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Abstract : Periodic solution of  m order linear neutral equations with constant coefficient and 

time delays was studied. Existence and uniqueness of  2 T-periodic solutions for the equation 

were discussed by using the method of Fourier series. Some new necessary and sufficient 

conditions o f  existence and uniqueness of 2T-periodic solutions for the equation are 

obtained. The main result is used widely. It contains results in some correlation paper for 

its special case, improves and extends the main results in them. Existence of periodic 

solution for the equation in larger number of particular case can be checked by using the 

result, but cannot be checked in another paper. In other words, the main result in this 

paper is most generalized for ( 1 ) ,  the better result cannot be found by using the same 

method. 
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Introduction 

It is well-known that neutral type differential equation are widely used in biology, physics 

and chemistry. The study of the neutral equation has important significance in both theory and 

application. In this paper, we consider periodic solution of neutral equation as 

_ . .(m-i) [tti~ ( t )  + b j x ( m - J ) ( t  - h j ) ]  = f ( t ) ,  (1) 
i ~O  

where a0 = 1, a l ,  b i , hj. I> 0 ( j  = 0 , 1 , 2 , ' " ,  m)  are constants, f ( t )  is m order continuous 

differentiable function with 2T-per iod.  We assume that Fourier expansion o f f (  t ) is 

f ( t )  = ko + ~ [ k n c o s ( a n t )  + l n s i n ( a n t ) ] ,  (2) 
n = l  

where k0, kn, In are Fourier coefficients o f f ( t ) ,  a = ~ / T  > O. 

When m = 2,  periodic solution for F-xt. ( 1 ) was discussed under the condition I b 0 I # 1 in 
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Periodic Solution for m Order Neutral Equations 101 

papers [ 1 ] - [ 3 ] ,  and I b0 I = 1 in paper [4 ] .  Necessary and sufficient condition of existence of 

2T-periodic solution for Eq. ( 1 )  was obtained under the case I b0 I <  1/2 in paper [ 5 ] .  

Necessary and sufficient condition of existence 2rt-periodic solution for Eq. ( 1 ) with any constant 

b0 was given in paper [ 6 ] .  In this paper, some new necessary and sufficient conditions of 

existence 2 T-periodic solution for Eq. ( 1 ) with any constant b 0 are discussed by using the method 

of Fourier series. The result for using widely is obtained. It contents, improves and extends the 

main result in some papers. Existence of periodic solution for the equation in larger number of 

particular case can be checked by using result in this paper, but cannot be checked in another 

paper. 

1 Main Resul t s  and Proofs  

Consider algebraic equations 

(am + bm)c 0 = k 0, 

A ( n ) c  n + B ( n ) d  n = k~, 

- B ( n ) c  n + A ( n ) d n  = la,  

wherea = T > O a n d  

A ( n )  : ~ ( ~ n ) ( m - i ) [ a i c o s ( m -  i )rr 
~ - ~  o o 2 

m 

B ( n )  = ~ ( a n ) ( m - i ) [ a ,  sin (m - i)rt 
2 

+ b i c o s ( ( m - i ) ~  anh)]  

bisin( (m - i)rc + ~ a n h ) ] .  

(3) 

i = 0  

Let R2m ( n )  = A 2 ( n )  + n2(n), it is easy to see that R2m ( n )  is polynomial of degree 2m 

with respect to n ,  and using finite plus, minus and multiplication opera to derive its coefficients 

with 

(m - i)Tt ( m -  i ) n  c o s [ ( m  - i)Tt a i , b i , b o , c o s  2 ,sin 2 ' 2 a n h i ] , s i n [ ( m - i ) T z  anhi ] . 

2 m  

L e m m a  1 R2~ ( n )  ~ {art "~2m-k = I-~2m-k k / , where 
k=0  

•2m-p = (-- 1)i+P[aiap_i + aibp_icos(cmhp_i) + biap_icos(anh i ) + 
i = 0  

bibp_icos(hi - hp_i )an]  (p = 0 , 2 , ' " , 2 m ) ,  (4) 

4q-3  

f12m-(4q-3) = E ( - - 1 ) i [  - aibp- i s in(anhp- i )  + ap-ibisin( omhi) - 
i = 0  

bibp_isinan(hp_i - h i ) ]  (p  = 4q - 3, q = 1 , 2 , - - - , [ - ~ ]  , ( 5 )  

4q-1 

fl2m-(4q-1) = E ( - - 1 ) i [ a i b p - i s i n ( a n h p - i )  - ap_ibis in(anhi)  + 
i = 0  

bib p_ isinan ( hp_ i - hi ) ] 

[ a ] represents the integer part of number a ) 

1 , 2 ,  (6) 
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T h e o r e m  1 If a constant d > 0 exists such that 132(,~_j) I> d for any n and /32m- k ~ 0 

k --~ a . m 

then there is a m order continuous differentiable 2T-periodic solution of ( 1 )  if and only if 

algebraic Eqs. ( 3 )  have solutions with respect to co, c~, d~ for all natural number n.  Where 

/32(m-i) is  coeffiCient of degree 2 ( m - j )  for polynomial R2,~ ( n ) .  

P roof  Proof of necessity is the same as that of Theorem 1 in [5 ] .  To prove the sufficiency, 

we assume that Eqs. (3) have solutions. Now consider the following m + 1 triangular series 

Co + ~_~ ( c~cosant + d~sinant) , (7) 
n=l 

[(an)k cacos~_ + d. sin cosant + (an)k d. cos-~- - 
n=l 

c ~ s i n ? ) s i n a n t  (k  = 1 , 2 , ' " , m )  (8) 

In the following, we shall prove that the series are absolutely convergent and uniformly 

convergent. According to [,emma 1, we get that 
2m 

A2(n)  + B2(n)  = n2m(n) = E /32m_k(o l ,  n )  2m-k : 
k=O 

2m-(2j-l) 

E /32m-k ( ~ n )  2 m - k  4" / 32 (m- j )  ( O t n )  2 (m- ' i )  R~(~,-i)-, ( n ) .  
k=0 

Since/32.~_k I> 0 (k  = 0 , 1 , 2 , . . . , 2 j -  1) ,  /32(m-i) >I d > 0, we have that 

A2(n)  + B a ( n ) I >  d(an)2! m-j) + R2(.,_j)_i(n).  (9) 

Hence, there exists a constant ~ > 0 and sufficiently large natural number N such that when 

n ~ N ,  
A2(n) + B2(n) ~ (~2(eln)2(m-J) and an ~ 1. (10) 

According to Eq. ( 3 ) ,  it is easy to see that 

[ A 2 ( n )  + B Z i n ) ] c .  = m(n)k~ - B ( n ) l ~ ,  (11) 

[ A 2 ( n )  + B2(n)]d~ = B ( n ) k .  + A ( n ) l . .  (12) 

From (10) - (12 ) ,  when n I> N ,  we see that 

~ ( ~ ) ~  (I c~ ,+1 d. I) ~< ~(~n)~-J ( I  ~. I + l  d~ I) < 

JA2(n)  + B 2 ( n ) ( I  c~ I+1 d. I) = 

I A(n)k~  - B (n ) l~  , , B ( n ) k .  - A ( n ) l .  , 
+ ~ 2 ( t  k~ I+1  l~ I 

~ / A : ( n )  + B2(n)  ~/AZ(n)  + B Z ( n )  

(k  = 0 , 1 , 2 , " - , m  - j ,  0 ~< j ~< m0) .  

Notice that 

1 
I k. I + 1  1. I -  (an)(~_i ) ( I  an 

1 
2(an)2(m.j )  + [ 

m-i) I k .  I+1  an I (m-j) I I .  I )  ~< 

I an I (m-~) I k .  I )  2 + ( I  an I ( " - j )  t I .  t )  2]  
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We arrive at 

( a n )  ~ (I c~ I+1 d~ I) ~< ( an )~m-J ) ( I  c~ 

1 2 )~m-j) 2 
8(0~rt)2(rn_-Ty + ~-[1 (an  l~ n I 

Multiplying inequality (13)  by ( an )~. we have 

( a n )  k ( cn I+1 d.  I) ~< ( a n ) m ( I  c. 

1 2 
8(an)(2m-3j )  + ~ [  

1 2 [- 
8 ( a n )  i2m-3j) * ~-I_ 

[m] 
Notice tha t j  ~< m o ~< ~- ~< ~- 

least. 

+ l d o  )~< 

+ I (an)~m -~) l~ 2] 

(k  = 0 , 1 , 2 , " ' , m - j ) .  (13) 

+ l d o  )~< 

, i  

( an ) (m-J ; k~  12 + ( a n ) ( a - J ) l ~  1 2 ] ( a n )  j <~ 

(an)mk~  jz +1 (an)ml= I 2 ] 

( k  = j , j  + 1 . " ' , m ,  1 ~< j ~< too) .  (14) 

e. m - j I> j ,  therefore, one of  (13)  and (14)  holds at 

[ ~ ]  2 m - 2  i . e .  2m - 3j >~ 2, so series ~ 1 As0  ~< j ~< ~< ~ ,  ,,=^ 8(na)Zm_3j are 

convergent. Since ( na ) k k, cos ~ -  + l~ sin and ( na ) k l~ cos ~ -  - k, sin are Fourier 

coefficient of continuous function j~ k) ( t ) ( k = 1 , 2 , - ' - ,  m ) .  It implies from Bessel inequality that 

[I ( a n ) k k .  I 2 +1 ( a n ) Q .  I 2] = [ ( a n )  k k . e o s ~ -  + /~sin + 
n =  N n = 

] ( a n )  k l~cos - k~sin I ( t )  tZdt (k  = 1 , 2 , ' - ' , m ) .  I T 

This implies that f_~ [ I ( an )kk~  [ 2 + l  (an )k l~  12] are convergent (k  = 1 , 2 , " ' ,  m ) ,  
i t =  N 

Therefore,  from ( 1 3 ) ,  ( 1 4 ) ,  we see that ~ ( a n ) k ( I  ca I+ I d~ I) are convergent (k  = 0 , 1 ,  
n =  A s 

2, " " ,  m ) .  Thus series f_~ ( a n )  k ( I c. I + I d.  I ) ( k = O, 1 , 2 , ' " ,  m )  are convergent.  We note 
n =  1 

I c~cos (an t )  + d ~ s i n ( a n t )  I~<1 cA I+1 dn I, 

( a n )  k c ,~cos~-  + d.  sin cosant  + ( a n )  k d a c o s ~ -  - c. sin s inant  = 

( a n )  12 c. c o s ( ~  + a n t ) +  d ~ s i n ( ~ a n t )  ~ 1  ( a n ) I k ( I  c~ I+1 d~ I) 

(k  = 1 , 2 , " ' , m ) .  

So we conclude that triangular series ( 7 ) ,  ( 8 )  are absolutely convergent and uniformly 

convergent. Now we define 

x ( t )  = c o + ~ ( c ~ c o s a n t  + d ~ s i n a n t ) .  
n =  1 

Then it is easy to prove that 
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kTz k~ 
x ( k ) ( t )  = ~ { ( a n ) k [ ( c ~ c o s - ~ -  + d ~ s i n ~ ) c o s a n t  + ( d ~ c o s ~ - -  c ~ s i n ~ ) s i n a n t ] }  

n= 1 

(k  = 1 , 2 , - " , m )  

are continuous. We easily check that x ( t ) satisfies Eq. ( 1 ) .  Therefore, we show that x ( t ) is an 

m order continuous differentiable 2 T-periodic solution of  Eq. (1)  This completes the proof. 

C o r o l l a r y  1 Assume I b0 I #  1 o r b 0  # - l a n d h 0  = 2 k T ,  k i s a n a t u r a l n u m b e r .  Then 

necessary and sufficient conditions of  existence of  m order continuous differentiable 2 T-periodic 

solution for (1)  is the same as that in Theorem 1. 

P r o o f  According to Lermna 1, when I b0 I #  1, 32,~ = (1 + 2bocosanh o + b2o) >~ 

( 1 - 1  b0 I) 2 = d  > 0; when b0 # -  1 and h 0 = 2 T k ,  f12~ = (1 + 2b0cos2k~z + bE) = 

(1 + b0) 2 = d > 0.  According to Theorem 1, we prove that Corollary 1 holds. This completes 

the proof.  

C o r o l l a r y  2 Let m I> 3, h 0 = h I = P T ,  ( p ,  q are unreduced natural number) .  If one 
q 

of  conditions as follows is satisfied: 

( i ) ( a  1 _+ b l )  2 > 4 ( I  a 2 I+1  b 2 I ) ;  

( ii ) a 2 ~ O, b2b 0 ~ O, I al I #  I b 1 l ,  ho = h 2 . 

Then necessary and sufficient conditions of  existence of  m order continuous differentiable 2 T- 

periodic solution for (1)  is the same as that in Theorem 1. 

P r o o f  If I b o I #  1, we can c.onclude Corollary 1 holds from Theorem 1. Now,  we 

assume that I bo I = 1, and consider two cases of  delays. 

(~) When anho = anhl = kTr, k is a natural number.  

According to Lemma 1, we see that 

R 2 m ( n )  = P 2 m ( f f / Z )  2 m  + ~ 2 m _ l ( O l n ) 2 m '  1 + fl2(m_l)(an) 2(m-1) + R2m_3(n), 

where/32m = 1 + 2 b 0 c o s k r t +  b02 = (1 + b0) 2 I> 0. 

/~2m-1 ":" ~ ( - -  1)i [ aibl-isin( anhl-i ) - bial-isin( anhi ) + bibi-isin( an( hk_ihi ) ) ] = O, 
i=0 

/~2( m -  1) = 

Using condition ( i ) ,  we 

P2~.,-1/ I> [ ( a l  _+ b l )  2 - 

Using condition ( ii ) ,  we 

fl2(m-1) I> ( a l  + b l )  2 - 

(a~ + b l ) 2  _ 

( a l  • b l )  2 = 

(~ anh o = anh 1 = 

d = max eOS p 

~____~ ( ' cos(anhk_ i ) + bia~ icos(anh i ) + 1)i+l[aiak_ i + aibk_i 
i=0 

biak_icos(an(h i - hk_i ) ) ]  = [a21 + b 2 + 2alblCoSk~x-  

2(a2 + a2bocoskrt + bob2cos(an(h 2 - ho) ) + b2cos(anh2))] .  

get that 

4 ( I  a z I + l  b z I ) ]  = d 1 > O, for all n ( j  = 1 ~< mo, m I> 3 ) .  

get that 

2 ( a z  + azbocosl~Tv + bobzcos (an(h2  - h o ) )  + b2cos(anh2))  >>. 

2 a 2 ( 1  + bocoskn)  - 2 b 2 b o [ 1  + bocoskn]  I> 

d 2, for all n ( j  = 1 ~< m o , rn  I> 3 ) .  

2 
kTt + - - r t  ( a  = 1 , 2 , ' " , p  - 1 ) ,  let 

P 
2~ ( p -  1 )7  l 

, COS p , . . . ,  cos p S '  t henO < d < 1, 
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/32,~ = (1 + 2b0coskr :  + b02) = (2 + 2b0coskn)  I> 2(1 - d )  = d 3 > 0 ,  for all n .  

Thus condition of  Theorem 1 is satisfied. Therefore, Corollary 2 hoMs. This completes the proof. 

C o r o l l a r y 3  L e t m  I > 4 ;  ho = h4 = P---T ( p , q  areunreduced na tu ra lnumber ) .  I r a1  = 
q 

b~ = O, a2 < 0 ,  bzbo ~<0, I a2 ' l # l  b2 I,  a 4 9 0 ,  b4bo 9 0 ,  then necessary and sufficient 

conditions of  existence of  m order continuous differentiable 2 T- periodic solution for ( 1 ) is the 

same as that in Theorem 1. 

P r o o f  It is the same as Corollary 2. 

We can prove that algebraic Eqs. (3)  have unique solution if and only if 

ct m + a m # 0 and A2(n)  + B2(n)  # 0 ( n  = 1 , 2 , - - ' ) .  (15) 

T h e o r e m  2 Assume correlation conditions in Theorem 1 or Corollaries 1 - 3 are satisfied, then 

there exists unique m order continuous differentiable 2 T- periodic solution of ( 1 ) if and only if ( !5)  

holds. 

T h e o r e m 3  Assumeb0  # -  1, hi. = 2Tkj, k~ are natural number ( j  = 0 , 1 , 2 , - ' - , m ) .  

If  am + bm # 0 and one of  conditions as follows is satisfied: 

( [ ) (ct2j_ 1 + b2j_l)(a2j+l  + b2j+l) ~< 0,  

natural number J0 ( 1 ~< J0 ~ ml + 1) such that ( 

( [[ ) (a2(j_l)  + b2( j -1) ) (a2j  + bzj) 4 0 ,  

natural number J0 ( 1 ~< J0 ~< rn2 + 1) such that ( 

Then Eq. (1)  has unique m order continuous 

frrt  - 2  2 ' m is even,  

m 1 ~. 
m - 1  

~ , m is odd,  

j = 1 , 2 , . . ' ,  m 1 , and there exists at least one 

a2io-1 + b2jo-1 ) # 0.  

j = 1 , 2 ,  " '" ,  mz ,  and there exists at least one 

a2(jo_l) + b2(jo_l)) y~ 0 .  

differentiable 2 T-periodic solution. Where 

- -  m is even ,  
2 '  

m2 = m 2 1, m is odd.  

P r o o f  Using Corollary 2 and Theorem 2 b0 ~ - 1, h0 : 2k0 T, we see that Eq.  (1)  have 

unique m .order continuous differentiable 2 T-periodic solution if and only if (15)  holds. 

W h e n m  = 2 k ,  k = 1 , 2 , . . . ,  we have that 

A(n)  = (an)2k(1 + b o ) ( -  1) k + (an)2(~- l ) (a2 + b 2 ) ( -  1) k-1 + "'" + (a2k + b 2 k ) ( -  1) ~ 

B ( n )  = ( a n ) 2 k - l ( a  1 + bl )  ( -  1) k-1 + (ctn)2k-3(a3 + b 3 ) ( -  1) k-2 + --. + 

When m = 2k + 1, k = 0 , 1 , 2 , ' - - ,  we have that 

A(n)  = (~2/z)2k(czl + b l )  ( - 1) k+l + (o:n)2(k-1) (~z 3 + b3) ( -  1)/~-2 + "'" + (a2k-1 + b2k-1), 

B(n)  = (an)2k+l(1 + b 0 ) ( -  1) k + ( an )2k- l ( a2  + b 2 ) ( -  1) k-1 + "'" + (a2k + b2,)(an).  

Thus,  we see that B ( n ) # 0,  as m is even, and A ( n ) # 0 as m is odd,  since condition ( [ ) 

holds; A ( n )  # 0 as m is even, and B ( n )  # 0 and m is odd,  since condition ( li ) holds. 

Therefore, (15)  holds for any n ,  this completes the proof.  

R e m a r k  1 For Eq. ( 1), the results in Theorem 1 in this paper is most generalized, the better result 

than that using the same method, i. e. ; the work for studying Eq. ( 1 ) is over by using the method of 

Fourier series. It cannot have new exposition. 

R e m a r k  2 The result in Theorem 1 in this paper is widely used. It contains results in Corollaries 

1 - 3 and Theorem 3 for special case, improves and extends the main results in papers [ 1 - 6] .  Existence 
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of periodic solution for Eq. ( 1 ) in larger number of particular cases can be proved by using it, but cannot be 

proved in another paper. 

E x a m p l e  1 Neutral equation 

x ( l ~  + x (7 ) ( t )  + 8x (6 ) ( t )  + x ( l~  - ~ )  + x (7 ) ( t  - -~Tz)-  

x ( 6 ) ( t  - ~ 7 ~ ) +  x ( t  6 1  = s i n ( 1 2 t ) .  

This is a particular case of  Eq.  ( 1 ) existence of  periodic solution for it can '  t be judged in papers 

[ 5 , 6  ] ,  but we see it exists unique m order continuous differentiable ~ - - p e n o d l c  solut ion.  

E x a m p l e  2 Neutral equation 

x " ( t )  - 1 2 x ( t )  + x" ( t  -~ /2)  + 6 x ( t  - 3~f3) = 2 c o s ~ T z t ,  

w h e r e b  0 = 1, a~ = bl = 0,  h0 = ~ ,  h~ = 3~/2,  2 T  = ~/2. This is a part icular case of  

Eq.  ( 1 ) ,  conditions in papers [ 1 - 6 ] are not satisfied. But condition of  Theorems 1 3 in this 

paper is satisfied. Hence there exist unique second-order continuous differentiable ~/2-periodic 

solution.  

E x a m p l e  3 Neutral equation 

x ( 5 ) ( t )  + 4 x ( 3 ) ( t )  + x (2 ) ( t )  + 7 x ' ( t )  + 2 x ( t )  - x (5/ t - ~-  + 2 x ( 3 ) ( t  - ~ / 3 )  - 

This is a particular case of  Eq.  (1 )  condition satisfied in papers [ 5 , 6 ] .  But since m = 5,  h0 = 

2 x 2  2 
h~ 2 x 3 - 3 " 2 T = 2,  it easily checks conditions ( j ) and ( ii ) on Corollary 3 that holds 

and B ( n )  = ( ~ n )  5 1 - c o s ~ - T r  + (~n (4 - 2 e o s , ~ T r n )  + ~n  7 - cos rr > 0.  

Thus there exists unique fifth-order continuous differentiable 2-periodic solution from Theorem 2 
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