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Abstract. The identification of widespread sources of pas- noisy measurements and model. The present development is
sive tracers out of atmospheric concentration measurementsompatible for an unaltered numerical price.
has become an important challenge of modern meteorology.

The paper proposes some mathematical tracks to address theSections 4 introducing the “eclairement” and 5 dealing
Paper prop with the constraint of positivity are the centre of this pa-

reconstruction of the complex space-time geometry of the er. To begin with in Sect. 2 the reader is reminded of an

s?ur;:es IOf IlneathI:ac.ers. The m(E)tIhod§ argdbased;pon tc:]et u51(?erpretation of the measurement operation as a scalar prod-
ot retropiumes. e INVerse problem IS addressead In a detel .y, consequence is developed in Sect. 3: the source
ministic non statistical frame. The information obtained by f a measured linear tracer may be estimated by an orthogo-
local measurements is spread by introducing the concept 0? L . Y Oy an §
. e . : . “hal projection. This leads to a least square estimation meet
!Ilum|nat|on. The constraint that the source is non n_egatlw_ei g the classical problem of data assimilation: how irrigating
is also addressed. The experimental source ETEX1 is rebuil

in order to evaluate an impulse response of the algorithms the whole system with a rare local information? This gues-
P P 9 " tion is addressed in Sect. 4 as the main point of this paper

in terms of a deterministic property of the set of measure-
ments, the “eclairement” or “illumination” describing which

1 Introduction parts of the system are well or badly seen or not seen at all.
Another important point, independent of the previous one, is

We investigate the identification after concentration measureaddressed in Sect. 5, the possible requirement that the sought
ments of the source of a tracer scattered with a linear lawSource should be non negative. The stability of the estima-
In a previous paper (Issartel and Baverel, 2003) we considtion against noises and computational errors is investigated in
ered the localisation of a point source. This situation corre-Sect. 6. The methods are compared in Sects. 7 and 8 with the
sponded rather to accidental releases of pollutants (Baklano#ata collected during the first ETEX experiment. In Sect. 9
1986; Sharan et al., 1995; Gallardo et al., 2002). An interprethe proposed strategy is placed in the present context of in-
tation of the adjoint transport equation (Marchuk, 1992) as arVersions.

inverse transport equation enabled to address an Eulerian ver- ETEX1 was a twelve hour point release (Brandt et al.,

sion of backtracking leading to a cost-effective calculation 1997). Some people may consider it is not natural apply-
of the inverse or adjoint plumes related to the measurements*,qu to ETEX1 methods devoted to widespread sources. Our
and called “retroplumes”. The same theoretical elements argrpose is not here to obtain an extensive information about
used here to investigate another type of sources. Such tracefige source known to be a point source. Rather, we want to
as carbon dioxide, carbon monoxide, methane, are emittegetermine, like Seibert (2001), the reliability of a method,
on wide areas. The source may vary in space and time withyq the resolution with which a source is seen in order to
possibly negative sinks. From the now classical point of view getermine which smooth enough sources could be well seen.
of statistical inversions set up by Tarantola (1987) the preseme want to obtain something like the impulse response of an

paper is primarily about the choice of the base functions useqﬂgorithm and it is necessary to use such a point source as
to interpret the measurements. The classical theory describgSTex1 for that.

the use, not the choice, of such functions in the context of . ) )
Sections. 2 and 3 bear ideas going throughout the paper.

Correspondence tal.-P. Issartel The other sections are chained logically but the mathematical
(issartel@cerea.enpc.fr) details are totally different and disconnected.
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2112 J.-P. Issartel: Rebuilding sources of linear tracers

2 Reminder about the measurement product linear decay, the; may be interpreted as retroplumes. They
describe the concentration among the ambient air of the air
We shall extensively use the interpretation of the concentrato be sampled, by the;, before it was sampled. In this paper
tion measurement operation as a scalar product. This pointhe convention is that all detector functions are normalised
of view classically introduces the adjoint equations for the with respect to the mass of the samplégm;dxdt=1. The
sensitivity of the detectors. It was developed with various; are accordingly unitless mixing ratios.
wordings by Marchuk (1964); Pudykiewicz (1998); Enting  The interpretation of the adjoint transport as a back-
(2000); Penenko and Baklanov (2001) with privileged appli- ward transport (Wigner, 1945:itwitz, 1948; Soodak, 1948;
cations to radioactive species (Wotawa et al., 2003). Uliasareinberg and Wigner, 1958; Lewins, 1965) requires ade-
and Pielke (1991) introduced furthermore in this adjoint Con-quate conventions for the system of units of the source, con-
text the idea of inverse transport: the air sampled by the decentration, sampling function and for the analytic form of
tector has Originated from somewhere. A presentation of in-the measurement product_ The form 1 is one of those re-
verse transport has been proposed independently of adjoifpecting the symmetries of the diffusion intended here as
techniques by Hourdin and Issartel (2000). The adjoint andijed to a time-symmetric turbulence not distinguishing be-
inverse ideas were later described in (Issartel and Baveretween any of two opposite directions. In the case of passive
2003) as different though equivalent. advection-diffusionC and£* stand for the following forward
The unknown source is described throughout the atmoand backward equations to be complemented with boundary

sphere as a positive or negative rate of relea@e ) at po-  conditions. The equations have opposite wind@sd—v but
sition x and timer in unit amount of tracer per unit mass of equal diffusion:.
ambient air and unit time. This source linearly generates a

con_centranory.(;, t)in unit amount of tracer per unit mass _X+v V x+(x)=0 ©)
of air (mass mixing ratio). The link betwegnandos stem- ot

ming from a linear transport equation complemented with

adequate boundary conditions may be described by a Iinearg—v -Vrti(r)=n (4)

operator:x=L(0).

The available tracer measurememts i=1,..n, corre-  Diffusion is self-adjoint,c=¢*, because as the underlying
spond to the analysis of air samples taken at various positiongyrbulent motions are time symmetric, the adjoint-backward
and dates. Sampling functions(x, r) describing where and  diffusion coincides with the forward diffusion. Smith (1956)
when the samples were taken are introduced in such a waglready noticed this for a Fickian gradient diffusion.

that the measurements read as: The involvement of diffusion in backward transport is per-
plexing. As diffusion is irreversible, it seems to run counter
mi = /Q ; p(x, 1) x(x, 1) mi(x, 1) dx dt (1) the second principle. The obstacle is only apparent.
X

Firstly the backward integration is not intended at restor-

The integration is over the atmosphe®eand the time do-  ing the original position or geometry of the source. This is
main T; p is the air density. impossible since many sources could be an acceptable expla-

The unit of the; is a delicate though simple matter, it de- nation for a single measurement. The backward integration
pends on the unit given to the measurements. Fundamentallyist describes how the air in a sample was distributed in the
the 11; are amounts of tracer and the are in inverse unit  atmosphere before being sampled. It is clear that far enough
of time (in fact in unit mass of air sampled per unit mass in the past this air was uniformly distributed.
of ambient air and per unit time). Nevertheless the mea- Secondly, there is a creation of entropy towards the past by
surements are generally presented as concentrations per Uigty. (4). This creation concerns the samples described by the
mass of air or per unit volume. This means that the sampling,-[l. which are not thermodynamically closed systems. Each
functions are normalised in such a way tfigir;dxdt=10r  sample is part of the atmosphere which is an open system that
[ mi dx di=1 respectively, which implies a division by the permanently refreshes its organisation. The entropy of the at-
total mass or volume of the air sample. mosphere as a whole is roughly constant. It is maintained by

The measurement operates as a scalar produghe degradation of solar into thermal radiation cooled from
wi=u(x, ;) of the tracer concentration and sampling 5880 K down to 258 K.
functions. It is therefore possible to consider the adjoint e stress that turbulent motions are not necessarily time
operator* and the adjoint retroplumes=L"(x;) and to  symmetric. Convection for instance consists of rapid up-

rewrite the measurements (o), mi)=u(o, L*(7:)) as: drafts compensated by larger and slower downdrafts. Hence,
the backward convection operator is obtained from the for-
Wi = / . p(x,t) ri(x,t) o(x, 1) dx dt (2)  ward convection operatgr=y (x, r) by means of a horizon-
Qx

tal symmetry denotegt™. Convection is accordingly sub-
The adjoint calculation of the; is easy. In the case of a ject to the constrainy*=yT (the constraints for the time-
tracer passively transported by the air, with possibly somesymmetric diffusion are stronger=c*=¢"M.
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J.-P. Issartel: Rebuilding sources of linear tracers 2113

3 The starting idea detector at the origin with no wind, constant dengigyand
Fickian eddy diffusivityx, is tied to a normalised retroplume

This paragraph describes, to retrieve the sources, a startingith (see formula 17.50 of Seinfeld and Pandis, 1998):
idea based on a classical method of linear approximation in-

troduced by Gram (1879); a more up to date presentation exp(i_jt)

may be found in (Cheney, 1966; Marchuk, 1973). As wer(l,t) = 3 [>0 <0 9)
shall explain the idea is insufficient in our case. The insuffi- (—4mkr)2

ciency will be repaired in the next section. 0 poo

2412 _ N
The measurement product will be simply denoted pord, )" dnl®dldt = +oo —oo <7 <0

w(@, ¥v)=(¢, ¥) with an associated normi¢|=+/(¢, ¢).
The infinite dimensional vector space of finitely normed Accordingly |2 does not exist and the retroplumeannot

functions will be denoted.2(Q2xT). enter the composition of any Gram covariance matrix. In
The sought source is subject to the following constraints a numerical model the steepness of the detector and of the
making up an under-determined linear system: retroplume is bounded by the size of the meshes and of the

time step. The mathematical obstacle remains hidden by this
Mi=/ priox,)dxdt =(o,r;) i=1..,n (5 uncontrolled spontaneous smoothing.
QxT

Measuring thwl amounts to determining the scalar product Let’s introduce the notations 10, 12 and definition 11:
of the unknown source with the. As a result we can de-

termine the orthogonal projectian of o on the subspace rx.t) = rl(J,c’ g c R" (10)

ther; span inL?(2xT). oy has furthermore the property of T, ()'c 0 +

being the least norm estimate @f The coefficients of the e

linear combination are obtained from the measurements by a1(x. 1)

inverting the Gram covariance mattik of ther; : g(x, 1) = : —H1l,ecRrn (11)
n n1 A1 gnlx,1)

o) = Z)Li ri o op=1 : A= : (6) .
= Hn A for acR", beR' a-b=Y ab (12)

i=1

H=1[hi;jl hij=@,r) i=1L.,n j=1L.n (7)
The families of functiongr, .., r,} and{g, .., g,} are dual

p=Hr o A=H"u ®) Wit the meaning that(is Kronecker's symbol):

Physical reasons may prescribe thats non-zero only on

a sub-domaind ¢ Q x T. This information may be han- (i, &) = / prigjdxdt=3; (13)
dled by substituting for the adjoint retroplumegsadequate 2xT

restrictions-;| 4 in the definition and calculation off andH, ~ We would write with these notations:

hi j=(ri|l4,rjl4).- The ETEX source has been investigated

here as a surface source with, instead of a four-dimensiondl (¥, 1) = A - r(x, 1) = p - g(x, 1) (14)

domainQx T a three dimensional domakix T. Besides the

use of restrictions;|x «T, the four dimensional mass-time

elementp(x, t) d3x dt is replaced in Eq. 5 by the three di-

mensional surface-time elemeditx dr (this means thak 4  The illumination by the network

comes from a layer of thicknesg(x, r) inversely propor-

tional to p(x, ¢) with hence a constant mass density per unit The failure of the strategy proposed in the previous section

area). may be interpreted as due to an unequal attention paid by
Now the problem is as follows. Each retroplume displaysthe monitoring network to its environment. The problem

a sharp peak concentrated around the corresponding detectavas recognised in terms of probabilities by Ashbaugh et al.

When they are combined to estimate the source, these peakd,985) as emphasised by Stohl (1998). Still in terms of prob-

all at different positions, cannot compensate. This foreseeabilities Baklanov (2000) clearly states the requirement for a

able bad behaviour is clear on Fig. 2. The sources rebuiltorrection factor that would homogenise this unequal atten-

according to this section display important positive or nega-tion: the present paper is mainly motivated by this question.

tive values around the position, in space and time, of the deToo much attention is paid to the neighbourhood of the detec-

tectors. From a strict mathematical point of view, the abovetors, the regions far away are poorly seen. This idea may be

constructions are not sound. The retroplumes are generallput into the quantitative definition of a functidf x, ¢), that

not modelled as elements 6f(2xT). For instance a point  we call “eclairement” in French or “illumination” in English.
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7 stations, 48 measurements
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Fig. 1. Geographic and time distribution of the two selections of measurements used for the calculations. Upper two images, the 48
measurement selection, lower two images the 130 measurement selection. Thedimesponds to the beginning of the pmch release in
Monterfil, 23 October 1994, 16:00 UT; the first sampling period beging-&® 2. Different detectors are indicated by different symbols. The
values in ng of pmch per frare from the ETEX1 database.

The definition is given with tildes symbolising the precau- ations. We consider as irrelevant these variations clearly fol-
tion that only square summable approximations of the retrodowed by the sources estimated on Fig. 2. Their space scale
plumes are used, for instance the retroplumes produced big smaller than the distance between neighbouring detectors,
a numerical model. This ensures the existence of a Granmo such detail of a source should be resolved.

covariance matrix against the aforementioned obstacles: In fact the illumination depends on the analytic form given

y o to the measurement product. This property will be used to

E(x,t) ="F(x,nH) H " F(x,1) homogenise the share of the information. L&k, ¢) be a
—15(x,1) - F(x,1) >0 (15)  Positive function, the equationg =(o, 7;) can be rewritten:

e . ~—1 .
The illumination is non negative because the maktix is i = f pfriiox ndxdt i=1..n
QxT

positive definite. We obtain out of equations 13: (e 1)
Fri(x,

ri'(x, 1) =

/ p Ee,t)dxdt =n (16) fx.1)

@xT This transformation amounts to using a new scalar product
(¢, ¥)' (and norm||v||’) to represent the measurement :

(17)

Note thatE(x,7) = O at a space-time positiofx, t) only
if no retroplume at all goes there. On the contrify,t) )
becomes very large in the neighbourhood of the detectors(®. V) =/Q P fox, 1) Y(x,1)dx dt

E(x, 1) should also become very large as the maiix-
in Eq. (15) is not position dependent. We thifikx, 1) de- i = (o.ri')  i=1,..,n
scribes the share that goes to the neighbourhoda ,af of . . .
then pieces of informagt]ion produced gy the measurements.':Or an adequa'te choice gfthe singularities ,Of pgaks Of. the
Thus, E would be an amount of information per unit mass of re_:troplumes will be smoothed, the/ nqrrths I” will be fi-
air (because o in Eq. 16) and per unit time. r_nte. The_Gram covariance matrit’” will be correctly de-
- . . . fined leading to a sound estimate of the source:

These definition and interpretation are illustrated by
Fig. 3a and b showing time integrated maps. Away from the | L i T
monitoring system the illumination is weak and flat: sources Hi=1[h;1 hi;= (ri'rj’) = /9 TP o dx dt
there are out of its domain of relevance. The region of the )
detectors is covered by a spot of illumination with steep vari- A’ = H' "1 p aﬁ(x, H=N-r'(x,r

(18)

’ ’

(19)
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Fig. 2. Unsatisfactory results obtained out of a direct application of the orthogonal projection method for the two selections of 48 and 130
measurements ifa) and(b) respectively. The sources, evaluated as ground or sea level fluxes out of synthetic measurements, are integrated
in time for each position. The positivity constraint is taken into account on the right column. The black dot indicates the position of Monterfil,
the triangles indicate the position of the selected detectors.

Note that after smoothing an equation analogous to 16 mayletectors||7| is large butE’ remains bounded. Awayr ||
be written from which is inferred the smoothed share of in-is small. Both above constraints are fulfilled as shown by
formationE’ = f 'r'H'~1r": Fig. 3aand b.
The calculation ofrrﬁ requires the calculation and inver-
=, 1, sion of a first Gram covariance matiik to obtain£, and of
foT pErx nH “ri(x.ndxdt=n a §econd smogthe_d Gram covariance _maﬂl’iXO fiqally ob-
(20) tain 01. The price is the same as required classically for the
calculation and inversion of one asymmetric measurement
matrix (see Sect. 9). In our calculations the conditioning of
H’ was always a bit less favourable than thattbf Both
never exceeded 60. As shown in Sect. 6, it is the square root
of the conditioning that counts. Hence regularisation tech-
nigues are unessential at the present stage.

t= =1 ~
E(r.1) = r(x,t)fl;lx t)r(x,t)

The problem is now to choose a gogd There are two
constraints. Firstly we would like the resultidg to be as
smooth as possible in order not to privilege any position; - ,? . S
in particular the detector peaks @ should be smoothed What happens whentends tor? Then, the illumination

out. Secondly the regions badly seen and especially noF concentrates like Dirac masses at the position of the ideal

seen at all should not be attributed an excessive importancé’.Olnt detectors. Our opinion is that the= f and the es

The competition between these constraints implies that tdimate o tend to physically relevant limits but we did not
the set of measurements is attached a space time domain Bivestigate this point deeply.
relevance. Inside this domain the illuminatiéh should be
as flat as possible, outside it should be as weak as possible.
The results of Sects. 7, 8 were obtained for the following5 The positivity constraint

choice of f; Ejnax is the maximum value reached &y
- } There are physical circumstances in which the souiae r)

Emax (21) is known to be non negative and should be attributed a non
1000 negative estimate. This will be the case when considering
This is sufficient to cancel the peaks of illumination ris- SUCh tracers as methane, carbon monoxide, pesticides, etc.
ing from the background with this factor 1000 for horizon- We recall that the linear decay or transformation processes

tal dimensions of about 100 km (attenuated on Fig. 3a angould be considered separately in the equations but not in
b by the time integration) unreasonably small compared tgthe source term. In fact we shall seek a non negative smooth

the distances between neighbouring stations. Close to angStimate but the method developed in this section towards
away from the detectors the smoothezttairement” is re- positivity and that presented in the previous one towards

fx, 1) = max[E(x,t),

smoothness are totally independent. They can be combined

. _[~H/71~ _ t~H/7l~ - ar ! : : )
spectlverE’_—t’;H,l;’ or £'=1000 =—=. Close to the  ithout restriction. The presentation below is written with

www.atmos-chem-phys.org/acp/3/2111/ Atmos. Chem. Phys., 3, 2111-2125, 2003



2116 J.-P. Issartel: Rebuilding sources of linear tracers
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Fig. 3. Time integrated maps of “eclairement” or “illumination” for the selections of 48 measuremefasand 130 in(b): initial illumi-

nation on the left, smoothed illumination on the right. The illumination is a geometric property describing, independently of the effective
values of the measurements, which regions have been observed. The black parts of the maps correspond to areas poorly or not seen at a
For the detectors these areas are as if they did not exist, sources there would have no influence on the measurements. T%afnmit, km

the time integration and for sources known to be surface sources, may be regarded as a number of information per unit area for an integratec
total of 48 or 130 respectively.

a smoothing functiorny and smoothed variables. The raw &p(x, t) < 0. As&; will vanish in Oy the measurement con-

adjoint retroplumes could as well be used witk:1. straints 17 become:

The linearly built estimaterﬁ may be termed algebraic to
mean that there is no reason why it should be everywherg,; = f o frié&(x,t)ydxdt i=1,..n (25)
non negative. It may be alternatively defined as the argument Og

SELZ(2xT) of the norm|is|| achieving its minimum value Thené; is obtained by inverting a Gram covariance matrix
subject to constraints thus leading to an analogous definition L y 9

/ H 4.
of the least norm positive estimaig : H(q) integrated on the smaller domaify -

i

= argmin N =i, i=1,. 22 S R !y
of = argmin lisll, s,r)) =i, i =1,...n} (22) Wy =y, ] h(l)l.’j_/ogpfrrjdxdt

oy =argmin{ [Isll, (s,r)" =wi, i =1,..,n, 5 >0} (23) (26)

I1-r(x,t) in (93

_ -1 _
The non negative constraint can be taken into account in 41 =Hgy "» Gbns=

computationally cost-effective wayThe rest of the section
is devoted to the mathematical details that may or may no
interest the readerWe iteratively use the conjecture 24 to
reach a positive estimate finally controlled to coincide with
the definition 23 by means of an optimality criterion. Numer-
ical results of de Villiers et al. (1999) suggest the following
property (a conjecture as emphasised by the question mark): loo - F'(x,1) >0 iNOL

foox. 1) = (27)
(24) 0 inOL

0 inOy

tLI'he positive domain iteratively shrinks until a linit, the
negative one expands untily, I, accumulates at a limit,..

In our calculations the number of iterations required to reach
&0 Was always about 10, it never exceeded 20:

2
oj(x,1) <0= o0, (x,)=0, (x,H)eQxT

First, starting fromgozaﬁ, and iteratively through sources The aim is now to check that the norm &f, is minimal

&, all constrained by the measurements, a positive estimatamong the positive estimates in order to concluglg = o, .

& is obtained with no least norm requirement. The itera-Due to the convexity of the norm and of the constraints the

tions are simple: each estimédtg 1 is constrained to be zero definitions 22 and 23 come under convex optimisation the-

wherevet, (x, 1) is negative or zero (therg/, is conjectured  ory (Rockafellar, 1970). Hence the Karush, Kuhn and Tucker

to vanish). The first iteration is given as an example. necessary optimality conditions become sufficient. The crite-
The space time domain divides into two sub-domains,rion is derived here from the Kuhn-Tucker Lagrangian func-

QxT= (9;{ U Oy, where respectivelgo(x,?) > 0 and  tion A defined for sources € L%(Q2xT) and multipliers

Atmos. Chem. Phys., 3, 2111-2125, 2003 www.atmos-chem-phys.org/acp/3/2111/
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a € R" of the equality measurement constraints:

A(s,a) = (s,s) + Zai (G, D) = i)

i=1

n
=/ pf<s2+2aisri’>dxdt—a~u
QxT ;

i=1

(28)

&0 IS optimal if there exist Lagrange multiplietsin such
a way thatdzA (s, @) > 0 and&yyds A(éxo, @)=0 which
means for eaclw, r) € QxT (after eliminatingof >0):
280 (x, 1) +a-r'(x,1) =0 (29)

Eoo(x, 1) [2E00(x, 1) +a - (x,1)] =0 (30)

In 0% we havet,,>0 so that according to Eq. 30 necessar-

ily: a= — 2 1. Finally to decide the optimality of., we
look at Eq. 29 for(x, 1) € O:

b =0, < lx-r'(x,1)<0 in O (31)

The following inequality were obtained indicating that,
is at least a good approximation ef . The left part is the
amount of tracer positively emitted lBy,-r" in O in con-

travention of the optimality conditions 31. The right part is

the amount of tracer released by i.e. bylo-r’ in OF..

/ p f max[0,le - r'(x,1)] dx dt < ...
o

oo

.3 1cr2/+ o floo-r(x,1)dx dt
(@)

o0

(32)

We tried to improve the optimality &f,, by relaxing the vio-

lated optimality conditions. This means the iterative procesgneasuremenfu=u1=u, and retroplumer=ry=r.

2117

6 Noises and regularisation

A bad conditioning of the Gram covariance matrices, the ra-
tio of their largest and smallest eigenvalues, would prejudice
numerically their inversion and transmit more noise from
the measurements into the source estimate (Golub and Van
Loan, 1983). The use of regularisation techniques, not es-
sential for the algebraic estimate, becomes such when con-
sidering the positive one. The iterative removal of parts of
the domainx T corresponding to significant contrasts be-
tween the retroplumes rapidly degrades the conditioning of
the Gram covariance matrix, already at least 300Hgg.

This section justifies the use of a regularising technique, the
truncated singular value decomposition (TSVD) extensively
described by Bertero et al. (1985, 1988) and already used by
Enting et al. (1995) or Fan et al. (1999). It is shown finally
that the estimate is sensitive to the square root of the condi-
tioning of the inverted matrices. This explains why so large a
conditioning as 60 may be used: only the very small singular
values have to be truncated.

The inversion described in the previous two sections,
as it works with the retroplumes; produced by a
model, would ideally require synthetic model measurements
wW=pmoqa(o). Let's denote the measurements really ob-
served agtl = cqi (0)=pn*+5p. The erro =g, oq;(0) —

Imod (o) gathers errors due to the limited quality of the ob-
servations and due to the limited quality of the model. The
estimated coefficients’ will correspondingly drift from the
ideal values with erroréA . Suppose that the same measure-
ment was performed twice by two identical detectors oper-
ated simultaneously and at the same place. The observations
ui=p~+déuy and u§=u+su2 correspond to the same ideal
The

stopped ak,, was relaunched by adding to the positive do- Egs. (8) or (19) may now be written as :

main OF° the parts of0> where the optimality conditions
were violated or weakly satisfied. The inequality 32 could

not be improved significantly.

We first suspected the conjecture 24 to be true
in such quadratic optimal problems as 22, 23 with
non negative coefficientsr; and constraint parame-
The following counter-example is due to

ters ;.

M0+M0 2 A'0+A‘0
i) _ 1oy
Hi—Hp 0 O A%
2 2

A+AS _
1}72 _ (I~ 2.0 p + dpaddne (33)
*i;*g 0 +4oo —5“1;3“2

Jean-Bernard Baillon (2003) who kindly communicated This example shows that the two pieces of information

it to us. It implies 4-dimensional
r1=(2,5,4,4) r=(1,6,9,4 r3=(7,8,3,3); the con-
straints fors € R* arer;-s=1, i = 1,2, 3. The orthogonal

action | 307 904 _ 141 308 :
projection iso| = (_ 23982 1991 ~ 7994 1713), the posi-

1108

tive optimum iso ;.= (@, 35, 0, 5 ).

“retroplumes”

ug, w5 may be rearranged and divided into a “relevant” part

@ and a “redundant” paﬂt‘#. The redundant infor-
mation corresponds to non significant differences between
repeated (combinations of) measurements with the risk of an
abusive interpretation in terms of the noise. It jeopardises
with little eigenvalues the conditioning of the Gram covari-

The above algorithm is interesting because it is cost ef-ance matrix. The presence of redundant information is not
fective and respects the logic of the physical problem whichtotally negative as it reduces the noise touching the relevant
is important when regularising techniques have to be usedinformation. If the noises ip¢ andu are independent with
Rather than controlling and improving the optimality condi- the same standard deviation (the bar denotes the statistical

tions at the end of the calculation, of course it would be more . — . .
satisfactory understanding a possible link between the retro€XPeCtationm=y/du1°=y é12%, the effective noise for the

plumes and the property 24.

www.atmos-chem-phys.org/acp/3/2111/
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2118 J.-P. Issartel: Rebuilding sources of linear tracers

In order to improve the quality of the relevant informa- 7 Calculations about ETEX1
tion and to remove the redundant one we regularised by a
TSVD the successive Gram matrices here simply deridted On October 1994, between the 23 October, 16:00UT and
No tilde, prime symbol or subscript number will be written the 24 October, 4:00 UT, 340kg of an inert tracer, perfluo-
hereafter.H is put into diagonal form; as it is positive def- romethylcyclohexane or pmch, were released from a ground
inite, the transition matrixO is orthogonal (O=0"1, the position near the village of Monterfil, Brittany, France. Time
left exponent stands for the transposition). The eigenvaluesaveraged concentration measurements were delivered each
written decreasingly display a conditionirgy that will be  third hour by 168 detectors all over Europe. The experiment,

reduced to the desired valdend by topping the inversion sponsored by the European Commission together with a sec-
of the too little ones: ond one organised in November the same year (ETEX2), is

described in (Joint Res. Centre, 1998). The data are avail-
01 able from the Joint Research Centre, Environment Monitor-
ing Unit, Ispra (Varese), Italy (web site http://java.ei.jrc.it/
etex/database/).

The results presented here have been obtained from two
selections of measurements described on Fig. 1. The first
0, selection comprises 48 measurements from 7 stations mak-

01 ing up a subnetwork with a characteristic spacing of 300 km.
The second one comprises 130 measurements taken by 14
stations with a characteristic spacing of 500 km. The stations
have been selected in order to detect the cloud of pmch and
its edges. The measurements have been selected for each
] station in order to capture the arrival, passing and departure
_ g1 of the cloud. In the station of Brest (station number 89 or
H"" =0 k o1 ot (35)  F8), we could only take into account zero valued measure-
ments containing the information that the cloud had never
been there.
L top | In order to investigate the effect of detector and meteoro-
Satisfactory results have been obtained in the next sectiont9gical modelling errors, the source ETEX1 has been rebuilt
with such a large conditioning asnd=60. To see that let's for different values of the selected measurements:
consider the ideal regularised estimate of the source:

o, ) =2 -r(x,r)  AS=H"puS (36)

o (34)

912~29k2910p>9k+12-~29n20 Qtap:COnd

The regularised inverse &f is taken to be:

M p—1
91

1. synthetic measurement$ obtained from POLAIR

2. synthetic noisy measurement$ with 30% of relative
When using the observatiope® = u® + Su the estimation Gaussian noise (see below)

is achieved with some error as:
3. real measurements from the ETEX1 database

O’ll‘) =0 + (SUH =A% .r R Hinvﬂ,o (37) [LOZ[LY+8[L

So(x, 1) = 8X-r(x, 1) S =H""spu (38) Note that the hypothesis of an error proportional to the
signal is suitable for the observational part, not for the
We may evaluate as the trace of a square matrixdifference between the model and the reality. Thg

8012 = "6AHSA = "spH™sp = tr (H™ [Sp'8p]).  were transformed into the non negative noisy measure-
Hence, ifR = 3u 'du is the statistical covariance matrix ments uf=uf max©, 1+¢;) by means of two sets of in-
of su: dependent random variablesg, i=1 to 48 and i=1 to 130.
80112 = tr(H"R) (39) The «;, Gaussian witho; =0, \/a_l.2=30%, were prepared

) o ) asa;=0.3cog2rx;)/—2logy; using two random indepen-
This expression IS adapted from (Hunt, 1971). Itwill be com- ¢ variables; and yi equallly distributed between 0 and
pared to”“lf” =tr(H"[p'n’]). Itstrengthens the conclu- 7 Thex;’s andy;’s were obtained from a system supplied

sion that the redundant information, after reducing the effect,,, in fact we suppose a sequence of numbers, having the

of the noise, must be removed from the inversion. It Shows,nnonced statistical properties. The system works with a

also that when estimating the standard devia{yqrs(r” 12 it “random seed” which means that, if we give the same seed,
is not the conditioning oH that counts but rather its square we obtain the same random sequenrgeyi, x2, y2, x3,... if

root. the seed is changed, another independent sequence is drawn.
In the next sections the effect of the observational and In order to really show that the inversion was stable with
model noises are evaluated directly in the calculations. respect to 30% of relative noise the calculations should have
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Fig. 4. Results obtained for the selection of 48 measurements when the illumination is taken into account as explained in Sect. 4. The source
is evaluated as a flux at ground or sea level. Monterfil is indicated by a black point and the detectors by triangles ()& gaetfigure is

obtained for synthetic measurements, ghytfor synthetic measurements with 30% of relative noise, @mut of the real measurements

from the ETEX1 database. Because of the time integration the positive reconstruction, on the right column, may sometimes be non zero at
places where the algebraic reconstruction, on the left column, is negative in apparent contradiction with the proposition 24. The sum of the
positive contributions is indicated in red, in blue for the negative ones.

been repeated with a certain number of seeds. This has beeurface (ground or sea level) before going through the in-
neglected for two reasons. Firstly we considered that, as ouversion. POLAIR is the fruit of a close cooperation with the
random sequenaey, o2,... Was not privileged, another ran- team in charge at Electriétde France of the passive atmo-
dom sequence, produced with another seed, would compargpheric transport model Diffeul (Wendum, 1998). Itis a fully
qualitatively the same way with the noiseless inversion. Secmodular 3D Eulerian chemistry transport model. Advection
ondly reporting the results would have made the figures big-is solved with a flux limiter method; diffusion is solved by
ger and perhaps more difficult to explain. a three point scheme. The reactive part of the model was
In order to investigate the potential of the algorithm three switched off for the present application. In order to cover
artificial sources have been defined and reconstructed witlwvestern Europe we used a grid extending fromi 18 to
synthetic values for the selection of 130 measurements35° E and from 40 N to 67° N. The horizontal resolution
These sources correspond to a twelve hour release of 340 kof the model was &° x 0.5° with fourteen Cartesian levels at
of tracer: 32, 150, 360,..., 6000 m above ground or sea level. The cal-
. . , omAr I culation went in inverse mode through a period of time start-
= Izngsggtt:s(;?1%2'2'”{220%@&.'\" 4°30"E, beginning on ing the 27 October 1994, 7:00 UT (end of the last three hour
T sampling period) and finishing back in time the 15 October
2. on the German-Polish boarder,°38' N, 14°30’ E, be- 1994, 00:00 UT. This 296 hour period was covered with a 15
ginning on 25 October 1994, 16:00 UT minute time step; concentrations were stored each hour. Me-
om . teorological data produced by the European Centre for Medi-
3. on the coast of the Netherlands*88'N, 4°30E, be- umrange Weather Forecast were kindly supplied bstad
ginning on 24 October 1994, 16:00 UT France. These six-hourly data had the same horizontal reso-
The adjoint retroplumes were obtained by means of the atlution as POLAIR but had to be interpolated for the vertical
mospheric transport model POLAIR (Sportisse et al., 2002;Cartesian levels of the model. Each retoplume required 3 mn
Sartelet et al., 2002; Boutahar et al., 2003) developed at th€PU time on a PC (Xeon, 1.5 GHz, 1 Go RAM).
present Centre d’Enseignement et de Recherche en Environ- The calculation of the algebraic and positive surface
nement Atmospérique. They have been restricted to the sources tied to a certain family of measurements was

www.atmos-chem-phys.org/acp/3/2111/ Atmos. Chem. Phys., 3, 2111-2125, 2003
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Fig. 5. Results obtained for the selection of 130 measurements. The organisation of this figure is parallel to that of Fig. 4.

organised as follows. A first Gram covariance makiixvas  times become respectively 10 and 5min. Most of the time
calculated by visiting each of the 9354 % 296~1.5 1P is used for calculating the Gram covariance matrices. The
space-time meshes at ground or sea level in order to increregularised inversion of the matrices is very rapid. The cal-
ment the coefficientB,-,jz JouxT P Fi 7j dx di. Afirstinver- culation time would be roughly multiplied by the number of

sion was performed in order to calculate tieetairement’z.  levels, 14, if the hypothesis of a superficial source was re-

The retroplumes were divided b= max[E, %66]- Asec. hounced. This hypothesis is made only for its physical rele-
vance and not for numerical convenience.

ond Gram covariance matrid 1y was calculated out of the

smoothed retroplumes leading, through a second inversion,

to the algebraic estimate of the source. Successive Gram co-

variance matricesl ) were iteratively obtained, regularised g Results
and inverted in order to reach a positive estimate. The num-

ber of iterations was generally less than 10, never more thaprhe results obtained from the calculations described in the

Izeg,'s-'lt—r?aenctﬁre]:del:trl]?nilrri]gacl)rirtrr:'c(taofliisizsv(\;otl)ﬂ\t/?rrlselc;?;(gzi\?levﬁys previous section for the estimation of the source ETEX1 may
P na=ov, be summarised as follows. The use as base functions of ad-

versions ha.ld to be regul_a_lrlsed. The Chde?‘O pro- joint plumes smoothed according to illumination consider-
vides a satisfactory stability of the calculation with respect’_.. L .
ations enables to correct clearly unrealistic features tied to

to the noises as can be seen by comparing Figs. 4ato b andtﬁe use of the raw adjoint retroplumes. When it is relevant

gcr)r?: (t)cf) t?]gnigi.tislenzgﬁr\év: C_ﬁ?etrg:leedbtrg?cogstg?nﬂg rceosr;glr-e e positivity constraint clearly improves the estimation. The
P ‘ 9 uality of the reconstruction depends on two things. Firstly,

to within 1% of error the values of the largest measurements o
: . - . in ndently of any noise, i n n th ndan f
through five orders of magnitude. The positive estimate re- dependently of any noise, it depends on the abundance o

e the data and on the adequacy of the geometry of the monitor-
stored to within 10% of error the values of the largest mea- quacy 9 Y

. ing network with respect to the source. Secondly, it depends
surements thrqugh tV.VO. ord_ers of magnitude. The fact that ¥n the noises and mainly the noise generated by the differ-
measurement is negligible is always restored.

ence between the model and the reality. The reconstruction

The calculation time for the algebraic source with 48 mea-is robust when noisy synthetic data are used. Its lesser qual-
surements was 2mn CPU on a PC (Xeon, 1.5GHz, 1 Gdty when real data are used is a result at least as much about
RAM), plus 1 more minute CPU to reach the positive sourcethe ability of the model to fit the reality than about the very
and control its optimality. With 130 measurements theseinversion.
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An animation would be the best way to view a source S TN RS S
o) (%) rebuilt as a function of time at the surface (ground or DKA4 \{
sea level). As this is not suitable for a paper we decided to 157 lﬁ%
cancel the time by showing the time integrated contribution L Hlammier Ode
¥ (x) from all positionx at the surfaceX (x)= [ o (x, t) dt. ng m3

As shown by Fig. 2 the source rebuilt by means of raw 0,5 1
retroplumes is an unrealistic collection of peaks. This ‘/o\o_
reconstruction amounts to explaining each measurement e ¢ - )
separately from the others by a local source just a bit spread t: 23/10/94,16 UT  real measurements
by the peaked geometry of the corresponding retroplume. synthetic measurements
The local sources need not be very large and the total amount 2 — \I
of tracer released is underestimated. This unphysical recon- 15 DK5
struction is also mainly positive, except for little negative Hvide Sande =
compensations as can be seen near the English stations UK7, 1 1
UKS8 on Fig. 2a or b. It follows the geometry of the illumina- 05 |18 m-3
tion represented by Fig. 3a and b. ’

When the retroplumes are smoothed the reconstruction be- 0 ; ——o0——+
comes more coherent. On Figs. 4a, b, or 5a, b, obtained for 24 33 42 51 60 69

synthetic data or Figs. 4c, 5¢ obtained for real data, the emis-

sions are maximum by the expected position of Monterfil. ~ Fig. 6. Evolution of the concentrations observed, in blue, and sim-
The relative uncertainty of the real data is about 15% (Jointulated, in green, at the Danish stations DK4 and DKS5 for the six-

Res. Centre, 1998). This is twice smaller than the 30% ofteen measurements taken three-hourly between the hours 24 to 75

noise introduced in the Synthetic measurements with no Sigaﬁer the beginning of the ETEX1 release. The dots indicate which

nificant variation of the algebraic or positive reconstructions measgrements at these stations have been effectively included in the

as shown by Figs. 4a, b and 5a, b. More significant differ-Selection of 130 ones.

ences occur for real data on Figs. 4c or 5¢, especially in term$, o v arious noises the comparison should be mainly between
of the total positive or negative contributions. Hence, when Figs. 4a and 5a. The algebraic reconstruction out of 48 mea-
studying ETEX1, the influence of the observational noise issurements looks poorer than that out of 130 measurements,
negligible compared to the influence of model errors. Theseout the positive one is much better. We think that the 48

errors ;tem in particular from_ the limited qu'ality of the a}nal- measurement selection provides a better observation of the
ysed winds and of the diffusion parameterised according o, ,rce ETEX1. This is due to the presence, in this selec-

Louis (1979) and Louis et al. (1982). The line of current de- 5 o1y of measurements taken close to Monterfil by the
parting from the release ETEXL, first flowing eastward pro- giation F2. The algebraic reconstruction out of 48 measure-
gressively bends northward through Germany before passing,ents turns out poorer but in fact it is more complex because

in Scandinavia. _It seems this cgrrent line we_nt more east ir]t is tied to a richer information. The quality of the positive
the model than in the reality. Fig. 6 shows indeed that thee . ,nstryctions on Fig. 4a and 5a displays a better agreement
concentration of pmch really observed is more at the Danyiw, the quality of the data. Our interpretation is that the

ish station DKS, and less at the station DK4, than can beyqrithm is mathematically sound but some physical con-
modelled in POLAIR from the source ETEXL. During the gyt 4 positivity constraint for instance, is apparently re-
inversion of the 130 real measurements, the “excessive” valy,ired in order to obtain a physically sound result. Positivity

u
ues of the real measurements at DKS are seen like a che}i not an acceptable constraint for carbon dioxide. It is gen-
source above the station: compare Figs. 5a and c. Stationg)y considered that smoothness is an important feature of
D32, DK4 and PI6 display an opposite behaviour. this source; such gradients as represented on Fig. 4a would
_In fact, wind or model noises generate near the Spacent pe acceptable for it. Hence a future evolution of the al-
time position of the detectors artificial positive or negative orithms described in this paper should be the definition and
releases that are easily identified even if the real source is n %nplementation of some smoothness constraint. This new

known. These extrema provide thus a valuable informationy ohiem of smoothness of course should not be mistaken for

about the modelling errors. To a lesser extent in the case Ofha one addressed in Sect. 4. We must also mention that the

ETEX1 such extrema are also generated by the observationgy, rce ETEX1 investigated here is all but smooth. It seems

noise. They could also correspond to the reality if the sourcgp 5 source varying with typical distances of some hundreds
of tracer is very mhlomogeneousf and if a detectqr has beer kilometres would be well seen by such a network as the
settled close to an important point of release; this explanagTeyx sybnetworks used in this paper. The resolution would

tion is nevertheless not suitable for negative extrema. probably benefit from the slowness of the source variations.
The comparison of the results obtained from the two se-

lections is surprising. In order to avoid any interference of
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We have noticed that a source was better retrieved whewalues the available model would synthesisedfgy; .

receiving from the detectors a high illumination. As shown

by Fig. 3 the illuminationE of the source ETEXL1 is better @ = Oreal — Opri

with the 48 measurements than with the 130 ones. Inorderto (Oreal) — ©0r) (40)

confirm this additional interpretation of the illumination we W= Kreal(Oreal) = Kmod(Tpri

evaluated synthetic values for the selection of 130 measure- = Mmod(0) + [Ireal (Oreal) — Rmod (Oreal)]

ments tied to artificial sources at various positions and dates .\ i.a1 sources is classically modelled as a re-

Then the sources were reconstructed. Two sources in Belélisation of a random process, namely a random source

gium and north eastern Germany have been chosen in ord%r —51 ibi , bearing two sta’tistical constraints. These

to receive the same high illumination a third one was cho-anstF;ilmes”a’re’ due on the one hand to the quaiity of the

sen in the Netherlands with a ten times lower value similar toa priori estimate, on the other hand to the quality of the

that received by ETEX1. The results reported on Fig. 7 are | ervations anc'i of the model. Firstly, realised as

very explicit. The first two sources are reconstructed with a_ s expected to be statisticallly er0 wi,th a covariance

very good accuracy, the third one is reconstructed with them’atrix B— [m Secondly the difference or innovation

same accuracy as ETEX1 on Fig. 5a. A first possible expla-d(a —p — ' '(G 1 0.), realised a Graal) —

nation would invoke a positive influence of the non smoothed " ¢ ( * ) i’sl'mé’)‘(l el::rtled toeb,e close to zselt(r)a:/[vitk:e[g covari-

illumination E. An alternative explanation can be proposed gr’fgg Z;Ztlrix for gbservational and modelling erréts—

based on the fact that the illumination smoothed vfithiven SR

in Eq. (21) is not flat enough so that some regions are stillRobs + Rmoa= [di (0e)d; (Ue)]-

privileged: see Fig. 3a2, b2. This point will have to be fur-  The doubly constrained inversion goes through a gain ma-

ther investigated. trix: A= (B~1+HR~H) *'H R~ p. This statistical in-
version may be formally separated into two parts. Firstly, in
order to account for both constraints, the value of the mea-

9 The theoretical background surements may be correctedas,. Then, secondly, these
measurements are reformulated in terms of a source, which

The inversion strategy exposed in this paper may be placegqyides the non-statistical core of the inversion :

with respect to the statistical theory of data assimilation for-

malised by Tarantola (1987). We shall make the compariso _ 1, igp-1g) Yy et
with the simplified version of the theory used in most ap-r}Lwr =H (B +HR H) HR™w (41)
plications in order to show that the ideas developed above 1

could be easily implemented and possibly fruitful. As an- A=H""Reor
nounced our method is about the choice of the base functionﬁ
a point not addressed by the statistical theory. Accordingly
our method is compatible and could be combined with the
previous developments for, as we shall see, the same num

(42)

h this latter equation the real world acts only on the
measurements] ~1 is totally obtained from the model.

er- . . .
ical price 5ur equations 8, 19 are analogous to this core 42 with,
In the general theory of the statistical estimation the sought@ls base functlons, the modelled raw or smoothed ret_ro-
plumesr; or r;. Note also that we handle no a priori

source or state vectet(x, ¢) is an object with a large dimen- . . . NP

) . . . . estimate, which amounts to saying that the a priori estimate
sion determined by the discretisation of the space-time dois 2610 by =0 , o= } and not statistically constrainin
main. Its dimension may be reduced to the number of avail- pri==", O=0real y 9

_1_ _
able measurementgs,..,u, by investigating the estimate (B™"=0, eor=np). ) ) )
o|=%"_,x;:b; as a linear combination of some prescribed As announced the main point of our strategy is that the
base ;‘Eﬁctionizl by (We recommend”,..;/). To obtain base function®; are derived from the sensitivity functions
1 n yeed )

the;'s one calculates the adjoint functions(in fact7;) for ri. The availabili_ty of_ther,- represents no additional cost
each measurement described by the position and date of tHE they are rgquwed in other re_spect. i Instead of calculat-
receptor (our sampling functions). Then, to represent the ing and mvertmg one asymmetric matrk= [(rf’ bf)] we
measurement operator, a matexof elementsi; j=(r;. b;) calculate and invert for the same cost two symmetric ma-
is calculated and invertedi=H—'u. A construction of this  tricesH=[(ri, r;)] andH'= [(ri, ’})] = [(va r/‘)/]- Finally
finite dimensional theory is given by Penenko et al. (2002).the source is estimated as a combination of smootheal-

The global source of Cfhas been investigated this way by culated with an imperfectinverse model rather than as a com-
Bousquet et al. (2000);&lenbeck et al. (2003). bination of arbitrarily choseh;.

More accurately the method is generally aimed at estimat- The statistical approach is generally implemented with a
ing the mismatch (background errarpetween an unknown base of smooth functions so that no unrealistic detail is ever
real sources,.,; and an a priori estimate,,; out of the mis-  deplored. The notion of illumination would be relevant as
matchu between the measurements really observed and thevell in this context, it is more general than the presentation
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Fig. 7. Algebraic and positive reconstructions out of synthetic values of the selected 130 measurements for three imaginary sources at
positions indicated by the black pointa) in Belgium, (b) in north-eastern Germangg) in the Netherlands. The sources correspond to
340Kkg of tracer released during the twelve hours of best local illumination. As explained for Fig. 4 the results are integrated in time. In (a)
and (b) the sources are well illuminated, the reconstruction has a good accuracy, especially in the positive case. In (c) the lesser illumination
of the source in the Netherlands is similar to that of the source ETEX1 and so is the lesser quality of its reconstruction.

made in Sect. 4. Suppose we handle some arbitrgryb,,. to obtain a relevant propagation of the information.

The b; can always be linearly rearranged in such a way that Any inversion, with arbitraryb;, can be formally put in
H=[(ri, bj)] is the identity matrix. Then a set of measure- the non smoothed shape of this paper. Nothing is changed in
mentsu will be interpreted as due to a sourge=%"_,u;b;.  the calculation and use &f or H"" if the sensitivity func-

The point (x, ) will contribute to this source a release tionsr; are replaced by linear combinationfs of the b; in

8o (x, )=%/_yp; bi(x.1) dx di. This elementary release such a way thatr;, b;)=(r", b;) (ther? are the projections
produces an elementary measuremémix, /)=M(x,1)i  of the r; on the space spanned by thg). Exactly in the
with a matrix M (x, )= [(ri(x,2), bj(x,1)]. The matrix  same way as the are the retroplumes associated to the sam-
M(x, r) describes the weight attributed to the poiwt7)  pling functionsz;, the new functions” may be regarded

by the_inverbsion, and this weight may be summarised by in-as the retroplumes associated to effective sampling functions
trlo.ducng (x', H=trM(x, )=X"_;r; bi(x,t). This defi- ni,,:_%_v v rf’+§(r{’). Hence, using; linearly inde-
nition generalises the formulae 15 and 16 anftimay be pendent of the; amounts to playing with the definition of
regarded as the illumination tied to the base functibns

We think that, in order to have a good interpretation of the

the samples. Again this may be justified if we consider that a
. o o sample taken at some place and date is in fact representative
measurements, this effective illumination should be as ho—O
mogeneous as possible otherwise aberrations are expecteﬁ{I

awider area. In particular this is exactly what we do when
For instance, ifE? (xg, 70)=0 then one can see that the val-

Itting the smoothef{ in the place of the raw;.
ues at(xo, ro) of the real and estimated souredx, ro) and
o (xo, to) are totally independent of one another. Of Courseqn Discussion and perspectives
we can decide to use an inhomogeneous effective illumina-

tion in order to attenuate the importance of regions that are s@ynpen retrieving the source of a tracer the choice of the base
far from the detectors that the transport processes cannot bgnctions is a pivotal matter. The calculations presented here
modelled reasonably well. The inversion will be based on theghow that the adjoint concentrations or retroplumes associ-
influence of the best illuminated regions, and this influencegied to the detectors are not a good choice. The irregular-
will be propagated to less privileged regions by the shape ofties of these functions are transmitted to the source esti-
theb;. Accordingly they should be chosen carefully in order mate in the form of unrealistic high resolution details. We
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spontaneously refuse these reconstructions apparently comdenner and B. Sportisse organising these contacts, to B. Cabrit
taining, with such details, more information than can be rea-and to J. Baverel for fruitful past discussions. Graphics have been
sonably attributed to the measurements. As an explanatiofrepared with the user friendly and public domain graphical pack-
we have introduced a function of illumination. The idea @9€ named GrADS originally developed by B. Dotty (COLA, sup-
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