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1. Introduction

In this paper we continue our investigation in [5, 7, 8] on multipeak solutions to

the problem
®ε#∆u­u¯Q(x) rurq−#u, x `2N,

u `H "(2N), (1.1)

where ∆¯3N

i="
¦#}¦x#

i
is the Laplace operator in 2N, 2! q!¢ for N¯ 1, 2, 2!

q! 2N}(N®2) for N& 3, and Q(x) is a bounded positive continuous function on 2N

satisfying the following conditions.

(Q
"
) Q has a strict local minimum at some point x

!
`2N, that is, for some δ" 0

Q(x)"Q(x
!
)

for all 0! rx®x
!
r! δ.

(Q
#
) There are constants C, θ" 0 such that

rQ(x)®Q(y)r%Crx®yrθ

for all rx®x
!
r% δ, ry®y

!
r% δ.

Our aim here is to show that corresponding to each strict local minimum point x
!

of Q(x) in 2N, and for each positive integer k, (1.1) has a positive solution with k-

peaks concentrating near x
!
, provided ε is sufficiently small, that is, a solution with

k-maximum points converging to x
!
, while vanishing as ε! 0 everywhere else

in 2N.

Problem (1.1) arises in various applications, such as chemotaxis, population

genetics, chemical reactor theory, and the study of standing wave solutions of certain

nonlinear Schro$ dinger equations.

The study of single and multi-peak solutions to (1.1) and related problems has

attracted considerable attention in recent years, and there are several results in the

literature on the existence of such solutions.

However, to the best of the authors’ knowledge, all previous results on this

problem are restricted to solutions with at most one positive peak near x
!
, where x

!

is assumed to be a nondegenerate critical point of Q, a strict local maximum

point, or some other classes of ‘ topologically nontrivial critical points ’ (see [11]). We

mention the recent results by the authors and D. Cao [5, 8] for the case of a

nondegenerate critical point, and [7] for the degenerate case. For the related

Schro$ dinger equation

®ε#∆u­V(x) u¯ rurq−#u, x `2N,

u `H "(2N),
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there are various results by several authors. We mention the works of Floer and

Weinstein [13], Oh [22, 23], X. Wang [26], Z. Q. Wang [27], P. Rabinowitz [24], M. del

Pino and P. Felmer [11, 12], C. Gui [15], and Y. Y. Li [17], and the references therein.

When Q(x) is a positive constant and 2N is replaced by an arbitrary domain Ω,

problem (1.1) has been considered by several authors. In these studies both the

topology of Ω (see, for example, Benci and Cerami [3, 4]) and the geometry of Ω (see

[6, 9, 20, 21]) play an important role in the existence and multiplicity of positive

solutions of (1.1), and on the location of their peaks (see [6, 25]).

To state our results we introduce some notations first. Let w denote the ground

state solution of the problem

®∆w­w¯wq−", x `2N,

w `H "(2N),

w(0)¯max
x`2N

w(x). (1.2)

It is well known [16] that w is unique and satisfies

1

2
3

4

w(x)¯w(rxr), c x `2N,

w«(r)! 0, c r" 0, w§(0)! 0,

lim
r!¢

r(N−")/#erw(r)¯ λ
!
" 0,

lim
r!¢

w«(r)
w(r)

¯®1.

Let

�ε,y
([)¯ �(([®y)}ε), y `2N,

©�, �ªε ¯ ε#&~u[~�­& u�,

sus#
ε ¯©u, uªε,

and we write s s
"
¯ s s for all u, � `H "(2N), where all our integrals are Lebesgue

integrals over 2N, unless otherwise stated. The main results of this paper may be

stated as follows.

T A. Assume that conditions (Q
"
) and (Q

#
) hold. Then, for each k¯

1, 2,…, there exists ε
!
¯ ε(k) such that for all ε ` (0, ε

!
) problem (1.1) has a solution uε of

the form

uε ¯3
k

j="

αj
ε wx

j
ε,ε

­�ε

for some positi�e constants αj
ε, j¯ 1,… ,k, points xj

ε `2N, j¯ 1, 2,… ,k, and �ε `
H "(2N), satisfying

xj
ε !x

!
,

rxi
ε®xj

εr
ε

!­¢, i1 j,

αj
ε !Q(x

!
)−"/(q−#),

s�εsε ¯ o(εN/#),

as ε! 0.
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Our procedure is based on local reduction methods like those by O. Rey [24], A.

Bahri [1], and Y. Li [17]. We should mention that the reduction procedure has been

modified here to allow for the degeneracy of the critical point of Q.

We mention that there is a similarity between problem (1.1) and the singularly

perturbed elliptic problem with Neumann boundary condition (see [10]), where the

mean curvature function on ¦Ω plays a similar role to that of Q(x) here.

We also mention the following example which shows that when x
!

is a local

maximum point of Q, one cannot expect, in general, to have a positive solution with

more than one peak concentrating at x
!
.

E 1.1. Let u be any positive solution of

®ε#∆u­u¯Q(rxr) uq−", in 2N,

u `H "(2N),

where Q is a non-increasing continuous positive function, which is radically

symmetric. It is well known [14] that u is radially symmetric and non-increasing, and

hence has a single peak in 2N.

This paper is organized as follows. In Section 2, we introduce some notations and

establish two basic results ; one is a decomposition lemma for functions in H "(2N),

and the other is a spectrum result. In Section 3 we prove Theorem A.

R 1.2. Recently we learnt from the referee that similar results were

obtained by G. Lu and J. Wei [18] for similar equations, although not including the

one considered here.

2. Notations and preliminary results

Without loss of generality, we assume that x
!
¯ 0 and Q(0)¯ 1. Set

Iε(u)¯ "

#
sus#

ε®
1

q&Q(x) rurq dx, u `H "(2N). (2.1)

Let B
r
¯²x `2N, rxr! r´, and Ba

r
be its closure.

For δ,R" 0 and any positive integer k¯ 1, 2,…,

Dk
ε,R,δ

¯²(x",… ,xk) `2kN, xj `Ba δ, j¯ 1,… ,k, rxi®xjr}ε&R for i1 j´

Eε,k
¯ (� `H "(2N) :©�,w

x
j
,ε
ªε ¯-�,

¦w
x
j
,ε

¦xj

i

.
ε

¯ 0, j¯ 1,… ,k, i¯ 1,… ,N*
Mε,R,δ

¯²(α",… ,αk,x",… ,xk, �) : (x",… ,xk) `Dk
ε,R,δ

, rαi®1r% δ,

i¯ 1,… ,k, � `Eε,k
, s�s#

ε % δεN´. (2.2)

Set

Jε(α",… ,αk ;x",… ,xk, �)¯ Iε 03k
j="

αjw
x
j
,ε
­�1

(α
"
,…,α

k
,x",… ,xk, �) `Mε,R,δ

. (2.3)
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L 2.1. There exist R
!
" 0, δ" 0 and ε

!
" 0 such that for ε ` (0, ε

!
], R&R

!
,

δ ` (0, δ
!
], we ha�e the equi�alence (α",… ,αk,x",… ,xk, �) is a critical point of the

functional
Jε :Mε,R,δ

MNR

(α",… ,αk,x",… ,xk, �)MN Iε 03
k

j="

αjw
x
j
,ε
­�1

if and only if

u¯3
k

j="

αjw
x
j
,ε
­� (2.4)

is a critical point of Iε in H "(2N).

L 2.2. There exist ρ" 0, R
!
" 0, δ

!
" 0 and ε

!
" 0 such that for ε ` (0, ε

!
],

δ ` (0, δ
!
] and R&R

!
, we ha�e

s�s#
ε®(q®1)& 03

k

j="

w
x
j
,ε1q−# �#& ρs�s#

ε (2.5)

for all (x",… ,xk) `Dk
ε,R,δ

and � `Eε,k
.

The proofs of Lemmas 2.1 and 2.2 are given in Appendix A.

We notice that (α",…,αk,x",… ,xk, �) `Mε,R,δ
is a critical point of Jε if and only

if there are scalars AF, BF,h
, F¯ 1,…,k, h¯ 1,… ,N, such that

¦Jε

¦xj

i

¯ 3
N

h="

B
j,h-¦#w

x
j
,ε

¦xj

i
¦xj

h

, �.
ε

(2.6)

¦Jε

¦αi
¯ 0 (2.7)

0¦Jε

¦�
,}1¯ 3

k

F="

AF(wx
F
,ε
,})­3

k

F="

3
N

h="

BF,h 0¦w
x

F
,ε

¦x F

h

,}1 (2.8)

for all } `H "(2N).

In order to prove Theorem A, we show first that for (x",x#,… ,xk) given, ε small

enough, there exist αi, i¯ 1,… ,k, �ε `Eε,k
, and scalars AF, BF,h

, F¯ 1,… ,k,

h¯ 1,… ,N, such that (2.7) and (2.8) are satisfied, and the mappings (x",… ,xk)MN
αi(x",… ,xk), (x",… ,xk)MN �(x",… ,xk) `Eε,k

are C "(Dk
ε,R,δ

). We then show that for

sufficiently small ε, there exists a point (x",… ,xk) `Dk
ε,R,δ

such that (α",…,αk,

x",… ,xk, �) `Mε,R,δ
and satisfies (2.6).

3. Existence of a multi-peak solution

In this section we fix k¯ 1, 2,… , and write

α¯ (α",… ,αk) `2k

x¯ (x",… ,xk) `2kN.

We define inner products in 2k and 2k¬Eε,k
, respectively, by

(α, γ)ε ¯ ε#3
k

j="

αjγ j, α, γ `2k, (3.1)

((α, �), (γ, u))ε ¯ (α, γ)ε­(�, u)ε, (3.2)

for (α, �), (γ, u) `2k¬Eε,k
. The corresponding norms are denoted by

sαsε, s(α, �)sε.
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Let

Hε,x
¯3

k

j="

w
x
j
,ε
. (3.3)

P 3.1. Assume that x
!
¯ 0 and conditions (Q

"
) and (Q

#
) hold. Then for

any gi�en integer k¯ 1, 2,…, there exist constants ε
!
,R

!
, δ

!
" 0 such that for ε ` (0, ε

!
],

R"R
!
, δ ` (0, δ

!
], there is a C "-mapping

(αε, �ε) :Dk
ε,R,δ

MNRk¬Eε,k

such that (2.7) and (2.8) hold. Moreo�er,

εN/#3
k

j="

rαi
ε®1r­s�εsε ¯ εN/#O(ε θ­3

i1j

e−min((q−")/#,")
rxi−x

jr/ε

­3
k

j="

rQ(xj)®1r). (3.4)

Proof. We follow an argument due to A. Bahri [1]. We expand Jε in a

neighbourhood of (α, �)¯ (1, 0). Let βi ¯αi®1, β¯ (β",…, βk) and u¯ (β, �) `
2k¬Eε,k

.

Define
J$ε (x, u)¯ Jε(α,x, �).

Then
J$ε (x, u)¯ J*(x, 0)­fε,x

(u)­Qε,x
(u)­Rε,x

(u)

where u¯ (β, �),

fε,x
(u)¯®&Q(y)Hq−"

ε,x
(y) �(y) dy

­3
k

j="

9(Hε,x
,w

x
j
,ε
)ε®&Q(y)Hq−"

ε,x
w

x
j
,ε: βj

(3.5)

Qε,x
(u)¯Q(")

ε,x
(β)­Q(#)

ε,x
(�)­Q($)

ε,x
(β, �) (3.6)

Q(")
ε,x

(β)¯ 93
k

i,j="

(w
x
i
,ε
,w

x
j
,ε
)ε®(q®1)3&Q(y) (Hε,x

)q−#w
x
i
,ε

w
x
j
,ε: β iβ j (3.7)

Q(#)
ε,x

(�)¯ s�s#
ε®(q®1)&Q(y) (Hε,x

)q−# �# (3.8)

Q($)
ε,x

(β, �)¯®3
k

j="

&Q(y) (Hε,x
)q−#w

x
j
,ε

�β j (3.9)

and Rε,x
denotes all the higher order terms, and it satisfies

Rε,x
(u)¯O(susMin($,q)

ε )

R!ε,x
(u)¯O(susMin(#,q−")

ε )

R"ε,x
(u)¯O(susMin(",q−#)

ε ). (3.10)

Now fε,x
is a continuous linear form over 2k¬Eε,k

equipped with the scalar product

defined in (3.2). Therefore there exists a unique fε,x
`2k¬Eε,k

such that fε,x
(u)¯

( fε,x
, u)ε.

In the same way Qε,x
is a continuous quadratic form over 2k¬Eε,k

, and therefore

there exists a continuous linear operator Aε,x
from 2k¬Eε,x

onto itself such that

Qε,x
(u)¯ (Aε,x

u, u)ε,

(Aε,x
u, u)ε ¯Q(")

ε,x
(β)­Q(#)

ε,x
(�)­Q($)

ε,x
(β, �). (3.11)
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We show next that for R sufficiently large, and δ and ε sufficiently small, the

operator Aε,x
has a bounded inverse.

From Lemma 2.2 there exists ρ,R
!
, δ

!
, ε

!
" 0 such that for ε ` (0, ε

!
], δ ` (0, δ

!
] and

R&R
!
, we have

Q(#)
ε,x

(�)& ρs�s#
ε (3.12)

for all x `Dk
ε,R,δ

.

On the other hand, if R
!
" 0 is sufficiently large and δ

!
" 0 is sufficiently small, we

have

Q(")
ε,x

(β)¯3
k

i="

(sw
x
i
,ε
s#

ε®(q®1)&Q(y)wq

x
i
,ε
)r β ir#­O(εNe−R) rβr#

¯ εN²(2®q) sws#­oδ(1)­O(e−R)´ rβr#

%®C
N

εNrβr#¯®C
N
sβs#

ε (3.13)

for some constant C
N

" 0, which depends only on N, where oδ(1)! 0 as δ! 0,

and

rQ($)
ε,x

(β, �)r%3
k

i="

)&Q(y)Hq−#
ε,x

w
x
i
,ε

�) rβ ir

¯3
k

i="

0&Q(y)wq−"
ε,x

i
�­O(εN/#e−R) s�sε1 rβri

¯3
k

i="

0&wq−"
ε,x

i
�­oδ(1) εN/#s�sε­O(εN/#e−R) s�sε1 rβ ir

¯ (O(e−R)­o(δ)) sβsε s�sε. (3.14)

From the above estimates, there is, for ε ` (0, ε
!
), R"R

!
, δ ` (0, δ

!
), a unique linear

operator from 2k¬Eε,k
to itself such that

(Bε,x
u, u)ε ¯Q(")

ε,x
(β)­Q(#)

ε,x
(�).

Furthermore, from (3.12) and (3.13), Bε,x
is invertible and

sB−"
ε,x

s%C

for some constant C" 0, independently of ε and x.

From (3.14) we have

sAε,x
®Bε,x

s¯ sQ($)
ε,x

s%O(e−R)­oδ(1).

Hence we can choose R
!
, δ

!
, ε

!
such that for ε ` (0, ε

!
], R&R

!
, δ ` (0, δ

!
), Aε,x

is

invertible and

sA−"
ε,x

s%C

for some constant C" 0.

We now follow the argument in Rey [24].

Since

¦J$ε

¦u )2k
×Eε,k

(x, u)¯ fε,x
­2Aε,x

u­R!ε,x
(u)

there is an equivalence between the existence of u¯ (α, �) such that (2.7) and (2.8) are

satisfied and

fε,x
­2Aε,x

u­R!ε,x
(u)¯ 0. (3.15)



    219

As in [24] we employ the implicit function theorem to conclude that for some

ε
!
,R

!
, δ

!
, we have a C "-mapping

uε ¯ (αε, �ε) :Dk
ε,R,δ

MN2k¬Eε,k

for ε ` (0, ε
!
], R&R

!
, δ ` (0, δ

!
], satisfying (3.15), and

suεsε %Cs fε,x
s. (3.16)

We estimate next s fε,x
s.

We claim that

&Q(y)Hq−"
ε,x

�¯3
k

i="

&Q(y)wq−"
x
i
,ε

�­O(εN/# 3
i1j

e−Min((q−")/#,")
rxi−x

jr/ε) s�sε. (3.17)

In fact, if 2! q! 3, from the inequality

r ra­brq−"®rarq−"®rbrq−"r%
1

2
3

4

Crar rbrq−# if rar% rbr

Crbr rarq−# if rbr% rar

%Crar(q−")/# rbr(q−")/#,

for some constant C" 0, we obtain

)&Q(y) 0Hq−"
ε,x

®3
k

i="

wq−"
x
i
,ε1 �)%C&3

i1j

w(q−")/#

x
i
,ε

w(q−")/#

x
i
,ε

r�r

%CεN/#s�sε 0&03
i1j

w(q−")/#w(q−")/#

",
rxi−x

jr/ε1
q/(q−")1"−"/q

¯O(εN/# 3
i1j

e−(q−")
rxi−x

jr/#ε) s�sε ; (3.18)

if q" 3, then

)&Q(y) 0Hq−"
ε,x

®3
k

i="

wq−"
x
i
,ε1 �)%C 3

i1j

&wq−#
x
i
,ε

w
x
j
,ε
r�r¯O(εN/# 3

i1j

e−rxi−x
jr/ε) s�sε. (3.19)

Combining (3.18) and (3.19), we obtain (3.17).

However,

&Q(y)wq−"
x
i
,ε

�¯&
Bδ(x

i
)

Q(y)wq−"
x
i
,ε

�­O 0&
ry−x

ir&δ

wq−"
x
i
,ε
r�r1

¯Q(xi)&
Bδ(x

i
)

wq−"
x
i
,ε

�­O 0&
Bδ(x

i
)

ry®xirθ wq−"
x
i
,ε
r�r1

­O 0&
ry−x

ir&δ

wq−"
x
i
,ε
r�r1

¯O 0&
Bδ(x

i
)

ry®xirθ wq−"
x
i
,ε
r�r1­O 0&

ry−x
ir&δ

wq−"
x
i
,ε
r�r1

¯O(εN+θ& ryrθ wq−"r�(εy­xi)r)­O 0εN&
ryr&δ/ε

wq−"r�(εy­xi)r1
¯O(εN/#+

θ­εN/#e−δ/ε) s�sε

¯O(εN/#+
θ ) s�sε. (3.20)
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Using (3.17) and (3.20), we obtain

&Q(y)Hq−"
ε,x

¯O(εN/#+
θ­εN/# 3

i1j

e−Min((q−")/#,")
rxi−x

jr/ε) s�sε. (3.21)

We also have

&Q(y)Hq−"
ε,x

w
x
i
,ε&

Bδ(x
i
)

Q(y)Hq−"
ε,x

w
x
i
,ε
­O0εN 0&

ryr&δ/ε

wq1"/q1
¯Q(xi)&

Bδ(x
i
)

Hq−"
ε,x

w
x
i
,ε
­O 0&

Bδ(x
i
)

ry®xirθ Hq−"
ε,x

w
x
i
,ε1­O(εNe−δ/ε)

¯Q(xi)&
Bδ(x

i
)

wq

x
i
,ε
­O (εN+θ­εN 3

i1j

e−rxi−x
jr/ε)

¯Q(xi) εNsws#­O (εN+θ­εN 3
i1j

e−rxi−x
jr/ε) . (3.22)

Thus

(Hε,x
,w

x
i
,ε
)ε®&Q(y)Hq−"

ε,x
w

x
i
,ε

¯ εN (sws#­O (3
i1j

e−rxi−x
jr/ε))

®(Q(xi) εNsws#­O (εN+θ­εN 3
i1j

e−rxi−x
jr/ε))

¯O0εθ­3
k

i="

r1®Q(xi)r­3
i1j

e−rxi−x
jr/ε1 εN. (3.23)

From (3.21), (3.23) and (3.5), we have

r( fε,x
, u)εr¯ εN/#O 0εθ­3

k

i="

r1®Q(xi)r­3
i1j

e−Min((q−")/#,")
rxi−x

jr/ε1 s�sε

which implies that

s fε,x
sε ¯ εN/#O 0ε θ­3

i1j

e−Min((q−")/#,")
rxi−x

jr/ε­3
k

i="

rQ(xi)®1r1 . (3.24)

Combining the above estimate and (3.16), (3.4) follows. This completes the proof of

Proposition 3.1. *

Let ε
!
,R

!
, δ

!
be as in Proposition 3.1. For ε ` (0, ε

!
], R&R

!
, δ ` (0, δ

!
], let

(αε(x), �ε(x)) be the C "-mapping established in Proposition 3.1. Define

Jh ε(x)¯ Jε(αε(x),x, �ε(x)),

x ` Dk
ε,R,δ

.

Let xε ¯ (x"
ε ,… ,xk

ε ) `Dε,R,δ
be any point for which

Jh ε(xε )¯Max²Jh ε(x) :x `Dk
ε,R,δ

´. (3.25)
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In the following proposition we show that xε for small ε is an interior point of Dε,R,δ
,

and hence a critical point of Jh ε.

P 3.2. Let xε satisfy (3.25). Then as ε! 0,

xi
ε ! 0, i¯ 1, 2,… ,k,

rxi
ε®xj

εr}ε!¢, i1 j.

Proof. With the notations of Proposition 3.1 and from Appendix B and the

estimates (3.4) and (3.24), we have

Jε(αε(xε),xε, �ε(xε))¯ J$ε (xε, uε )

¯ J$ε (xε, 0)­O(s fε,xε
s#

ε­sus#
ε )

¯ J$ε (xε, 0)­O 0εN 0ε#θ­3
i1j

e−Min(q−",#)
rxi−x

jr/ε­3
k

j="

rQ(xj)®1r#11
¯ 0k2®

1

q
3
k

j="

Q(xj)1 sws# εN®&Q(y) 3
k−"

j="

w
x
i
,ε 0 3

k

j=i+"

w
x
j
,ε1q−"

­O 0εN 0ε#θ­3
k

j="

r1®Q(xj)r#­3
i1j

e−Min(q−",#)
rxi−x

jr/ε11 . (3.26)

Let

zi
ε ¯ ετe

i
, i¯ 1, 2,… ,k,

for some τ ` ("
#
, 1) and some vectors e

"
,… , e

k
with e

i
1 e

j
(i1 j). Then

rzi
ε®zj

εr}ε¯ re
i
®e

j
r}ε"−τ !¢

as ε! 0.

Thus zε ¯ (z"ε ,… , zk
ε ) `Dk

ε,R,δ
for ε sufficiently small, and by (3.25) and (3.26) we

obtain

Jε(αε(xε ),xε, �ε(xε ))& Jε(αε(zε«), zε, �ε(zε ))

& 0k2®
1

q
3
k

i="

Q(ziε )1 sws# εN

­O 0εN 0ε#θ­3
k

j="

r1®Q(ziε )r#­3
i1j

e−("+
σ) rei−ej

r/ε"−
τ11

¯ 012®
1

q1ksws# εN­O(εN+θ
") (3.27)

where θ
"
¯Min(τ, 2θ) and 1­σ¯Min(q®1, 2).

Using (3.26) and (3.27), we obtain

0k2®
1

q
3
k

i="

Q(xi
ε )1 sws# εN®&Q(y) 3

k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−"

­O 0εN 0ε#θ­3
k

i="

r1®Q(xi
ε )r#­3

i1j

e−("+
σ) rxi

ε−x
j
εr/ε11

& 012®
1

q1ksws# εN­O(εN+θ
").
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Thus

1

q
3
k

i="

(Q(xi
ε )®1) sws# εN­&Q(y) 3

k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−"

%O 0εN 0ε#θ­3
k

i="

r1®Q(xi
ε )r#­3

i1j

e−("+
σ) rxiε−x

j
εr/ε11 (3.28)

but

&Q(y) 3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
i
ε,ε1q−"&&

2N

3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−"

­&
ryr%δ

(Q(y)®1) 3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−"

­&
ryr&δ

(Q(y)®1) 3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−" (3.29)

and

)&
ryr&δ

(Q(y)®1) 3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
j
ε,ε1q−" dy)

%CεN 3
j1i

&
ryr&δ/ε

w(y)wq−"(y®(xj
ε®xi

ε)}ε) dy

%CεN 3
i1j

&
ryr&δ/ε

e−ryre−(q−")
ry−(x

i
ε−x

j
ε)r/ε dy

¯O(εNe−δ/ε). (3.30)

From (3.29), (3.30), and assumptions (Q
"
), (Q

#
), we have

&Q(y) 3
k−"

i="

w
x
i
ε,ε 0 3

k

j=i+"

w
x
i
ε,ε1q−"&C 3

i1j

e−("+
σ/#)

rxiε−x
j
εr/εεN­O(εNe−ε/δ) (3.31)

where C is a positive constant.

From (3.28) and (3.31) we have

εN3
k

i="

(Q(xi
ε )®1)­C 3

i1j

e−("+
σ/#)

rxiε−x
j
εr/εεN%O(εN+#

θ ),

which implies that

Q(xi
ε )! 1¯Q(0),

xi
ε ! 0,

rxi
ε®xj

εr}ε!¢, i1 j,

as ε! 0, i, j¯ 1, 2,… ,k.

This completes the proof of Proposition 3.2. *

Proof of Theorem A. From Proposition 3.1, for each k, there exist ε
!
,R

!
, δ

!
, and

a C "-mapping (αε(xε ), �ε(xε )) :Dε,R,δ
MN2k¬Eε,k

for each ε ` (0, ε
!
], R"R

!
, δ ` (0, δ

!
],
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such that (2.7) and (2.8) hold. By Proposition 3.2 we can choose xε such that xi
ε ! 0,

rxi
ε®xj

εr}ε!¢, as ε! 0, i, j¯ 1, 2,… ,k, i1 j, and ¦Jh ε(xε )}¦xj

i
¯ 0. That is,

0¯ 3
k

F="

¦Jε

¦αF

¦αF

¦xj

i

­
¦Jε

¦xj

i

­-¦Jε

¦�
,
¦�ε

¦xj

i

.
ε

¯
¦Jε

¦xj

i

­3
k

F="

AF-w
x

F
ε,ε

,
¦�ε

¦xj

i

.
ε

­3
k

F="

3
N

h="

BF,h-¦w
x

F
ε,ε

¦xF

h

,
¦�ε

¦x j

i

.
ε

(3.32)

by (2.7) and (2.8). However ©w
x

F
ε,ε

, �εªε ¯ 0, ©¦w
x

F
ε,ε

}¦x F

h
, �εªε ¯ 0, since �ε `Eε,k

.

Therefore, ©w
x

F
ε,ε

, ¦�ε}¦xj

i
ªε ¯ 0, and from (3.32) we obtain

¦Jε

¦xj

i

¯ 3
N

h="

B
j,h-¦#w

x
F
ε,ε

¦xj

i
¦xj

h

, �ε.
ε

,

which is (2.6). Theorem A follows easily. *

R 3.3. If Q(x) has several strict local minimum points, say a
"
,… , a

m
, the

above arguments may be used to show that (1.1) has, for any given integers kF, F¯
1,… ,m, a solution uε of the form

uε ¯ 3
m

F="

3
kF

i="

αε,F,i
w

x
i
ε,F,ε

­�ε

for sufficiently small ε, and as ε! 0,

xi
ε,F

! aF, i¯ 1, 2,… ,kF,

rxi
ε,F

®xj
ε,F

r}ε!¢, i1 j,

αε,F,i
! 1}(Q(aF))"/(q−#), i¯ 1, 2,… ,kF,

s�εs#¯ o(εN).

R 3.4. The requirement that Q(x) has a strict local minimum may be

replaced by the weaker condition that there is a set ΛZ2N such that

MinΛ- Q(x)!Min¦Λ Q(x).

We may use the same arguments to construct a solution uε of the form

uε ¯3
k

i="

αε,i
w

x
i
ε,ε

­�ε

for any given positive integer k, provided ε¯ ε(k) is sufficient small, and as ε! 0,

xi
ε !xi

!

Q(xi

!
)¯MinΛ- Q(x)

αε,i
! 1}(Q(xi

!
))"/(q−#)

s�εs#
ε ¯ o(εN).

Appendix A

We give here a sketch of the proofs of Lemmas 2.1 and 2.2. The results are

essentially known, and have been used in one form or another by several authors.
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To prove Lemma 2.1, we need the following decomposition lemma.

Let k¯ 1, 2,… be fixed. Let x¯ (x",… ,xk) `2kN, α¯ (α",…,αk) `2k,

3
δ

¯²(α",α#,… ,αk,x",… ,xk) : rxir, rαi®1r% δ, i¯ 1, 2,… ,k´

W(δ,R, ε)¯ (u :u `H ", ))u®3
k

i="

αiw
x
i
x,

ε))% δεN for some x `Dk
ε,R,δ* .

L A.1. There are R
!
, ε

!
, δ

!
" 0 such that for R&R

!
, ε ` (0, ε

!
], δ ` (0, δ

!
] and

u `W(δ,R, ε), the minimization problem

inf())u®3
k

i="

αiw
x
i
ε,ε))#

ε

: (α,x) `3
%
δ
* (A.1)

is achie�ed in 3
#
δ and not in 3

%
δc3

#
δ«. Furthermore, the abo�e minimization problem

admits a unique solution.

For the proof of the above lemma we refer the reader to [7, 8].

R A.2. Let (α,x) be the minimizer of (A.1), as given by Lemma A.1. Set

�¯ u®3
k

i="

αiw
x
i
,ε
.

Then � satisfies

©�,w
x
j
,ε
ªε ¯-�,

¦w
x
j
,ε

¦xj

i

.
ε

¯ 0,

j¯ 1,… ,k, i¯ 1,… ,N. Therefore, (α,x, �) `Mε,R,δ
for ε ` (0, ε

!
], R&R

!
, δ ` [0, δ

!
].

The proof of Lemma 2.1 then follows as in [24, Proposition 3]. See also [8].

L A.3. There exist R
!
, ε

!
, δ

!
" 0 such that for ε ` (0, ε

!
], δ ` (0, δ

!
], R&R

!
,

s�s#
ε®(q®1)&

2N
03

k

j="

w
x
j
ε,ε1q−# �#& ρs�s#

ε

for all x `Dδ,R,ε
, � `Eε,k

, where ρ" 0 is a positi�e constant.

This lemma can be proved in exactly the same way as [8, Lemma B.2].

Appendix B

We establish here an estimate for J$ε (x, 0).

L B.1. For any x `Dδ,R,ε
, x¯ (x",… ,xk) we ha�e

J*(x, 0)¯ 0k2®
1

q
3
k

i="

Q(xi)1 sws# εN

®&Q(y) 3
k−"

i="

w
x
i
,ε 0 3

k

j=i+"

w
x
j
,ε1q−"

­O 0εN 0εθ­3
k

i="

r1®Q(xi)r#­3
i1j

e−("+
σ) rxi−x

jr/ε11 .
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Proof. Let Hε,x
¯3k

j="
w

x
j
,ε
. Then

sHε,x
s#

ε ¯kεNsws#­3
i1j

(w
x
i
,ε
,w

x
j
,ε
)¯kεNsws#­2 3

i!j

&wq−"
x
i
,ε

w
x
j
,ε
. (B.1)

We also have

&Q(y)Hq
ε,x

®&Q(y)3
k

j="

wq

x
j
,ε

¯&Q(y) 03
q

j=#

w
x
j
,ε1q®&Q(y)3

k

j=#

wq

x
j
,ε

­q&Q(y)wq−"
x
" 03

k

j=#

w
x
j
,ε1

­q&Q(y)w
x
" 03

k

j=#

w
x
j
,ε1q−"

­O (εN 3
i1j

e−("+
σ) rxi−x

jr/ε) (B.2)

for some σ" 0, as ε! 0, where we have used the following inequalities :

(i) For 2! q% 3

r ra­brq®aq®bq®qaq−"b®qabq−"r% (C rbrq−"rar, rbr% rar,
C rarq−"rbr, rbr" rar,

%C rarq/# rbrq/#.
(ii) For p" 3

r ra­brq®aq®bq®qaq−"b®qabq−"r%C(aq−#b#­a#bq−#).

By repeated application of the above inequalities to (B.2), we obtain

&Q(y)Hq
ε,x

¯&Q(y)3
k

j="

wq

x
j
,ε
­q&Q(y) 3

i!j

wq−"
x
i
,ε

w
x
j
,ε

­q&Q(y) 3
k−"

i="

w
x
i
,ε 0 3

k

j=i+"

w
x
j
,ε1q−"

­O (εN 3
i1j

e−("+
σ) rxi−x

jr/ε) . (B.3)

Using the estimates (1.3) we also have

&Q(y)wq

x
j
,ε

¯&
Bδ(x

j
)

Q(y)wq

x
j
,ε
­O(εNe−qδ/ε)

¯Q(xj)&
Bδ(x

j
)

wq

x
j
,ε
­O(εN+θ )

¯Q(xj) sws# εN­O(εN+θ ) (B.4)

&Q(y)w q−"
x
i
,ε

w
x
j
,ε

¯&
Bδ(x

i
)

Q(y)w q−"
x
i
,ε

w
x
j
,ε
­O(εNe−(q−")

δ/ε)

¯Q(xi)&
Bδ(x

j
)

wq−"
x
i
,ε

w
x
j
,ε
­O(εN+θ )

¯Q(xi)&wq−"
x
i
,ε

w
x
j
,ε
­O(εN+θ ). (B.5)
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Combining (B.1)–(B.5), we obtain

J*(x",… ,xk, 0)¯ "

#
sHε,x

s#
ε®

1

q&Q(y)Hq
ε,x

¯ 0k2®
1

q
3
k

j="

Q(xj)1 sws# εN

­3
i!j

01®Q(xi)&wq−"
x
i
,ε

w
x
i
,ε1

®&Q(y) 3
k−"

i="

w
x
i
,ε 0 3

k

j=i+"

w
x
j
,ε1q−"

­O (εN+θ­εN 3
i1j

e−("+
σ) rxi−x

jr/ε) . *
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