd(p). 

The standard name of an object x in the ground model is denoted by x. We 
usually omit the check when it is clear from the context that the standard name is 
meant. 

Let P be a partial order and G a P-generic set. The interpretation of a P-name 
T by G is denoted by T[G]. A subset B of P is pre-dense in P if for every condition 
p E P there is a condition q E B which is compatible with p. A nice name for a 
subset of T is a name of the form 

Uf f 7r} x AZ 1 7r EE dom(,) 

where each AZ, is an antichain in P. An important property of nice names is that if 
,u is name for a subset of ai then there is a nice name T for a subset of ai such that 

1FT ft. 

Let S be a subset of a+. By T(S) we denote the tree obtained by ordering the 
sequences 

{b E U (a+l)S I b is strictly increasing and Ii-closed} 
a<A 

by end-extension. 
Suppose that T is a tree. The elements of T at level ar is denoted by LevT (ae). Let 

t E T. By ht(t) we denote the height of the element t, and by pred(t) we denote 
the predecessors of t. 

Acknowledgement: The authors would like to thank Pauli Vdisdnen for pointing 
out an error in the first version of the paper. 
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THE CANARY TREE REVISITED 1679 

?2. A problem in the original proof. For the reader's convenience we now describe 
the partial order used in [3]. 

Let Qo be the set of functions such that a function f is in Qo if and only if 

dom(f ) C St' is countable and 

V6 EE dom( ) (f (6) EE Ad). 

Order Qo by reverse inclusion. Clearly Qo is 0 1-closed, and of cardinality Wi as we 
assume GCH. 

From a Qo-generic set Go we define a tree T (Go) as follows: 

5S(Go) = {t E `:@cl ol I V6 < dom(t) (t P V ran(U Go)) } 

One can easily verify that T(Go) is of cardinality 2W and in V[Go] there are no 
(o-branches in $'(Go). Hence the tree T(Go) will be a canary tree if for every 
bistationary subset S of wl we can add an order preserving function from T(S) 
to T(Go) without adding an w1-branch to 9?(Go). The partial order P(S, Go), 
which we define below, is designed to add the needed function for T(S) where S is 
a bistationary subset of Wi. First an auxiliary notion of an S-node is defined. A 
node t EE 5(Go) is an S-node if for every 5 E S"' \S less than or equal to dom(t) it 
holds that t [6 V 6i. It should be noted that if t is an S-node then t [8 is an S-node 
for every s EE dom(t) and t has successors of arbitrary height which are S-nodes. 
Now we define the partial order P (S, Go). The elements of P(S, Go) are pairs (g, X) 
such that X is a countable subset of U<W,< (Q+i) W, g is an order preserving partial 
mapping from T(S) to the S-nodes of 3-(Go) the domain of which is a countable 
subtree of T (S) and the following conditions hold: 

Vc G dom(g)Vt G X(t 9g(c)), 

(1) V(ci I i E w) E Wdom(g)((ci I i E w) increasing -> U g(cj) E 3tGo)). 
iEw 

For a condition (g, X) E P(S, Go), let 

o((g, X)) = supfdom(t) It E X V t E ran(g)} 

and dom((g, X)) = dom(g). A condition (h, Y) E P(S, Go) extends (g, X) if and 
only if 

g C h, 

X C Y. 

Vic EE dom(h) \dom(g) (dom(h (c)) > o ((g, X))). 

CLAIM 2.1. Suppose that GO is a Qo-generic set and S is a bistationary subset of 0 
in some forcing extension which contains GO. Then for every t E T(S), the set 

D t ={(g, X) E P(S, Go) I Et' > tVt* > t'/V(g*, X*) E P(S, Go) 

(t* E dom(g*) (g, X) I (g*, X*))} 

is dense in P(S, GO). 
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1680 TAPANI HYTTINEN AND MIKA RAUTILA 

PROOF. Suppose that t E T(S) and p C P(S, Go). Let q = (g, X) E P(S, Go) be 
an extension of p such that for some t" > t, t" E dom(g). (If there are no such t" 
and q, we are done.) Let ae = o(q). Choose an ascending sequence (,Ih I i < A) of 
ordinals such that /Pi E S, /Io > a, 

Is E T(S) I s > (t" (flo))} n dom(g) 0 

and/I UiE- ,i e S. For n E a, let bn = t" - (fii I i < n). Choose two 
sequences (ui I i E co) and (ui I i E co) of elements of 6(Go) such that 

Vu E 31(Go) (u > uo Vs E X(s u)), 

Vu EE 3S(Go)(u > ?u 6 Vs E X(s Xu)), 

uo > g(t"), u6 > g(t "), uo I uo, 

dom(uo) = dom(u') > /, 

and for each i E o, 

us and u' are S-nodes, 

dom(ui) = dom(u'), 

Ui < Ui+J, Hi < Ui/l 

dom(ui+,) > Uran(ui), dom(u1'+) > Uran(u'), 

U dom(ui) ( = U dom(u')) V S. 
iEw iEw 

This is possible since X is countable and every S-node has S-node continuations 
arbitrarily high in 5F(Go). As at most one branch is cut in 3'(Go) at every limit 
level, G us E 5 (Go) or 1 uE E 6F (Go) (or both). We may assume that 
u = Uioi E 7 (Go). Let qi = (gi, X) where gi = g U { (bi, u[ i E w} . Clearly 
q1 E P(S, Go) and q, < q. Since ,6 E S, the sequence t' = UiEj, bi ^ (fi) E T(S). 
Suppose t* > t'. Let g2 be any extension of gi such that t* E dom(g2). Then 
g2(t*) > u. Let s = UiE0, dom(ui). Since u EE 66 and s V S, g2(t*) is not an 
S-node. -d 

Suppose that G is a P(S, Go)-generic set. By the claim above, it is clear that the 
the domain of the function f = Ufg I ]X((g, X) E G)} is not dense in T(S); in 
fact, the set 

{t C T(S) j Vt' E T(S)(t' > t -- t' V dom(f))} 

is dense in T (S). Hence f can not be the desired order preserving function from 
T(S) to 3J(Go). Thus it seems difficult to prove that there is one in V[Go][G]. 

One can try to fix the problem by requiring in (1) that Uic,, g(cj) must be an 
S-node instead of just requiring that it is in 6F (Go). Of course this does not resolve 
the problem but just moves it. 

?3. A fix and a generalization. In this section we fix the problem we found and 
at the same time we generalize the theorem. 

We start by defining the concept of a t-canary tree. 
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DEFINITION 3.1. Let rK be a regular cardinal. A tree T is a ri-canary tree if the 
following conditions hold: 

(i) The tree T is of cardinality 2'c and of height I+. 
(ii) There are no ,+-branches in T. 

(iii) Whenever a ri-closed and unbounded set is forced into a rz-bistationary subset of 
I+ without forcing new subsets of rI, a r?+-branch is forced into T. 

Note that Condition (iii) is equivalent with the following: If S C So is a 
stationary subset of a+ and a cub subset of a+ is forced into tj+\S without adding 
subsets of cardinality at most ti, then a t, -branch is added into T. 

REMARK 3.2. A tree T is a canary tree if and only it it is an r-canary tree. A 

Next we define the notion of im-proper forcing and prove few crucial properties 
which we shall need in the sequel. The definition of i-proper forcing is a direct 
generalization of that of proper forcing [7, p. 102]. The following definition of a 
generic condition is, of course, from [7, p. 101]. 

DEFINITION 3.3. Let N be and elementary submodel of (H(y), E) and let P E N 
be a partial order. A condition q E P is an (N, P) -generic condition iffor every dense 
subset D of P that is in N the set N n D is pre-dense below q. 

DEFINITION 3.4. Assume rK is a cardinal with r,' = S. A partial order P is ri-proper 
if the following hold: 

(i) It is ri-closed. 
(ii) For every x large enough andfor every N -- (H(y), E) of cardinality n if 

P E N, 

K + 1 C N. <'N C N. 

N n0 + is an ordinal, 

and p E P n N then there is an (N, P)-generic condition q with q < p. 

REMARK 3.5. (i) A partial order P is proper if and only if it is c-proper. 
(ii) Suppose that <8 = r and a partial order P is rj+-closed, or it is ri-closed and 

has the tj+-c.c. Then P is ri-proper. A 

This direct generalization has a drawback, namely it follows that im-properness is 
not necessarily preserved under iteration with r,+-support (by A-support we mean 
what some authors would call < A-support). An example of this is the partial 
order due to L. Stanley and Shelah [4] demonstrating the failure of a generalization 
of Martin's axiom.We shortly describe the situation. Let us consider sequences 
of length w2 of functions from w1 to col and order these sequences by defining 
g <* f if and only if for all a < P < 02, g(a) and g(f) differ at zero or they 
differ before f (a) and f(A) do. Assuming CH it can be shown that there is no 
infinite <* descending sequence. On the other hand, for every sequence f there 
is an 1I-closed partial order P(f) having the w2-c.c. such that a P(f )-generic set 
G introduces a sequence k <* f. With an iteration of length o we can force an 
infinite <* descending sequence. Since every step is 0i -closed, the iterated partial 
order is also W0-closed. Hence CH holds in the forcing extension. It follows that 
02 must be collapsed. By the remark above, the partial orders used in the iteration 
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1682 TAPANI HYTTINEN AND MIKA RAUTILA 

are 0-i -proper, but the iterated partial order is not as the lemma below shows. For 
some positive versions consult [8]. 

LEMMA 3.6. Suppose rK is an uncountable cardinal with r,' = X, P is a ri-proper 
partial order and G is a P-generic set. Then for any set A E V[G] of ordinals of 
cardinality ti, there is a set C E V of cardinality r, that covers A, i.e., A C C. 

PROOF. Let G be a P-generic set. If suffices to prove that for every function f 
from ri to ordinals that is in V[G], there is a set C E V of cardinality ri that covers 
ran(f). Towards a contradiction assume that 

(2.1) f is a function from r, to ordinals in V[G] such that for every subset C 
of sup(ran(f)) of cardinality r, in V it holds that ran(f) 9 C. 

Let f be a P-name for a function from r, to ordinals with f = [G]. Let p E G be 
a condition that forces (2.1). 

Let N -- (H(y), A) where x is large enough such that 

NI = ,K+ 1 C N, <''N C N. 

f,p,P E N, 

N n 0+ = a is an ordinal. 

Let a < a,. Then the set 

Da = fr EE P I H3#(r VF Y(a)=} 

is dense in P and definable from f, a and P. Thus it is in N. Let 

Ca = {fi E Ord I 3r E P n N(r V f (a) = ,f)}. 

Clearly Ca C N. Let q be an (N, P)-generic extension of p. 
Since N n Da is pre-dense below q, q forces "/(a) E Cat". It follows that 

q IF ran(f) C C 

where C = Ua<,, Ca . Clearly C is in V. Since Ca is a subset of N, it is of cardinality 
at most ia. Hence C is of cardinality at most ia. This contradicts the assumption 
that p forces "ran(f) is not covered by any set of cardinality ri that is in V". -1 

COROLLARY 3.7. Suppose rK is an uncountable cardinal with r<' = rK and P is 
rz-proper. Then A,+ is a regular cardinal in every P-generic extension. 

LEMMA 3.8. Suppose rK is an uncountable cardinal with r< = rX, and P is is- 

proper. Then forcing with P preserves stationary subsets of rA+. Especially it preserves 
n-stationary subsets of r+. 

PROOF. Suppose S C K+ is stationary. Then there is j < i+ such that S n SI is a 

stationary subset of a+. So we may assume that S C SI+. Towards a contradiction 
assume that C is a P-name and p a condition such that 

p I- CC C,+ is a cub and C n S = 0. 

There are two cases to consider. 

(A) (This is due to Shelah [5]) Suppose ji < s. Let <* be a well-ordering of P. 
Since S<J E I[s+] (see [6]), also S,' E I[s+]. Let the sequence a = (ae I 4 < a+) 
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and the cub subset E of i'+ witness this. Choose N -< (H(%), E), where x is large 
enough, of cardinality r, such that 

K+ 1 CN, 

N f = E S E, 

a,p,P,S,C,<*E N. 

As 6 E Sn E, there is e C 6 of order type cf(6) = u such that Ue = and for 
every < 6 there is < with en = a,. Thusen E Nforevery < 6. 
Let {16 | 4 < ju} be a strictly increasing enumeration of e. Define by recursion a 
descending sequence (p< I | < u) such that po = p and 

P,+I is the <*-first p' stronger than p, such that for some ye > Ad, pi - ye E c, 

if 4 is a limit ordinal, then p, is the <*-first p' stronger than pA for each 4 < 
This is possible since P is i-closed and Mu < s. For every 4 < Mu, the initial segment 
(p, | 4 < C) is definable from p, P, <*, C and {X | I < ? }. Thus each pi E N. 
Which in turn yields ye E N. Since P is i-closed, there is a lower bound q for 
(p, I 4 < Mu). Now q forces "C is unbounded in &', and therefore it forces "' E C". 
This contradicts the assumption that p If C n S = 0, as s E S. 
(B) Suppose that ju = a. Let x be large enough and N -< (H(y), e) as required in 
Definition 3.4 such that S, C, p E N and N n a+ ' E S. Since N is an elementary 
submodel of (H(%), E), we have 

N = p fp "C C + is a cub". 

Fora <6,let 

Da= {q E P I q < p A 3< +s(a < lA q IPfG i E)}U{q c P I q I p}. 

Clearly Dc, is a dense subset of P and in N. Let q be a (N, P)-generic extension 
of p. We claim that q forces "C is unbounded in s". Towards a contradiction 
assume that q' < q forces "C is bounded in s ". We may assume that q' decides 
the supremum of C n a. Let this be y. As q is (N, P)-generic, there is r E Dy n N 
compatible with q'. Let q" be a common extension of r and q'. As r E N, there is 
,6 c N n a+ greater than 

' 
such that r forces ",6 c C". Since q" extends r, it forces 

this too. Now q" forces 

Cn C y A C n g y 

which is absurd. 
Since q extends p and p forces "C is a cub", q forces "c 6 C". But this contradicts 

the assumption p If C n S = 0, as s G S. 

This completes the proof as we reached a contradiction in both cases. -A 

REMARK 3.9 (Shelah [5]). If there is a supercompact cardinal, then there is aforcing 
extension in which there are regular cardinals A > a, a stationary set S C Si and a 

+-closed partial order P such that S is not a stationary subset of A in any P-generic 
extension. - 

Now we turn our attention to the main theorem. 

THEOREM 3. 10. Assume GCH. Suppose K is a regular cardinal. Then there is a 
partial order P such that in every P-generic extension there is a K-canary tree, all 
cardinals are preserved and GCH still holds. 
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PROOF. The proof is rather long, so we have divided it into claims. First we define 
the partial order mentioned in the theorem, and then in the claims we prove various 
properties it has. 

Let Qo be a collection of functions such that f is in Qo if and only if 

dom(f) C S:+, Idom(f)I < a, 

V6, q E dom(f)(f(fs) E A (s < -f (6s) g f 

Order Qo by reverse inclusion. Then Qo is ,+-closed, and of cardinality a+ as we 
assumed GCH. 

In a forcing extension V1 which contains a Qo-generic set Go we define a tree of 
functions 

T (Go) = { f E <' es+ I Vb E SK (f b V ran(U Go))}. 

Suppose that S is a K-bistationary subset of a+ in VI. We associate a partial order to 
S and Go, but first we have to redefine the notion of an S-node. A node t E 5F (Go) is 
an S-node if for every s E Sc \S less than or equal to dom(t) it holds that t 5 A. 
Forapartialfunctiong from T(S) to r(Go), leto(g) = sup{dom(t) I t E ran(g)}. 
Now we can define the partial order P(S, Go). Let P(S, Go) be the collection of 
pairs (g, X) that satisfy the following conditions: 

(3.1) The element g is an order preserving partial function of cardinality at 
most K from T (S) to 3 (GO) the domain of which is closed under initial 
segments. 

(3.2) The element X is a partial function from a+ to Ua<K+ (a+1),+ of cardi- 
nality at most s such that 

o(g) n S_- C dom(X), 

Vac E dom (X) n SI+ (X (a) C (U Go) (a)). 

(3.3) For all t c dom(g), dom(g(t)) = sup(ran(t)). 
(3.4) For all t E dom(g), g(t) is an S-node. 
(3.5) For all t c dom(g) and a E dom(X), Xc(a) 9 g(t). 
(3.6) For all strictly increasing sequences (tc | 4 < a) of elements of dom(g), 
it holds that U(<c g(t() c _%(Go). 

A condition (g, X) is stronger than a condition (h, Y) if and only if h C g and 
Y C X. 

The partial order P(S, Go) is e-closed since the union of a descending sequence 
of elements of P(S, Go) clearly satisfies Conditions (3.1) - (3.5), and if the length 
of the sequence is less than a, Condition (3.6) does not set any new requirements. 

Let K;++. Finally, we define an iterated forcing notion 

Q = (Pa, Qp a < ?,<e) 

with Nonsupport (i.e., supports of conditions are of cardinality < a+) as follows: 
Let (Sp 0 0 </J < e) be an enumeration of forcing names such that S# is a Ps-name 
for a K-bistationary subset of i+. Let Qp be a Pp-name such that 

IV Q= P(S4, G(0)) 

where G (0) is a name for the Qo part of the generic set. 
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We will show that Q is i-proper. A crucial property in the proof is that the partial 
order does not force new subsets of cartinality at most a. This makes it possible to 
generalize the proof that a single step is i-proper to the whole iteration. 

CLAIM 3.11. Suppose that Go is a Qo-generic set and S is a re-stationary subset of 
a+ in aforcing extension VI which contains Go. If G is a P(S, Go)-generic set over V1, 
then U{g I iX((g, X) E G)} is an order preserving function from T(S) to 'j(Go). 

PROOF. It suffices to prove that for every t E T(S), the set 

Dt= {(g, X) E P(S, Go) I t c dom(g)} 

is dense in P(S, Go). So let p = (g, X) E P(S, Go) such that t , dom(g). Let 
a = sup(ran(t)) and B = {u E dom(g) I u <T(S) t}. 

Let 

b sup(B), 

bl = U g(u), 
uEB 

s = sup{sup(ran(u)) I u E B}. 

If b E B or cf(s) < s, then obviously b' c 57(Go). If b V B and cf(s) = s, then 
Condition (3.6) ensures that b' E 5f(Go). So b' E 9r(G ). As t E T(S) and b < t, 
we have s G S. By Condition (3.3), dom(b') = s. Since g(u) is an S-node for 
every u E B and s E S, b' is also an S-node. (Here Condition (3.3) forbids the 
trick we used in Claim 2.1.) If B = 0, let b' = 0. Let c' c T (Go) be an S-node 
continuation of b' with ht(c') = a such that for all y E dom(X), X(y) g pred(c'). 
Since Idom(X)I < a, there is such a node c'. Let mapping g' be defined for every 
u E pred(t)\B by 

g'(u) = the unique element in pred(c') n Lev.,(G.) (sup(ran(u))). 

It follows from the fact that c' is an S-node that g'(u) is an S-node for every 
u E pred(t)\B. Let X' be defined for every y E ((a + 1)\dom(X)) n Sj by 

X' I= (U Go) (y)r 

where 4 = max(o(g), sup {ht(s) I s E (U Go)(y) n pred(c')}) + 1, i.e., we take an 
initial segment of (U Go) (y) that is longer than anything in ran(g) and long enough 
to diverge from pred(c'). Let q = (g U g', X U X'). Clearly q E D. -A 

DEFINITION 3.12. For each a < ?, let 

= {p EcP I V( GE supt(p)3x E V(p() =x) 

CLAIM 3.13. For every a < ? the following hold: 

(i) Pac is i-proper. 
(ii) Forcing with Pc, does not add subsets of cardinality at most K. 
(iii) P' is a dense sub-order of Pet. 

PROOF. The proof is by induction on a. If a = 1, then Pal! Qo, and the 

properties (i) and (ii) follow as Qo is K+-closed. Property (iii) is obvious. 
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Suppose that a < E and that for every C < a the claim holds for PC. First we 
prove that Pa is ii-proper. Let N < (H(X), c) such that 

IN =aso+ I C N. `EN C N. 

K+ n N = - is an ordinal, 

Pa! c N. 

Let p E Pa, n N. We need to find an (N, Pa)-generic extension q of p. For that 
purpose let (DC 1 4 < a) enumerate the dense subsets of Pa, that are in N. Choose 
a descending sequence (p( | 4 < a,) such that 

Po = P. 

p?+1 C DC n N. 

This is possible since Pa is K-closed and <'N C N. By the induction hypothesis, 
for all 4 < a, forcing with PC does not add subsets of cardinality at most K. Hence 
for every 4 < K and C E supt(p<), the set 

D4,C = {r E Pa I r decides the value of p (4)} 

is dense in Pal and definable from p< and C. As Pal is a s+-support iterated forcing 
notion, supt(p<) C N for each 4 < K.. Thus D4,( is in N for every C E supt(p~). 
But if a condition r E Pal decides the value of p< (C), then r [C will decide the value, 
too. For this reason the following holds in H(X): 

V< < KV( c SUpt(p~)]c' < K]g: EV ]X< V(pGE 4 KV p ) = (gX C)). 

Since N is an elementary submodel of H(y) and supt(p<) C N for every 4 < K, 

we have that g e X. E N. Letg = U<g and X; = U<r X{:. (If < ca and 

4 supt(p<), then let g4 = = 0.) Then gC, X( c V. Since 3 > K, we can 

choose t E Hi such that t [s , N. Now define q as follows: Let the support of q be 

U4, supt(p4,) and for each E E supt(q), set 

q(= {U4<n PX(0) U f(61 0 if C 
(go X4) otherwise. 

(Actually standard names should be used.) We prove by induction on C < a that q [i 
is a condition. As for every 4 < K, the condition p4 (0) c N and it is of cardinality 
at most K, p4 (0) C N. Thus, by a density argument, we have U4<,< dom(p4 (0)) = 3. 
Since `JN C N, cf(3) = K. It follows from these observations that q(0) E Qo, 
whence q [I is a condition. 

Suppose that C is a limit ordinal and for all (' < , q [4' is a condition. It follows 
from the definition of the Kn-support iterated forcing notion that q [4 is a condition. 

Suppose that C = ,8 + 1 and cE supt(q). Then q[/3 forces "q(fl) satisfies 
Conditions (3.1) - (3.5)" since it forces "p4,(,6) - (gf, X4)" for every 4 < K. So if 
it did not force all Conditions (3.1) - (3.5), then there would be 4' < K such that 
q [/1 forces "(g4,, X4,) is not a condition" from which it would follow that pie is not 
a condition. To see that Condition (3.6) is satisfied, let (t|4 < K) be an increasing 
sequence of elements of dom(gp). Let u = U4, ggp(t4,) and y = dom(u). Then 
cf(y) = K. There are three cases to consider: 
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(A) Suppose that for some * < K every t< is in dom(g4* ). It follows from the fact 

that qf [PI p<:(B (gf*, X.* that qp I F u Ez 5-(G (0)). 
(B) Suppose y < 6. Then there are 4*, ' < s with 

1o(g4* ) > y, dom(gfl (t/,)) > dom(..Yf* (y)). 

It follows from cf(y) = K that y E dom(Xfl* ). Thus, by Condition (3.5), we have 

X4 (y) 7 g f(s) for all s c dom(g4). Therefore Xp (y) u u, and q [/ forces 

"u E T (G (O)) " as required. 
(C) Suppose y = s. Since dom(u) = s > s there are 4 < s such that 
dom(g# (ty,)) > K. But g#, t~, c N yields g4(ty,) c N. It follows from the 

definition of g# that gp(tf') = g (tag). By the choice of t, we have t [K V N. Thus 
gp(ty,) 7 t, and hence u V t. As q [/ forces "t is the only branch that is cut at level 
5 in 5-(G(O))", it also forces "u cE 5(G(O))" as required. 

So q [/ forces "q (6) C Qua" and hence q p( is a condition. By the construction of q 
it is the required (N, PC,)-generic condition. 

The proof that Pal does not add subsets of cardinality s is almost a verbatim copy 
of the proof that Pal is K-proper. Suppose that the set R is in V and z is a P,-name 
for a function from s to R. Towards a contradiction suppose that a condition 
p E Pa, forces that z is a new function. Pick a model N such that in addition to the 
aforementioned conditions also z and p are in N. Construct the condition q and 
observe that for each 4 < K the set 

D< = {r E Pa I r decides the value of z-c)} 

is a dense and open subset of Pal, and definable from z and 4. Hence it is in N. 
By the construction of q, it decides the value of z(4) for every 4 < s. But this is a 
contradiction since q extends p. 

The condition q constructed above also shows that P' is a dense sub-order of 
PCa. 

CLAiM 3.14. Suppose a < e. Then: 

(i) If Gal is a Pc,-generic set, A C Gal is at most of cardinality K and A G V[Gal], 
then there is a condition q E Gal with q < p for every p E A. 

(ii) V1a Pa,, is K-closed. 
(iii) 1V Pa,e is K-proper. 

PROOF. (i) By 3.13 (ii), A E V. By 3.13 (iii) we may assume that A C P'. We also 
may assume that IAI = S. Let {qj I i < s} be an enumeration of A. For each i < K 
and 4 E supt(qj), let (g', X<) = qj (4). Define 

S = Usupt(qi), 
i<K 

Pl = U{sup(dom(X<:)) I i < K A 4 E supt(qj)}, 

T = U{dom(g') I i < K A s E Supt(qj)}. 
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If q c Ga is such that 

(4) S c supt(q), 

(5) VX E S(/B C dom(X<)), 

(6) VX E SW E T (t E dom(g) V qd 1 t V T 

where (gy, X~) = q () for 4 c supt(q), then q < p for every p c A. So, it suffices to 
prove that the set of conditions satisfying (4) - (6) is dense in P' . For each 4 c S, 
y < /? and t c T, the sets 

D<={r e P' ez supt(r)}, 

Dy {r C P' I y e dom(2nd(rG4)))}, 

Dxt = {r E P' It E dom(Ist(r ())) V rk HI t V T(S4)} 

are dense in P' (and in Pal). The denseness of the first two is obvious. To see that the 
last set is dense in P', let p c P'. Suppose first that p F does not force " t E T (SA)". 
Then there is an extension r E P' of p such that r F forces "t f T(S4)". Thus 
r e Dyt. Suppose then that pp [fl- t e T(S9). Let (g'P, XP) p (). Suppose 
t V dom(gP) since otherwise we are done. Let Gp be a Ps-generic set with p p c Gp. 
By Claim 3.1 1, in V[Gp] there is an extension 

r - (g r, Xr ) Ez P (9.< [ Gp], Gp (O) ) 

of p(Q) with t c dom(g'). Let p' E Gp be an extension of p [X that forces 

r E P (94, Gp (O)) 

Define r' E P' as follows: Let supt(r') = supt(p') U supt(p) and for each 
c z supt(r'), set 

[PV() if <, 

r'((= r if4 = 

tP(0) if 4> 

Clearly r' < p and r' F t E T(S9). 
To complete the proof let N -< (H (x), c) of cardinality s be such that 

K + 1 C N. '<N C N, + n N = C E Ord, 

p,P' ,S,fl, T c N. 

Since S, ,B and T are each at most of cardinality K, we have S, ,B, T C N. Therefore 
for all 4 c S, y < /l and t E T, the sets D4, D4,y and Dxt are in N. Thus any 
(N, P' )-generic extension q of p satisfies (4) - (6). 

(ii) Suppose Ga, is a P'-generic set and let Pa,, - P'6[GaY]. Work in V[GaJ. Let 

(pi I i < y) be a decreasing sequence of conditions of Pa,, for some y < K. Then, 
by the definition of the quotient forcing [1, Definition 4.1], 

{P- k I i < y4 C Ga. 
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By (i), there is p E Gc, with p < pi pa for every i < y. Define q such that for each 
( E supt(p) U Uj<y supt(Pi), 

U1<y Pi(4) if > a. 

Since y < a, Condition (3.6) is satisfied. Therefore q E P'. It follows that q c Pare 
and q < pi for every i < y. 

(iii) If a 0, then this is 3.13(i). So suppose a > 0 and Ga is a Ps'-generic set. 
Let Pae = Pl,,[G,]. Work in V[Ga]. Let N -< (H(y), C) be such that 

IN|=, ,+1 CN, `'NNCN, 

A+ n N -= is an ordinal, 

PO I E N. 

Let F = U{p(0) p p C Ga} and t = F(s) (this is defined as cf(6) = r.). Let p be 
the least ordinal with t jp 1 N. Then p < 6. Let (DC I 4 < a) be an enumeration of 
dense subsets of PI, that are in N. Let p E PI f n N. Next we choose a decreasing 

sequence j3 (p| < a,) of conditions of Pa, such that PO = p and for each 

- < I., 

P?+l C Dc f N. 

If p < s, then there are no other requirements on how the sequence is chosen. In 

the case that p = c5 the sequence p is chosen as follows: Let 

,1Z: - (-\a) f N 

be a bijection. If C is a limit ordinal, then let pC E PI,, be any condition that extends 

pp for each /? < 4. This is possible by (ii). 
Suppose 4 = + 1. First pick pI C D# n N with pI < pp. Let 

(gi, xi') =pi), 

yi = max(sup(dom(Xi/)), o(g)). 

(Note that it is possible that g' -0 or Xi' = 0.) Since g', Xi' C N and both are of 

cardinality at most a, we have yi < c. Define pC such that supt(pc) supt(p') and 

for each 4 E supt(p(), set 

{j(g1jXiUJ{(y+1,Wt(yj+1))}) if #i, 

Clearly pC E Pa,,. This ends the description how the sequence p is chosen. 

By (i), let q' C Ga be such that it extends each pi [a. For each 4 < i and 

e E supt(p(), let (g, X4) pg ), and let (go, X<) = (U,, go, U, X. Define 

q by 

for eh Xsp) If U >t 

for each 4 Ez supt(q') U UC<:, supt(p(). 
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We show by induction on C E [a, ?] that q Hi is in Pi. Suppose a = a. Then 
q ' 

= E Ga. Suppose C is a limit ordinal. It follows from the definition of the 
K+-support iterated forcing that q hi c PC'. 

Suppose C = ,6 + 1. If C V supt(q), then q = q [/ and it follows that q Ic E PC'. 
Suppose then that cE supt(q). The proof proceeds as the proof of 3.13(i). The 
only difference is that in case (C) we have to distinguish the cases p < ( and p = (. 
If p < A, then we have an initial segment of t that is not in N, and therefore we can 
proceed as in (C). If every initial segment of t is in N, i.e., p = A, then we have, by 
the choice of the sequence P, Xf (yf + 1) = t I(yfl + 1). Therefore the image of a 
sequence reaching up to level ( in 5v (G (0)) must diverge from t, which is the only 
branch cut at level ( in $7 (G (0)). Hence the union of the image is in Y (G (0)). 

Thus q E P'. Since q [a = q' E Ga, q E P.,,,, So, q is the required (N, P,,6) 
generic extension of p. -A 

CLAIM 3.15. Suppose G is P,-generic set. Then in V[G] there are no s+-branches 
in Y(G(0)). 

PROOF. Suppose that b is name for a function in K a+. It is enough to show that 
the set 

D = {q E P, I q 1k 3a < +(b~a V (G0)))l 

is dense in P,. Let p E P,. Pick a model N -< (H(x), C), where X is large enough, 
such that 

NI = a, K + 1 C N, 'N C N. 

p,P6,b E N, 

N o+ = ( is an ordinal. 

As <' N C N, cf(() = a. Let {DC I C < a,} enumerate the dense subsets of P, that 
are in N. Choose a descending sequence (pc | < a,) of conditions such that 

Po = P, 

PC+l E Dc n N. 

This is possible as P6 is u,-closed and 'UN C N. For every a < A, the set 

{q E P6 I q decides the value of b(a)} 

is dense in P6 and definable from a and b. Hence it is in N. Therefore the sequence 

(pc I C < a,) determines the value of b [6. Let this value be t. By Claim 3.13, it is in 

V. By the same argument as in the proof of Claim 3.13 we find gC E V, X, E V 

and 4' < s for every 4 < s and C E supt(p,) such that 

p~4 IC I j'() = (g , X,). 

Again, let g& = U g, and XC = U.<, X{, and define q by 

q(4 {U4< P4 (0) u {(a t)} if =0 
(go Xc) otherwise. 

We show by induction on C that q IC is a condition. The case I = 1 is clear since 

cf(() = a,. Suppose that C is a limit ordinal and for all C' < C, q p' is a condition. 
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It follows from the definition of the n -support iterated forcing notion that q [S is a 
condition. 

Suppose then that 4 = ,8 + 1. If 4 ? supt(q), then qS = q ,6. Suppose that 
E E supt(q). Since supt(q) C N, C E N. Clearly Conditions (3.1) - (3.5) are 

satisfied. So we verify only Condition (3.6). Let (to | < a) be an increasing 
sequence of elements of dom(gfl). Let u = U g(t,) and let y = dom(u). Then 
cf(y) = 

(A) If there is 4* such that every t, is in dom(g,* ), then U,< gfl (t,) = u and q ,f 
forces "u E $r(G(O)) " as required. 
(B) Suppose y < (. Then there are , 4' < s with 

o(gfl ) > y, dom(g4* (to,)) > dom(Xfl (y)) 

from which it follows that Xfl(y) 9 u. Hence q ,f forces "u E 5'(G(O))". 
(C) Suppose y = (. Clearly 

(7) 1kF la < a,+ I b [aB E aa A cf (a) = a is a Da-ub in a,+. 

By 3.14(iii), we have 

(8) 1-, Sfl is a n-bistationary subset of a+. 

By combining the above two observations and using the maximal principle we find 
a P, -name a for an ordinal with 

(9) 1k, ci < I+ A b rc E 6di A di?S A cf(oi) =a 

As N is an elementary submodel of H(Z) and X is large enough, the observations 
(7) - (9) hold also in N. Clearly the set 

D, = {r E PI ]a < n+(r Fk & = a)} 

is dense in Pe and in N (we may assume that the name ci is in N). Therefore for 
some 4 < n and a < I, 

p, IIF ci = a A t [a is not an Sfl-node. 

On the other hand, by the definition of the condition q, we have for all y < I, 

q IF u by is an Sfl-node. 

Combining the above observations with the fact that q < pe yields 

q 1k, u + t. 

As q forces "zt is the only branch cut at the level (5", it forces "u E j(G (0))", too. 

Hence q is a condition. Clearly it extends p and it forces "b [6 = t A t9- (G 0))" 
Thus it is in D. 

CLAM 3.16. For each a < E the identity mapping from P' to Pa is a dense 
embedding. 

PROOF. This follows immediately from Claim 3.13(iii). H 

CLAIM 3.17. For each a < e, IP' I < ,+. 

PROOF. This follows from GCH. - 
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CLAIM 3.18. For all ae < e, P' and P, have the c-c.c. 

PROOF. For ar < e, by the previous claim, P' has the c-c.c. 
Let {pC | < E } C P' be of cardinality E. By the A-system lemma, there is I C E 

of cardinality E such that the set {supt(pc) E E I} forms a A-system with root d. 
As d is of cardinality at most n, sup(d) = 4 < ?. Since IP, I < n+ there are Co and 

(I with pC0 ld = pC, 1d. But then pC0 and pC, are compatible. 
By Claim 3.16, also Pa has the c-c.c. for every a <E. E. 

CLAIM 3.19. For all a < E there are at most E nice P' -namesfor a subset of (s+Y. 

PROOF. By Claim 3.18, P' has the e-c.c. Hence the number of nice P' -names for 
a subset of (n+ )Yis 

It follows from GCH that (K+ ) = ++= . E. 

CLAIM 3.20. For every a < E and nice Pa-name S for a subset of (i.+)Y there is a 
nice P' -name S' for a subset of (s+)Ywith 

p" S = 5'. 

PROOF. Suppose that S is a nice PR-name for a subset of (,.+Y. Let v S I and 
let { (zrc, pi) I C < v} enumerate S. For each C < v, choose an antichain AC C P' 
such that AC is a maximal antichain below pC and contains only conditions stronger 
than pi. (If pC E P' then let AC = {pi}.) This is possible by Claim 3.16. Let 

S' =U(f-C Ix AC). 
C<v 

Clearly Vpa S = 5'. - 

Now we continue the proof of Theorem 3.10. By Claim 3.13, forcing with P6 
preserves all cardinals less than or equal to n+i. By Claim 3.18, it does not collapse 
E. 

We have to ensure that we have added an order preserving function for every 
i.-bistationary subset of n+ in a P,-generic extension. To that end choose in the 
definition of Q the enumeration {S| ,8 < c} so that for each a < E every nice 
P' -name for a i.-bistationary subset of (i.+)Y appears in the enumeration with an 
index greater than a. By Claim 3.19, this is possible. Suppose that G is a P6 -generic 
set and S is a i.-bistationary subset of n+ in V[G]. Let S be a nice P6-name for a 
i.-bistationary subset of n+ with S = S[G]. Since P6 has the c-c.c. there is q < E 

such that S is PR-name. By Claim 3.20, an equivalent Ps-name appears in the 
enumeration {Sfl ,8 < c}. Hence there is an order preserving function from T(S) 
to J(G (0)) in V[G]. 

By Claim 3.13 forcing with P6 does not add new subsets of a. Hence all cardinals 
up to n are preserved and GCH holds up to a.. Since P6 is i-proper, it preserves 
a+ (this follows also from Claim 3.13(ii)). All cardinals above n+ are preserved 

as P6 has the ++-c.c. Suppose that 2 > n+. Then 2A < ((QP1 J-)A)V in V[G n 

P'] - V[G]. But JP'j = -++ which yields 2A < ((S++)A)v. Using GCH and the 
assumption that 2 > ni, we get 2A = A+ in V[G]. - 
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?4. A forcing extension where there are no it-canary trees. The proof of the fol- 
lowing theorem is essentially from [3], but for the sake of completeness we give 
it. 

THEOREM 4.1. Assume GCH. Suppose K is a regular cardinal. Then there is a 
partial order P such that there are no n-canary trees in any P-generic extension, but 
all cardinals are preserved and GCH still holds. 

PROOF. We claim that in every Fn(n++, 2, n+)-generic extension there are no r- 

canary trees. Towards a contradiction assume that G is an Fn(?++, 2, n+)-generic 
set and T is a n-canary tree in V[G]. Since we assumed GCH in the ground model, 
the partial order Fn(n++, 2, a+) has the ++-c.c.. It is also n+-closed. Hence it 
preserves all cardinals. It also follows that GCH holds in V[G]. 

We can regard Fn(n++, 2, n+) as a product of length a++ of partial order 
Fn(n+, 2, n+) with support less than n+, i.e., the partial order 

P++= f E 171Fn(n+,2,+) I Isupt(f)I < a} 

ordered coordinatewise is isomorphic to Fn(n++, 2, a+). Thus, we regard G as a 
P,++ -generic set. 

Since T is of cardinality n+ in V[G] and P,,++ has the ++-c.c., there are A C a++ 
of cardinality a+ and a PA-name T with T = T[G]. Let a = min(n++\A), and 
B = n++\{c}. Then T E V[GB] and P,++ - PB x P{j}. Working in V[GB], let 

S be a P{,,}-name for the n-bistationary set {f < n+ I (U G{a})(C) = 1} and Q 
a P{f}-name for the partial order T(S). By GCH in V[G], I[s+] is improper in 

V[G]. Thus, forcing with Q adds a n-cub into the it-stationary set S without adding 
subsets of cardinality at most n [2]. Therefore in every P{f} * Q-generic extension 
over V[GB] there is a n+-branch in T as T is assumed to be a n-canary tree. Let 
z be a Pf a} * Q-name for this branch. First we note that Q[G{,}] C V since P,,++ 
is K+-closed. Choose recursively conditions (pi, si) E Pc a * Q and ordinals Pis for 

i < a as follows: First let (po, so) = 1 and Pob = 0, and then for each i < ni, 
choose an extension (Pi' si+1) of (pi, si) which decides the value of z at level i. 
Then choose an extension p7" of P'+1 that decides the value of si41i. Let this value 
be s'+1, and set 

fiz+i = U (dom(p" 1) U ran(s/ 1)) + 1, 

Pi+1 = Pi+ U {(fl+, 1)}, 

Si+j = S/i ^ (fi +0) 

and for every limit 6 < ni, 

Af = U {sup(dom(pi)) i < }, 

P6 = U pi U (i,)} 
i<6 

S6= U Si^ 
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Note that for a limit ordinal 6 < ni, 

U {sup(dom(pi)) I i < } = U {sup(ran(si)) < 6} 

This ensures that p6 forces "s6 E Q". For successor case, since P"i decides the value 
of si , we have Pi+, forces "ssi E Q". Thus, ((pi, si) I i < n+) is a descending 
sequence of conditions in V[GB] such that (pi, si) decides the value of z at level i. 
Thus there is a n+-branch in T in V[GB]. This contradicts the assumption that T 
is a n-canary tree in V[G]. - 
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