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THE DYNAMICAL INVERSE PROBLEM FOR A NON-SELF-ADJOINT
STURM-LIOUVILLE OPERATOR

S. A. Avdonin, M. I. Belishev, and Yu. S. Rozhkov UDC 517.946

An approach to the inverse problem (the so-called BC-method) based on boundary-control theory is developed.
A procedure of reconstructing a nonsymmetric matriz-function (a potential) given on a semiaxis by a dynamical
response operator is described. The results of numerical tests are presented. Bibliography: 6 titles.

0. INTRODUCTION

In the present paper, an approach to inverse problems (the so-called BC-method) based on bound-
ary control theory [1, 2] is developed. It also gives a new interpretation of the local approach due to
A. S. Blagoveshenskii [3]. The BC-method for a non-self-adjoint Sturm-Liouville operator is stated in [5]
(see also [6]). In the present paper, a version of this method most suitable for numerical realization is
considered. The results of numerical experiments are discussed.

1. THE DIRECT PROBLEM. THE BOUNDARY-CONTROL PROBLEM

1.1. The direct problem
Let V(z), z > 0, be a real N x N matrix-function with continuously differentiable elements. Consider
the initial boundary-value problem (Problem 1)

Ut — Uz + V(©)u =0, (z,t) € Ry x(0,T), T >0, (1)
u(z,0) = w(z,0) =0, (2)
u(0,t) = f(2). 3)

The solution of this problem is a vector-function u = uf(z,t) with values in R®. Sometimes, when using
physical terminology, we call V, f, and u/ a potential, a control, and a wave, respectively.
Let a matrix-function w(z, ) be a solution of the Goursat problem

Wy —Wee + V(2w =0, 0<z<t<T,

w(0,t) =0, w(z,z) = ~% /Oz V(s)ds. @

It is known that w(z,t) is twice continuously differentiable in the domain {(z,t) : 0 <z <t < T}. The
following statement is easily verified.

Proposition 1.1. .
(a) If f € C?([0,T);RY) and f(0) = f/(0) = 0, then Problem 1 has a unique classical solution v =
uf(z,t). In this case, the representation

¢
uf (z,1) = fit—=z) +/:z: w(z,s)f(t —s)ds, for z <t &)
0, for z>t,

Is valid.
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(b) For f € Ly([0,T]; RY), the function uf (z,t) defined by (5) satisfies Eq. (1) in the sense of distribution
theory.

In the latter case, we regard u/ as a generalized solution of Problem 1 for controls of the classLz([0, T];
RY). By (5), for any fixed moment ¢ = £ we have
supp uf(-,) C ¢, 0<ELT, (6)
where Q¢ :=[0,¢] is an interval of the OX axis and the inclusion

u/(-,T) € L(QT;RY), f € Ly([0, T]); RY), (7)

is valid.
Let ’Ig be a delay operator:

0, 0<t<T-¢

ft=(T=¢), T-£<t<T, 8)

(TTF)(O) = froe(t) = {

where £ is a parameter, £ € (0,7);
TFf:=f TEf:=0. (9)

The independence of the potential V(-) from time leads to a known property of the solution u/:
wfT-¢(. ) = uf(-,8). - (10)

We note another property of the solution uf, the so-called “localization principle,” that is implied by the
hyperbolicity of system (1)—(3): For any fixed ¢ € (0,7/2), the values of the solution u/(z,t) for (z,t),
0<z<¢& z <t <2 —z, are uniquely determined by the values V' |x<£, and they are independent of the
behavior of V' | -

z>£°

1.2. The boundary-control problem
The statement of the boundary-control problem is as follows: given a € L2(Q7;RY) , it is required to
find f € L2([0, T]; RY) such that
w(-,T) =a. (11)

This setting naturally follows from relations (6), (7).
Lemma 1.1. For any a € Ly(QT;RY), there exists a unique solution of problem (11).

Proof. By (5), the above problem is equivalent to the solution of the equation
T
a@%zﬂT-@+/‘w@JﬁU¥4M& zed. (12)

The latter is the Volterra equation of the second kind with respect to f(T'—z). The solvability of this
equation implies the solvability of the boundary control problem.

2. A DYNAMICAL SYSTEM

2.1. The control operator

In this section, we endow Problem 1 with the attributes of a dynamical system, namely, with spaces and
operators. The space of controls FT := Ly([0,T]; RY) is called the outer space of dynamical system (1)-
(3). The space HT := L2(QT;RY) is called the inner one; at each instant of time ¢ = £, the wave uf(-, )
belongs to HT (see (6), (7)). The operator W7 : FT — HT,

wTf=4/(-,T), (13)
is called the control operator of the system.
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Lemma 2.1. For any T > 0, the operator W7T is bounded and boundedly invertible (ie, WT is an
isomorphism).

The proof follows from Lemma 1.1. From (5) we obtain a representation of the operator W7:

T
WTf)(z) = f(T —z) +/ w(z,s)f(T — s)ds, zeQF. (14)
T
The outer space FT contains a family of subspaces F7¢ formed by delay controls (see (8)-(10)):
FO =TT FT ={f e FT :suppf C [T -¢,T]}, 0<E<T. (15)
The set
Ut =wrrrt (16)

is said to be reachable (in an amount of time £).
Lemma 2.1 states that 47 = HT. It is clear that a similar relation is valid for any instant of time:

U =H 0<ELT, (17)
where H¢ is a subspace of the space H7,
H¢:={aeH :suppa CQ}.

2.2. The response operator
The mapping “input—output” in our dynamical system is realized by a response operator RT : FT — FT;

Dom RT = { f € C*([0,T;RY) : (0) = f(0) =0},
(RT f) () ==ui(0,2), telo,TI

It is well defined by Proposition 1.1.

Proposition 2.1. For any T > 0, the following representation is valid:

(RTf) (&) =—=Ff(¥) +/Otr(t —8)f(s)ds, 0<t<T, (18)

where r(t) is a continuously differentiable matrix-function for t > 0.

This statement follows from Proposition 1.1.
The response operator will play the role of data in the inverse problem.

2.3. The dual system
A dynamical system of the form

Ust — Ugz + VF(2)u =0, (z,t) € Ry x(0,T), T >0,
u(z,0) = u(z,0) =0, u(0,t) = g(t),
with matrix-potential V# transposed to V is said to be dual to the initial system (1)-(3). Let ui, be a

solution of it, and let WT be the corresponding control operator: W; g=u #( T). Similarly to W7, the

operator W; is an 1somorph1sm
The response operator of the dual system also admits a representation of the form (18):

(B 9)t) = (5),0.) = ~g' O+ [ ra(t—s)a(s)ds (19)

It can be shown that there is a simple relationship between the response operators of the initial and dual
systems.
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Proposition 2.2. The matrix kernels r in (18) and r4 in (19) are mutually transposed:

r#(8) = ra(t). (20)

2.4. The connecting operator
For arbitrary controls f, g € T and for the corresponding solutions u/ and ui of Problems I and I,

we have
(WD) = WL WE) e = (WEWThg) . = (CTf,0) pr (21)

with an operator CT : FT +— FT, where CT := (WZ)"WT. This operator is an isomorphism, because Wi

and W7 are isomorphisms.
The operator C7 is called the connecting operator, because it relates the metrics of the outer and inner

spaces.
The following fact is important for the inverse problem: the connecting operator is determined by the

response operator.
In order to formulate the results, we introduce auxiliary operators:
the operator of odd extension ST : FT — FTt,

f@), 0<t<T,

(STf)(t) = { —f2T - t), T<t<2T;

the operator of separation of the odd part Q27 : FTt — FT¢,
1
@ 1O = §1F) — FCT - 1)
the restriction operator N2 : FTt — FT,
N?Tf = flom
the integration operator J27 : FTt — FTt,
t
(2T F)(t) = / f(s)ds, 0<t<oT.
0
‘We shall use the relation

(8T)" == 2MT Q7T (22)

which is easily verified.
Let R?T be the response operator corresponding to system (1)-(3) with final instant of time 27"

Theorem 2.1. The following representations are valid:

CT — _%(ST)*J2TR2T5T; (23)

T
(CTHE) = F(t) + /O p(2T — t — 5) — p(| t — s )] F(s)ds, (24)

where

p(t) := %/o r(s)ds.
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Proof. For arbitrary functions f, g € C§°([0,T); RY), we put f_ := ST f and introduce the function
wfg(s,t) = (uf—(-,s),ui(-,t))HT ; 0<s<2T,0<t<T.

Note that f— € Dom R*T. We obtain the relations

(5 - w0 = [ |00 ()e0) - (5 229, () o]

= ‘/S;T [(uf‘ (J?, 3), ('U«i)zz - V#(m)ui(ﬂf, t)> - (uﬁ;‘ ({1:, 5) _ V(:L‘)uf_ (fE,S),Ui (.’L‘, t)>] d.'L'

= /QT [(uf— (-’L', 3)1 (ui)zz(x,t» - <U£'z' ((L', S), (ui)(:c,t»] dx
= [ (@9, (el ) = (k- (2,90, ()@ )] _, =~/ (6D, (REO) + (BT £)(6),9(0):

In the last relation we use the fact that (u},):(T,s) = u%(T,t) = 0 for f, g € C§°([0, T]; RY) (this easily
follows from (5)).
Thus, the function w'9 satisfies the equation

wif —wlf = ~(f-(s),(RLa)®)) + (BT £-)(s), g(2));

0<s<2T, 0<t<T, (25)

0

and the condition (see (2))
w3(s,0) = wf*(s,0) = 0. (26)

Integrating (25), (26) in the domain (s,t) : 0 <t < T, t < s < 2T —t by the d’Alembert formula and
putting t{ = s = T, we obtain

fg .. T 2 T 2T
WO T) == [Can [ [0, (BLa) o) — (BT £-)(6),0(n)) .

Since f:T_n f—(&)d¢ =0, we have

f _ —1_ T 2T -7 - .
wTT) =5 [ [T 1)@ ol (27)
On the other hand,
27—
/ n(Rsz—)(E)df = (SR f_)(2T — n) — (J R f_)(n) = =2(Q*T J*T R** f_)(n).
" ‘
Taking into account (21), relation (27) takes the form

w/9(T,T) = - /0 (T TR ST 1)) 9(n))an = —% ((s7) TR 57 £,9) (28)

FT

By the definition of wf9, we obtain
w/(T,T) = (CTf,9) r- (29)

Comparing the right-hand sides of (28) and (29) and using the arbitrariness of f and g from C§°([0, T]; RY),
we obtain representation (23). Taking into account (18), we derive (24) from (23). The theorem is proved.
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3. THE INVERSE PROBLEM

3.1. The Gelfand—-Levitan equation
We consider the boundary-control problem (see Sec. 1.2) with a special right-hand side, namely, as a we
take the function y7 that is the restriction of the solution of the Cauchy problem to Q7:

~y"(z) + V(z)y(z) =0, = >0, (30)
y(0)=a, ¢/(0) =2, (31)
where « and 3 are arbitrary vectors from RY. Denote by z7 a solution of the problem 27 (VVT)—1 T

We prove that the function 27 (-) satisfies a linear equation both sides of which are expressed in terms of
the data of the inverse problem.
Put kT (¢) := T —¢, 0 <t < T, and consider elements of the space of controls of the form «7a, k7 3.

Theorem 3.1. The function zT € FT is a unique solution of the equation

CTT = k"B~ (RE) KT er. (32)
Proof. For any g € C°([0,T]; RY), we have

T
(CT,9) 1 = (WP, Wg), o = /Q (y(z), (2, T))dz = /0 (T —t)dt /Q {y(a), (4, (@ 1))z

T g #
- /0 (T - t)dt /Q ((2), (8),,(@0) — VF(@)d (a, 1)) do
T
- / (T — ) {y(@), [(u (2,2)) — (), uy (0, ) dt
- / (T — t){{a, (Ry9)(t)) — (B, g(¢))]at

T
= [ (7 08.90) ~ (< @alRpo) @)t = (<76~ [REI'WTaug) .
Comparing the beginning and the end of the above string of equalities, we obtain (32). Using Lemma 1.1,
we complete the proof of the theorem.

Taking into account Proposition 2.2, it is easy to verify the relation

(CABICRFORY " r(s — Dg(e)ds

whence T
([R;]*mTa) (t) = —« +/ r(s—t)(T —s)ads, 0<t<T.
t
In addition to (34), we find a relation that will be used for the solution of the inverse problem. Putting
f = 2% in (14), we have
T
(WT2T) () = 25 (T ~ ) +/ w(z,s)2T (T — s)ds = y(z), = € Q.

feid

As x — T — 0, we obtain
2T (+0) = y(T). (33)
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3.2. Solution of the inverse problem

The statement of the inverse problem is as follows: given a function r(t), 0 < t < 2T (or, equivalently, a
response operator R?7, see (18)), it is required to reconstruct a potential V(z), z € O, by using r(t).

Describe the process of solution of the inverse problem:

(a) by the matrix-function r(t), 0 < t < 2T, using (18)—(20) and (23), we find the operators R", R,
0<7<2and C",0<7<T.

(b) Form a family of equations:

C7z" =k — (RL)'K a, (34)

where o, 8 € RV, and the index 7 is a parameter, 7 € (0,T]. Each of Eqgs. (34) is uniquely solvable in the
respective space F7, and the solution 27 of it is connected with the solution y of the Cauchy problem (30),
(31) with given a and 8 by the relation 27 = (WT)"'y™. We fix 7 and consider N equations of the form
(34), where o; and (3; are chosen so that the vectors-columns

aj .
=1,...,N,
(53')’ !

are linearly independent in R2". Find solutions of these equations 27 (t), t € [0,7].
(c) Using (33), by 2} () (0 <t < 7 < T') we reconstruct a solution y;(z) (z € QF) of the Cauchy problem
(30), (31) with given a; and G;:

yi(zr) = 2f(+0), 0<z<T, j=1,...,N. (35)

Having obtained the solution y;(z) for any z € 0T, we find the second derivatives

d2
yj (@) = -2, 0<a<T, j=1...,N. (36)
(d) Fix z € Q7 and form the matrices Y(z) and Y”(z) with vectors (35) and (36) as columns. If the
matrix Y (z) is nonsingular, we reconstruct the potential V() by the formula V(z) = Y”(z)Y ~1(z). At a
finite number of points of singularity of Y (z), we define V(z) by continuity. The inverse problem is solved.

4. A NUMERICAL EXPERIMENT

4.1. An algorithm

The Gelfand-Levitan equation (32) and relation (33) underlie a numerical algorithm for solving the
inverse problem:

(a) for given T > 0, we specify a partition of the time interval [0, T] by a system of points 0 =
& < €1 < ... < &y = T. Consider the family of equations obtained from (32) for & = col{0,...,0},
B =col{l,...,1}:

C¢Z =x'E (37)

(€ = &1,...,€&um; E is the identity matrix, k¢ = £ — t). Approximate solutions Z of these equations are
sought in the form of matrix polynomials
_ q

Z(t)-’:Z(f—t)k'Ai (E=¢&,...,&m) (38)

k=0

with unknown Ai.
(b) The coefficients Ai are determined with the help of the optimization procedure

min  ®%(45,... , A%) = min ||C¢Z — k¢ E||%.
0 q
AS,... ,A§
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In the ordinary way we obtain a system of equations
0%t

DAL

(c) By the methods of numerical differentiation, approximating values of the potential

V() = <£§§§) : (ZE(-!-O))—I- (€=&,...,¢ém)

=0 (k=0,...,q).

£=+0
are found.
The algorithm has the following input parameters:
is the dimension of the matrix problem;
is a finite moment of time;
is the number of points & € [0, T7;
is a step of partition, h =§&; — &1 =T /M,
q is the dimension of an approximating polynomial;
r(t) is an N x N matrix-function given for ¢ € [0, 2T7].

4.2. Problems for testing
As tests we considered the following problems in which the Gelfand-Levitan equations are solved in

explicit form:
1. N=2;T=0.5; M =20; h =0.025; ¢ = 3;

dﬂ:(ﬁ’i),te&ﬂ;

(the diagonal case)
2. N =2; T =0.5; M =20; h =0.025; g = 3;
3, t
(the nondiagonal symmetric case)

3. N=2;T =05 M =20; h =0.025; q = 4;
r(t) = (%}%(t) —Realt),  Ewa(t) - £0u(t) ) tepo 1]
e [pp(t) = @alt)], Fea(t) — Res(t) )’ P

where :
a;1=6; a2=3; a2 =5 az=S3§;
a b

A1 =—; Ay=—; A=Ay—Aj;
ai2 a2

2
ail + aiz Q22 — a11
== a-a — | —m—=— 1 ;

5 + 12 - 421 2 ;

2

b_a11+a12 a1 - Gy gz —an \
= e 12 - a9 — | —=——1%

2 2 !

%Jl(at)7 a=\/5, a>0,
(pa(t) = o

—?Il(at)’ a‘_'\/’?’—I, a <0

g']l(ﬁt); /B = \/Ea b > 07

(Pb(t) = _ é 3
SL(Bt),  B=vPl b<o,

(the nondiagonal asymmetric case).
(Here Ji(-), I1(-) are the Bessel functions of the first and second kind, respectively.)
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4.3. Results
The results of numerical solution of the test inverse problems are shown in Figs. 1-3. The exact values
of V(z) are drawn by a dotted line; the reconstructed values of V'(x) are drawn by a solid line.
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In the process of reconstructing the potential, the determination of the matrix-function Y (z) = { s (z),

., yn(z) } (see (30), (31)) is of independent interest. As was mentioned above, this is concerned with the
solution of a respective boundary-control problem (8). The values of Y'(-) determined by the algorithm are
shown in Figs. 4-6.

These results allow us to claim that the algorithm works successfully in the case of sufficiently smooth
matrix-functions r(¢). Note that the precision of the reconstruction of V(z) depends on the dimension g of
the approximating polynomial (38).
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