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Abstract: Periodic solution of m order linear neutral equations with constant coefficient and
time delays was studied . Existence and uniqueness of 2 T - periodic solutions for the equation
were discussed by using the method of Fourier series. Some new necessary and sufficient
conditions of existence and uniqueness of 2T -periodic solutions for the equation are
obtained . The main result is used widely . It contains results in some correlation paper for
its special case, improves and extends the main results in them . Existence of periodic
solution for the equation in larger number of particular case can be checked by using the
result, but cannot be checked in another paper. In other words, the main result in this
paper is most generalized for (1), the better result cannot be found by using the same
method .
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Introduction

It is well-known that neutral type differential equation are widely used in biology, physics
and chemistry. The study of the neutral equation has important significance in both theory and
application. In this paper, we consider periodic solution of neutral equation as

S a9 () + ba" P (¢ - B)] = £0), (1)

where ay = 1, a;, b;, hj=0 (j = 0,1,2,-*-,m) are constants. f(:) is m order continuous

differentiable function with 2 7- period. We assume that Fourier expansion of f(t) is

£(8) = ko + D) [hpcosCant) + Isin(ant) ], (2)

where ko, k,, 1, are Fourier coefficients of f(t), a = n/T > 0.
When m = 2, periodic solution for Eq. (1) was discussed under the condition | b, | 5 1 in
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papers [1]1-[3], and | by | = 1in paper [4]. Necessary and sufficient condition of existence of
2 T-periodic solution for Eq. (1) was obtained under the case | by | < 1/2 in paper [5].
Necessary and sufficient condition of existence 2r-periodic solution for Eq. (1) with any constant
by was given in paper [6]. In this paper, some new necessary and sufficient conditions of
existence 2 T-periodic solution for Eq. (1) with any constant b, are discussed by using the method
of Fourier series. The result for using widely is obtained. It contents, improves and extends the
main result in some papers. Existence of periodic solution for the equation in larger number of
particular case can be checked by using result in this paper, but cannot be checked in another
paper.
1 Main Results and Proofs
Consider algebraic equations

(an + b, )cq = ky,

A(n)c, + B(n)d, = , 3)

- B(n)ec, +A(n)d l )

where a = % > 0 and
Aln) = z)(ozn)(""i)[a,-cos’wr + b,-cos((—m—;——l—)j—r - anh)] ,

B(n) Z(Qn)("‘ ')[asm - l)“+ bisin((l-_—i—)lc—anh)].v

2
Let Ry, (n) = A*(n) + B*(n), it is easy to see that R,,, (n) is polynomial of degree 2m

with respect to n, and using finite plus, minus and multiplication opera to derive its coefficients
with

a;,b;,by,cos (m ; L)n,sin (m ; i)m [_____(m — in - anhi] ,sin[———--<m ; i)m - anh,-] .
2m
Lemmal Rzm(n) = Zﬂzm_k(an)Zm'k, Where
k=0 |
Bom_, = Z( 1)””[a,ap i + a;b,_;cos(anh,_;) + b,ap ;cos(anh;) +
bib,_;cos(h; — h,_;)an] (p =0,2,,2m), (4)
4q-3 )
Bom-(ag-3) = Z(— 1)'[ - a;b,_;sin(anh,_;) + a,_;b;sin(anh;) -
i=0
bib,_;sinan(h,_; - h)] (p =49q -3, q = 1,2,"',[m2+ 1]), (5)
4g-1 ‘
Bam-(ag-1) = Z(-— 1)'[ab,_;sin(anh,_;) - a,_;b;sin(anh;) +

i=0
biby_isinan(h,_, - k)] (p=2¢-1,¢=1,2,,[2]. (6

( [ a] represents the integer part of number a )
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=

Theorem 1 If a constant d > 0 exists such that 85,,_;) = d forany nand 8,,_, = 0

0, whenj =0,
k = o _ :
1,2,,2j -1, whenl < j < mp = min{[%] ’[2m3—2] },
then there is a m order continuous differentiable 2 T-periodic solution of (1) if and only if
algebraic Eqs. (3) have solutions with respect to cg,c,,d, for all natural number n. Where
Ba(m_1y is coefficient of degree 2(m - j) for polynomial R, (n) .
Proof Proof of necessity is the same as that of Theorem 1 in [5]. To prove the sufficiency,
we assume that Egs.(3) have solutions. Now consider the following m + 1 triangular series

co + z(cncosant + d, sinant), (7)
n=1
2[(an)k(6ncosﬂ + d,,sinlclc cosant + (an)* dncos!ﬁt -
vt 2 2 2
c,sin %T—[)sinant (k = 1,2,,m). (8)

In the following, we shall prove that the series are absolutely convergent and uniformly
convergent. According to Lemma 1, we get that

2m
A (n) + B*(n) = Ry, (n) = D Popm_s(an)®F =
2m-(2j-1) e
;,Z; Bam-r(an)?™™* & By (an)m-1) Ry(m_jyi(n).
Since By = 0 (k =0,1,2,-,2j = 1), Bam_jy = d > 0, we have that
A2(n) + B*(n) = d(an)¥™ 9 4 Rym_jy1(n). (9)
Hence, there exists a constant § > O and sufficiently large natural number NV such that when

n=N,
A% (n) + B(n) = 6% (an)®™? and an > 1. (10)
According to Eq. (3), it is easy to see that
[4%(n) + B*(n)le, = A(n)k, - B(n)l,, (11)
[A%(n) + B¥*(n)]d, = B(n)k, + A(n)l,. (12)

From (10) - (12), when n N, we see that
Slan)* (1 e, 1+1d, 1) < 0(an)™ (Il ¢, 1+1d, 1) <

VA2 (n) £ B (n) (1 c, 141 d, 1) =
| ACn)k, — B(n)l, | | B(n)k, - A(n)l, |

\[Az(n> + B*(n) * v A*(n) + B*(n)
(k=0,1,2,c-,m-j,0<j< mgy).

= J =

=
=

<2(lk, 1+1 1, 1)

Notice that

1

|kn|+|ln|=W<|an

(=D kbl an 19770 1 11) <

E(—'jlz'(??ﬁ + L an 1 Tk D24 (Fan 177 1 1, 1)2].
an
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We arrive at
(an)* ey 141 dy 1) < (an) ™ (1 e, 141 d, 1) <

1 2 - .
Wﬁ + §[| (an)km—j) k, 241 (an)(.m_’)ln 12]
[¢4
(k = 071325'”sm __]) (13)
Multiplying inequality (13) by (an)’, we have

(an) (1 e, 141 d, 1) < (an)™ (1 ¢, 141 d, 1) <

,__l—¢ 3 (m-j) 2 (m-j) 2 j
5 a2 + 6“ (an) k, 1> +1 (an) I, 1*](an) <
1 ) 2 m 2 m 2
5 Can) @D + 8[| (an)™k, 1* +1 Can)™, 1*]
(k=j,j+1,,m, 1< ] mg). (14)
Notice that j < mg < [%] < %, i.e. m - j = j, therefore, one of (13) and (14) holds at
least.
X 2m -2 2m -2 . . . - 1
AsOgjs[ 3,]s 3 ,1.e.2m—3]>2,soser1esnz;vm_—378re
. B kn . km k kx . kw) .
convergent. Since (na)”| k,cos 5t I,sin 5 and (ne)*| I, cos > - k, sin = | are Fourier
coefficient of continuous function f“‘)(t) (k =1,2,-,m). It implies from Bessel inequality that
. ' - kx . kn) 2
k(2 Ky og27 , k AT KT
;[I (an)*k, 17 +1 (an)fl, 1?] = Zv[ }(an) (kncos 7+ l,sin 3 +

!
;(an)k( [, cos k77r - k,sin 11:2_7:)

2 1T ) )
< f AR () 12de (k= 1,2, ,m).

ST

This implies that >0 (an)¥k, 17 +1 (an)*l, 1?] are convergent (k = 1,2,-,m).
N

n=

Therefore, from (13), (14), we see that Z(Gn)k(l ¢, | +1d, ) are convergent (k = 0,1,
n=N

2,-,m). Thus series », (an)*(1 ¢, 1+1d, 1) (k=0,1,2,-+,m) are convergent. We note
n=1

| ¢c,cos(ant) + d,sin(ant) <l c, |+1d, |,

‘ !
5 %‘ cosant + (c)zn)"(dncos~7—r - cnsink—n)sinant} =

’ krn
k “
‘(an)‘ (cncos-—w + d,sin 5 5

| (an) 12 <! (an) 15(l ¢, 1+1 d, )

2 2

(krc ) . (kn )
c,cos| = + ant| + d,sin| —-ant

(k = 172’“"m>-
So we conclude that triangular series (7), (8) are absolutely convergent and uniformly
convergent. Now we define

x(t) = ¢o + Z(cncosant + d,sinant).
n=1

Then it is easy to prove that
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() = Zﬁl{(an)k[(c"cos%lr + d,sin l%n) cosant + (d,lcosk—;t - ¢, sin %T—I) sinant]}

(k = 192,'“ 1m)
are continuous. We easily check that x (¢ ) satisfies Eq. (1) . Therefore, we show that x (¢) is an

n=1

m order continuous differentiable 2 T-periodic solution of Eq. (1) . This completes the proof.

Corollary 1 Assume | by | ¢ 1or by 2 — 1 and hy = 2kT, k is a natural number. Then
necessary and sufficient conditions of existence of m order continuous differentiable 2 7 periodic
solution for (1) is the same as that in Theorem 1 .

Proof According to Lemma 1, when | by | 1, B,, = (1 + 2bgcosanhy + b3) =
(1-1bg1)* =d > 0; when by %~ 1 and hy = 2Tk, B, = (1 + 2bgcos2km + b3) =
(1 + by)* = d > 0. According to Theorem 1, we prove that Corollary 1 holds. This completes
the proof.

Corollary 2 Letm =3, hy = h, = gT, (p, g are unreduced natural number) . If one

=

of conditions as follows is satisfied:

(1) Cay £b6,)2 >4V ay 1+1 by 1);

(i) e <0, baby < 0, lay 1521 by 1, hg = hy.
Then necessary and sufficient conditions of existence of m order continuous differentiable 2 T-
periodic solution for (1) is the same as that in Theorem 1.

Proof If | b, | 1, we can conclude Corollary 1 holds from Theorem 1. Now, we

assume that | by | = 1, and consider two cases of delays.
@ When anhy = anh, = k=, k is a natural number.
According to Lemma 1, we see that
le(n) = ﬁzm(an)zm + BZm—l(an)zm—l + Bz(m-l)(a")Z(m—l) + Rzm-a(ﬂ),
where B,, = 1 + 2bgcoskm + b3 = (1 + by)? = 0.

Bany = (= 1lab,_;sin(anhy_;) - bay_;sin(ank;) + bby_;sin(an(h,_h;))] = 0,
i=0

Ba(m-1) = 2 (- D*'[aiay_; + a;by_;cos(anh,_;) + b,a;_;cos(anh;) +
i=0

bay_;cos(an(h; — hy_;))] = [a? + b2 + 2a,b,coskn -

2(ay + azbgcoskn + bybycos(an(hy - hy)) + bycos(anh,))].
Using condition ( | ), we get that
Bam-y = [(ay 2 50 —4(lay 141 b, 1)] =d; >0, foralln (j
Using condition ( il ), we get that

1l mg,m =3).

Bam-1y = (ay £ by)* = 2(a, + aybgcoskn + bobycos(an(hy — hy)) + bycos(anh,)) =
b1)* = 2a,(1 + bgcoskn) — 2b,by[1 + bgcoskn] =

b)* = dy, foralln (j=1< my,m = 3).

(a]

H+

I+

((11
@ anhy = anh, = k7r+%rc (A =1,2,,p-1), let

(p - Dn
p

,'t, | cos

d = max{

coslt, cosz—n }, then0 < d < 1,
P P
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Bam = (1 4+ 2bgcoskm + b)) = (2 + 2bgcoskn) = 2(1 = d) = dy > 0, forall n.
Thus condition of Theorem 1 is satisfied. Therefore, Corollary 2 holds. This completes the proof.

Corollary 3 lLetm =4; hy = hy = gT (p, q are unreduced natural number) . If a; =

by =0, a, <0, bybyg <0, | a, | #1by |, ay =0, byby = 0, then necessary and sufficient
conditions of existence of m order continuous differentiable 2 T - periodic solution for (1) is the
same as that in Theorem 1.

Proof It is the same as Corollary 2.

We can prove that algebraic Eqs.(3) have unique solution if and only if

an + b, 2 0and A’(n) + B*(n) 20 (n =1,2,-). (15)

Theorem 2 Assume correlation conditions in Theorem 1 or Corollaries 1 — 3 are satisfied, then
there exists unique m order continuous differentiable 2 T- periodic solution of (1) if and only if (15)
holds.

Theorem 3  Assume by » - 1, h; = 2Tk;, k; are natural number (j = 0,1,2,-,m).
If a,, + b, = 0 and one of conditions as follows is satisfied:

(1) (az,-_l + bz,_l)(a2j+1 + b2j+1) <0, =1,2,--,m, and there exists at least one
natural number j,(1 < j, < m; + 1) such that (a2j0_1 + szn_l) = 0.

(i) Caggory + bagony)(ay; + by;) <0, j = 1,2,,m,, and there exists at least one
natural number j, (1 < jo < m, + 1) such that (ay; 1) + b2(jn-1)) = 0.

Then Eq. (1) has unique m order continuous differentiable 2 T-periodic solution. Where

m - 2 . m .
—5 m is even, 5oom is even,
S IS M |

5 m is odd, — m is odd.

Proof Using Corollary 2 and Theorem 2 by s« — 1, hy = 2ky T, we see that Eq. (1) have
unigue m order continuous differentiable 2 T- periodic solution if and only if (15) holds.
Whenm = 2k, k = 1,2,++, we have that
A(n) = (an)™ (1 + bo)(= 1)* + (an)® D (ay + b)) (= 1D* ! 4 o 4 (g + by )(=1)°,
B(n) = (an)*(a; + b))(-= D* ' + (an)*3(a; + by) (= 1)¥2 4 - 4
(an)(ag_y + by_y).
Whenm =2k +1, k = 0,1,2,---, we have that
Al(n) = (an)*(a, + b;)(=~ 1)**' 4 (an)Z("'l)(a3 + b5 ) (=D 2 4 o 4 (agp g + bog_1)s
B(n) = (an)™ (1 + bo)(~ 1)* + (an)®* ' (ay + by)(= 1D*1 4 -+ 4 (ay, + by )(an).
Thus, we see that B(n) 5 0, as m is even, and A(n) s 0 as m is odd, since condition ( | )
holds; A(n) s 0 as m is even, and B(n) = 0 and m is odd, since condition ( ii ) holds.
Therefore, (15) holds for any n, this completes the proof .

Remark 1 For Eq. (1), the results in Theorem 1 in this paper is most generalized, the better result
than that using the same method, i.e., the work for studying Eq. (1) is over by using the method of
Fourier series. It cannot have new exposition.

Remark 2 The result in Theorem 1 in this paper is widely used. It contains results in Corollaries
1 -3 and Theorem 3 for special case, improves and extends the main results in papers [1 - 6] . Existence
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of periodic solution for Eq. (1) in larger number of particular cases can be proved by using it, but cannot be

proved in another paper.
Example 1 Neutral equation

200 4 2D () + 820 (1) + x“o)(t - £)+ x(7>(t _ in)_

3 6
P (t - ln) + x( P - E) = sin(12¢).
6 6
This is a particular case of Eq. (1) existence of periodic solution for it can’t be judged in papers
[5,6], but we see it exists unique m order continuous differentiable %-periodic solution .

Example 2 Neutral equation
(1) = 122(t) + 2 (t =v2) + 6x(¢t = 3V3) = 2cos/2nt,
where by = 1, a; = b, = 0, hy = V2, h, = 342, 2T = /2. This is a particular case of
Eq.(1), conditions in papers [1-6] are not satisfied. But condition of Theorems 1 — 3 in this

paper is satisfied. Hence there exist unique second-order continuous differentiable \/2-periodic
solution.
Example 3 Neutral equation

0 + 45D () + 2@ (0) + 70 (1) + 22(1) — x(s)(t _ %)+2x(3)(t _J3) -

+ P (¢ - 4) - x'(t—£)+x(t—8) = sin mt.

3
This is a particular case of Eq. (1) condition satisfied in papers [5,6]. But since m = 5, hy =
hy = Z2x2 _ 3, 2T = 2, it easily checks conditions ( | ) and ( ii ) on Corollary 3 that holds

2x3 3
5 2n 3 2n

and B(n) = (xn)°l1 - cos S (nn)3(4 - 2cos/3rn) + wn|7 = cos 3> 0.

Thus there exists unique fifth-order continuous differentiable 2-periodic solution from Theorem 2.
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