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Abstract

The line intensities of the transitions vJ <> vJ where |J'—J | 21 are proportional to the matrix elements szl =
<Y, J|f(r)|‘I’Vv J>. In the conventional Rayleigh-Schrodinger perturbation theory these matrix elements are
expressed in terms of the transition number m=(A'-A)/2 where A =J(J +1) and A'=J'(J'+1). In order to reduce
the complexity in the calculation of these matrix elements for the high order corrections in the perturbation

theory (because of the transition from A and 7»'7 representations of ‘PV il and ‘PVv g to the m—representation of
RXJJ ) the eigenvalue and the eigenfunction of the two states (vJ) and (v'J ') are expanded in terms of one

variable m as E, = ZEg)mi,‘Pvmz Z(;S‘(/i)mi, E, =% E(l?ml and W= 2 ¢(%)mi
i=0 i=0 vm T,V i=0 "

where the coefficients ES,I) ,¢\(,1) , ES.) and ¢\(/1,) are given by analytical expressions by using the canonical

functions method. This new approach in the perturbation theory is valid for any transition (infrared, Raman, ...),
any operator f(r) and any potential function either empirical or of the RKR—type. The numerical application, in
Raman transitions, to the ground state of the molecule CO shows that the values of E,, and ¥, calculated by
using the present formulation (up to sixth order) are in good agreement with those computed by a numerical
direct method.

Keywords. Rovibronic transition matrix elements of diatomics.

1 INTRODUCTION

The Rayleigh—Schrodinger perturbation theory [1] (RSPT) applied to the diatomic vibration—
rotation problem allows one to write the eigenfunction and the eigenvalue of a state (vJ)

respectively by:

* Dedicated to Professor Nenad Trinajsti¢ on the occasion of the 65™ birthday.
* Correspondence author; phone: 961-1-300110; fax: 961-1-818402; E-mail: tkorek@cyberia.net.lb.
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Y= AR (1a)

||[v]

0

=2 Wl (1b)
1=0

where ‘PEIO) is the pure vibration wavefunction and ‘Pg) are the rotational corrections, Eo is the

pure vibrational energy, e ( ) = V is the rotational constant, eslz) = —DV, eg) = HV ,... are the

centrifugal distortions constants (CDC) and A = J(J +1). In the transitions vJ <> v] (J ] =j with

|j>0) the eigenfunction and the eigenvalue of the upper state (V'J ') are given respectively by

_ (1),

lPVVJI = : §O‘PV, A (2a)
_ (),

EV'J' = i goevy A (2b)

where A'=J1'(J'+1).
In the literature, the line intensities S¥ (m) of the vibrational—rotational transitions vJ <> vJ at
temperature T in infrared transitions are expressed in terms of m as [2,3]

VV
Sy = "~ 3he

on ot g0 v )‘ exp[—E(m)/kBT] 3)

where the transition number m relates the two rotational quantum numbers Jand J " of the two
considered states as m =[J'(J+1)—-J(J +1)]/2, o(m) is the frequency at the line center, Ny is the

number of molecules per unit volume, Q is the rotational partition function, is the square

of the transition dipole moment matrix element which is the product of a rotationless factor RX' (0)

and a rotational factor (or Herman—Wallis factor) [4—7]
1 2 1 2
‘Rz(m)‘ =‘R§(0)‘ (1+C m+D m?) (4)

Similarly, the line intensities in the Raman transitions are proportional to the matrix elements

RV} which are also expressed in terms of the transition number m [8—10].

The conventional approach for the calculation of this rotational factor [11-13] (i.e. the Herman—

Wallis coefficients C, and D,) in the perturbation theory is by the transition from ) and ) —
representations of EVJ’ lPVJ , EV, T and lPV, 7 to m-representation for the rotational factor

RX (m) (Eq.(4)). This change in representation from ) and ) to m leads to a mathematical
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complexity if high accuracy is required (high order corrections) and to the limitation of this

approach to the solution of the radial Schrodinger equation in case of the empirical Dunham
potential. In order to avoid these problems, one may find it judicious to express E ;s Epp TVJ

and \PV, T in terms of one variable m instead of two parameters ) and ), as:

1) i
vam -, 2 ¢V m' (5a)
1=0
Evm= 2 EJ%ni (5b)
1=0
Yo = £ pum! (5¢)
1=0
_ 11
EV'm _jz()EV'm (5d)

(i)

v ES,) and ¢\(/1.) simple analytical

The aim of this work is to give to the functions Eg), o

expressions by using the canonical functions approach [14—16]. Under this form of the perturbation
theory, the calculation of the matrix elements (Eq.(4b)) for the considered transitions is greatly
simplified and all the calculation can be done by using only one parameter m. The numerical
application to the ground state of the molecule CO showed the validity and the high accuracy of the

present formulation.

2 THEORETICAL

; OF ()
2.1 Expressions of E_ in terms of e

In the vJ <> v transitions the rotational quantum numbers Jand J " are related as J =J + j
where j = £1 in the infrared transitions and j = 0, + 2 in the Raman transitions. By expressing A and
A' in terms of j and m (for j = +1, £2,...) one obtains [5]:

2 2
h=1  m+ 2

y e (6a)
2 m2

w:J4 e (6b)

or more generally A or A' can be written as:

2 .
A= Yajm! (6¢)
1=0
273
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where:

ag=—— a;=x1 and a,=— (6d)

with a;=-1 and a=tl are for the lower and upper state respectively.

By replacing A (Eq.(6¢)) in (1b) we obtain the “m-representation” of the eigenvalue as:

1) i

Eyn= T EJm ()

1=0

where
0 i (1

EY) = ¥ agel) (82)

1=0

1 -1

B =ap X jag el (8b)

:1

Q) _ (i-1) 2.i-2.()
Evi= ll[a 0327 atlag ey (8¢)
1=
B = EiG-Diaaa; + T Da jay el (80)
i=2
I g Gl T ST P o L | U PP NG (8¢)
~ 9 12
i(i—1 - —3)(i-4 i
EO) - Zl(l )(1 )[ aZa 1aer(l )aoa1az (i-3)i-4) a3 7ai5el) 8
i=3 3 60
2.2 Expression of ¢g) in terms of ‘I'g)
By replacing (6¢) in (1a) we obtain the “m—representation” of the eigenfunctions in the form
_ @ i

ym= 2 4 ©)

where the functions ¢\(/i) have the same expressions as ES) (Egs.(8)) by substituting es) by ‘Pg) .

By using Egs.(8) and (9) the coefficients Eg) and ¢5\(,i) can be determined (up to the sixth order)
@)

with high precision because the determination of the highly accurate large order coefficients e,

and ‘Pg) is a solved problem [17].
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. . i
2.3 Analytic Expression for E(V)

Within the Born—Oppenheimer apparxition [18], a rovibrational state (v,J) of a diatomic

molecule is characterized by the eigenvalue EVJ and the eigenfunction \PVJ of the radial

Schrédinger equation

a2y
v]

dr2

+HK[E —Uo(r)]—iz}tpVJ =0 (10a)
r

where Uo(r) is the rotationless potential, r is the internuclear distance and k = 2—5, pand 7 having

their usual significations. By replacing Egs.(5a), (5b) and (6¢) in Eq.(10a), one can find:

d2 2 2’ (10b)
SV (KB g — U (1] 02 }¥ym =0
dr r
2
Z : ml 10
2o+ (e U, 011203 mi 0 (10
dr r2
Since this equation is satisfied for any m, we obtain:
0)" 0 0
o +kED - umw -0 (11
0" kD v = - 3 By D (12)
1=1
where:
U0 = g+
r (D
B, =kE{? —r—§
B; :kEg) fori>3
Egs.(12) can be written in the general form:
n O
o 0+ k€D -~ =5 (13)

By using the Rayleigh—Schrodinger perturbation approach [19] we can find:
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<S_[¢,>=0 (14)

If we replace the successive values of Sn (Eq.(12)) in (14) and by defining:

Iip =< ¢\(,1) | ¢‘(/n) > (15a)
®) __ 4,0 (n)
Re 7=<¢7|Bplg, "> (15b)
0 “a 4,0
Ty =<% Ir—2|¢V (15¢)
one can obtain for E(Vi) the analytic expressions:
1) _
EV —Tl/kI00 (16a)
@ _mr _rd
EV —(T2 R01 )/kIO0 (16b)
C) BN )
EV = (R02 +R01 )/kI00 (16¢)
and for n>4:
™ __ gD (2) L
B = ®Rom-1)"Rom-2) " §4B(i “lom-i+1)"®oo (16n)
2.4 Analytic Expressions for the Rovibrational Wave Function ¥
The radial Schrodinger equation (10b) can be simply represented by:
2
v
vm _
2 Fym Oy ) (17)
dr
withx = r- Ty and:
2 .
> aim1
_ _ _i=0 (18)
fVm B k[Evm UO(X)] 2
(x+r1)
e
By replacing Eq.(5b) in (18) one obtains:
_ i
fVm(X)_igoci(X)m (19)
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where:

Co(x) =-k[BY — Uy ()] +a,
1 2
;) =—kED +a fx+1)
2
Cy () =-kEP +a,/x+1,)2
C;(x)=—kEY for i >3
Equation (17) is equivalent to the second type of Volterra equation [20]:

, X
Y= (0)+x¥ (0)+ ({(x —Of (0¥ (Hdt

(20a)

(20b)

(20¢)

(20d)

21)

in the sense that the solution of one is the solution of other [21]- By replacing ‘Pvm (t) within the

integral by its expressions in Eq.(12) an infinity of time, one can write:

o0
¥om®= ¥ D) (22)
1=0
where:
X
Di x)= g(x — t)fVm (‘[)Di 1 (t)dt (23a)
with:
D0 x)= Tvm (0)+ x‘Pvm (0) (23b)
if D 0 is replaced in D1 and D2 , and so one can obtain the solution of Eq.(17) in the form:
Yo=Y Oa (x)+¥, (OB () (24)
where:
o0
o =2 H(x) (25a)
1=0
X
Hi (x) = ({(x - t)fVm (‘[)Hi 1 (t)dt (25b)
Hy(x)=1 (25¢)
277
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'

with the initial values o (0)=1and a__ (0) =0 and:
vm vm

Bop®= X G, (x (26a)
i=0
X
G.(x)=[x-vf (HG. ()t (26b)
0
Gy(x)=x (26¢)

with va (0)=0and va (0)=1. The initial values ‘Pvm (0) and‘I’Vm (0) (Eq.(24)) are
determined by the boundary conditions of the wave function:

¥,mx—0 as X > o and X - T, (27)

By using this condition in Eq. (24):

'

leimm as x — oo and X —> T, (28)
o0 By ()

For the un—normalized wave function and without any loss of the generality of the problem we
take:

‘Pvm 0)=1 (29)
Thus an analytic expression is obtained for the wave function ‘Pvm without any restriction on

the potential function of the considered electronic state.

2.5 Analytic Expressions for the Functions ¢$,i)

In order to have successively the analytic expressions for the functions ¢‘(/1), Eq.(11) can be

written in the form:

o+, 060" =0 (30)
where:
£ () =kE (VO) ~U() 31)
278
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Table 1. Values of the pure vibrational energy Ey, the rotational constant By and the centrifugal distortion constants for
several vibrational levels for a Dunham potential of the ground state of the molecule CO calculated by using the highly
accurate method of Ref. [17]. The number in parentheses is a multiplicative power of 10.

By

Dy

1.922 528 872 188 4
1.905 025790 139 1
1.870 024 382 123 4
1.835034 5332216
1.800 074 652 049 6
1.765 193 700 211 8
1.730 502 504 372 1
1.696 224 148 430 9
1.662 765 453 060 0
1.630 796 697 133 4
1.601 292 269 809 6
1.575 443 095 583 9
1.554371 069 123 7
1.538 733 907 593 9
1.528 487 461 578 9
1.522 958 023 124 0

6.119 538 190 045 7 (—6)
6.118 847 356 162 4 (—6)
6.118 442 023 764 5 (—6)
6.118 916 977 780 7 (~6)
6.118 835 020 782 3 (—6)
6.114 667 766 143 7 (-6)
6.099 007 253 955 3 (-6)
6.058 008 738 369 0 (~6)
5.968 651 638 803 7 (~6)
5.798 185 471 813 9 (—6)
5.510 807 274 654 1 (~6)

5.086 158 954 178 (-6)
4.542 834 647 370 3 (~6)
3.943 315 001 388 3 (—6)
3.366 069 995 680 3 (—6)
2.868 259 358 857 2 (—6)

Ly

My

Ny

\4 EV
0 1081.776 425 149
1 3225.047 998 885
3 7432.218 208 258
5 11 534.025 078 516
7 15531.120 784 273
9 19 424.385 126 713
11 23 215.178 726 636
13 26 908.787 935 516
15 30500.138 111 400
17 34 004.814 019 292
19 37430.275 022 813
21 40 791.837 404 834
23 44109.660 979 866
25 47407.110 167 068
27 50 707.803 288 057
29 54 032.686 216 679

v HV

0  5.800 826482892 8 (—12)

1 5.655 626 063 842 2 (-12)

3 5.365 876 871 694 4 (-12)

5 5.100 690 261 986 4 (-12)

7 4.932 289 995 031 5 (-12)

9 5.022 385897 233 7 (-12)

11 5.684 7433294025 (-12)

13 7.452 630 055 244 9 (-12)

15 1.108 041 639 771 3 (-11)

17 1.729 779 154 024 6 (-11)

19 2.609 769 172 949 7 (-11)

21 3.587918 796 732 2 (-11)

23 4.306012294 688 8 (—11)

25  4.5058514501930(-11)

27  4.162 041 023 0151 (-11)

29 3.493 022271198 7 (-11)

T3.644482 113 419 8 (-17)
~3.716 016 607 411 7 (~17)
~3.840 930 389 967 2 (~17)
~3.839 743 171 656 5 (-17)
~3.449 062 155 861 5 (~17)
~1.833 458 850 797 7 (~17)
1.039 384 933 693 1 (~17)
7.432 746 772 842 4 (~17)
1.825 444 440 164 4 (~16)
3.268 583 332 567 7 (—16)
4.490 900 358 934 6 (~16)
4.427018 935 523 4 (~16)
2.435905 824 561 2 (~16)
~6.701 838 700 304 7 (~17)
~3.257 048 076 239 1 (~16)
~4.440 110 903 356 3 (~16)

—4.870 538 869 963 6 (-23)
~5.286 977 841 264 2 (-23)
~5.089 190 415 662 8 (~23)
—4.866 633 096 387 6 (-24)
1.566 345 996 261 6 (—22)
4.990 141 089 048 2 (~19)
1.427 381 293 340 6 (-21)
2.925 094 083 798 7 (~21)
4.867 535 563 102 5 (-21)
5.958 112 543 524 7 (-21)
3.588 471931 149 9 (-21)
~3.576 155 155 178 6 (-21)
~1.145 728 429 560 5 (-20)
~1.340 294 820 845 1 (-20)
~8.727 350 300 273 3 (-21)
~2.388 998 298 361 8 (-21)

~7.944 618 716 339 6 (—28)
~8.202 443 291 416 1 (-28)
~5.288 444 773 890 7 (~28)
9.150 377 344 462 3 (-28)
5.064 021 249 616 7 (-27)
2.938 202 183 981 9 (-20)
3.195 998 779 024 7 (-26)
5.521 533 857 341 4 (-26)
6.356 304 977 879 1 (-26)
6.090 934 472 050 2 (-27)
~1.522 000 620 963 7 (-25)
~2.990 705 692 095 9 (~25)
~2.175 228 870 606 3 (~25)
5.393 700 232 923 6 (-26)
2.305 178 768 225 7 (-25)
2.134 111 939 782 5 (-25)

By using Eq.(21) and by applying the same approach used in the calculation of W, one can

obtain

0900 = 6P 0, 0+ 6B )

(32)

where the canonical functions aV(X) and BV(X) are given by the analytic expressions (25) and (26)

in which f vm (x) (Eq.(19)) is substituted by f v (x) (Eq.(31)) with the same initial conditions

69 (0) = ~lim .

o (0)=1a (0)=0

B, (0)=0B (0)=1

ay ()

L)

as X »> o and X - T,

(33a)

(33b)

(33¢)
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Table2. Values of the coefficients ES) calculated from Eq. (16) (first entry) compared to those calculated from Eq. (8)
by taking a; = +1 (second entry) for the Dunham potential of the ground state of the molecule CO
v g0 gl g S
0 1083.218 318361  —1.922 519 692 890 9 4.806 238 036 976 0 (1) 3.059 756 768 437 4 (—6)*
sk
1 3226.476 764 78é —1.905 016 611 8797 6 4.762 480 3413477 (—1(; 3.059 411 660 050 0 (—6(;
3 7433.620 723 102 —1.870 015 204 496 2 4.674 976 826 874 1 (—1; 3.059 209 609 573 9 (—166)
5 11535.401 350 9$ —1.835 025 354 85447l 4.587 502 198 081 9 (711) 3.059 447 650 103 5 ??62)
7 15532.470 836 8; —1.800 065 473 805 471 4.500 102 496 274 2 (719) 3.059 407 029 436 6 (361)
9 19425.709 018 5421 —1.765 184 528 218 2 4.412900 173 982 0 (—12) 3.057 3232105859 (—65)
11 23216.476 600 Og —1.730 493 355 870 g 4326172399 732 4 (—1(; 3.049 491 546 849 ;§Z62)
13 26907.060 100 2§ —1.696 215 061 430 481 4.240 477 073 656 4 (71‘; 3.028 988 531 997 2 26(;
15 30501.385 182 1§ —1.662 756 500 101 ; 4.156 831 563 986 0 (71‘; 2.984 302272 661 3 f(gz67)
17 34006.037 113 52 —1.630 787 999 884 § 4.076 912 018 245 4 (—1(; 2.899 055976 567 7 261)
19 37431.457 988 9? —1.601 284 003 642 ? 4.003 154 901 621 3 (—S 2.755348 1770532 (368)
21 40793.018 984 2é —1.575 435 466 405 ; 3.938 537 805 230 4 (713; 2.543 003 422 989 8 (?6;
9 8 4 30375
23 44110.826 75561  —1.554 364254 944 4 3.885 865209 983 3 (-1) 2.271 325819 782 1 (-6)
25 47408.264 215 2é —1.538 727 992 697 i 3.846 780 549 607 4 (—13) 1.971 561 751 665 18‘(?62)
27 50708.949 651 72 —1.528 482 412 544 g 3.821 172371597 4 (—1‘; 1.682 946 536 556 67?—16(;
29 54033.828 453 83 —1.522 980 720 793 g 3.087 723120 177 1 (71‘; 1.434 055 454 786 66(()1‘6?
3 9 1 83
g, (1) =1 (33d)
and the boundary condition [22]:
(0)
o, (x)—0 asx > ccand X - T, (34)
By repeating the same way of calculation to Eq.(13) for n > 1 one obtains:
'
6D )= 0D 0, 0+ 6D OB, 0+7D ) (35)

where (xV(X) and BV(X) are those of Eq.(32) and }/S)(x) is a particular solution of the

inhomogeneous differential equation (Eq.(13)) which is given by:

D)y <
yOx)= X
\% p=0

Fo ()

(36a)

BioCHEM Press
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Table2. (Continued)

. @ NG £(6)
\% \% \%
0 —3.8246597064290 (-7) —1.087 598 020 226 6 (—12) 9.062 253 850 262 3 (—14)
86 368 4 1566 4
1 —3.824229228 4679 (-7) —1.060 371 823 904 0 (~12) 8.835 348 015 738 2 (~14)
94 4068 8 67536
3 —3.823978467 3413 (7) —1.006 041 898 609 9 (~12) 8.382 562 205 548 3 (~14)
92 350 5 4389
5  —3.8242776844192(-7) —9.563 194281 071 6 (~13) 7.968 028 641 368 6 (—14)
75 26576 26079
7 —3.824227960974 8 (<7) —9.247 504 833 815 3 (~13) 7.705 248 087 127 4 (—14)
6 7199 6938 1
9 —3.8118289036169(-7) —9.416 713398707 6 (~13) 7.864 849 466 319 4 (—14)
4689 09 900 223 4 598 934 896 3
11 —3.811828903 6169 (-7) —1.065 905 622 938 6 (~12) 8.882 850 334 435 6 (~14)
99 739 4 28754
13 —3.786 189 083 921 5 (=7) —1.397 484 289 007 0 (~12) 1.164 787 095 410 6 (—13)
09 8 4440 769 2
15 —3.730308 582975 6 (<7) —2.077 863 328 520 7 (~12) 1.732 085 305 094 2 (—13)
928 33380 01930
17 —3.623 711850 1149 (-7) —3.243 846 664 527 1 (~12) 2.704 159 025 256 6 (—13)
08 8 639 7 364 3
19 —3.444022096 144 1 (-7) —4.894 069 548 288 8 (~12) 4.079 701 217 280 4 (—13)
519 72822 6426 1
21 —3.178 530583 5850 (-7) —6.711 164 444 817 4 (-12) 5.593 928 170 343 1 (—13)
644 7 32575 68 999 1
23 —2.8388881419569 (-7) -8.074 153 596 316 5 (—12) 6.729 171 543 795 4 (—13)
20337 5166 0 25427
25 —2.464 1705757935 (-7) —8.448366 675 083 3 (—12) 7.040 109 789 316 0 (~13)
888 2 298 1 4583
27 —2.103 423052496 5 (-7) —7.803 317 953 736 3 (~12) 6.501 814 791 836 0 (—13)
5560 886 1 916 9
29 —1.792351 0173569 (-7) —6.548 722 977 305 7 (~12) 5.455 974 061 424 4 (—13)
90 6 969 0 123 6
X
F x)= [(x=0S.(t)F_ _(t)dt (36b)
p 1 p-l
0
T 0)
Fyx) = [(x=9S, (0¢, (0dt (36¢)
0

By using the Boundary conditions (28) and (34) in (5a):

and by replacing the conditions (29) and (33d) in (5a) one finds:

d)g)(x)—)O as X - o and X - T,

oW (0)=0 for i =0

from this condition a function ¢\(]1)(x)will be given by:

(37)

(38)
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Table 3. Values of the function ¢\(II)(O <i<5) (Bgs. (32), (39)) and the wave function ¥,,, calculated from

> ¢\(Il)m1 (Eq. (52)) compared to V., calculated from a direct numerical method [24] form=-3 and v=10, 5, 10 at x

=0.03A,0.06 A, 0.09 A,

m=-5
X(A°) v=0 v=>5 v=10
${0) 0.853 779 042 ~0.628 689 912 ~0.746 271 835
¢\(/1) ~0.403 364851 ((4)*  -0237123424(-3)  ~0.167 721 066 (-3)
¢\(,2) 0.100850 055 (4)  0.592703387(-4) 0419651 635 (-4)
0.03
¢§3) ~0.467024033 (-9)  0.525321283(-8)  —0.174617 832 (-7)
¢§4) 0.583 868998 (-10)  0.653260291(-9) 0219 100 921 (-8)
¢‘(]5) ~0.266 885 116 (~14) 0101705210 (-11)  0.248 965 974 (-11),
5
woo=5eWml 0854232005 ~0.626 032 598 ~0-744 380 541
=0
skek
Yym senn 601 38
{0 0.503 481 580 ~0.509 123 121 0344 191 238
¢§1) 0474923607 (4)  0.204739736(-3)  0.333499 906 (-3)
¢§2) 0118753084 (-4) 0511753561 (-4)  —0.834 411 834 (-4)
0.06
¢\(;3) ~0.110919296 (-8) 0478427792 (-8) 0331292250 (-7)
¢\(,4) 0138691949 (-9) 0595140409 (-9)  ~0.415 725 968 (-8)
¢§5) ~0.128497 528 (-13)  0.867989493 (-12)  0.483 729 440 (-11)

5 . .
) i
lIlvm:_z¢\(/)m
1=0
Yim

0.504 016 150

—0.511 425 236

0.304 430 655

48

6D =oW 0, 0 +7Vx)

v (1
where d)V (0) is obtained from the boundary condition:

(39)
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- ()
0.0 0 im?L®

as x > o and X — —1,

v (40)

Table3. (Continued)

0.09 ¢\(/0) 0.210 338 145 0.107 123 434 0.237413 614
4
% —0.297 1567762 (—4) 0.116 825775 (-3)  —0.460 495 292 (-3)
¢\(/2) 0.743 102 987 (-5) —0.291 972731 (4)  0.115 212 696 (-3)
¢\(/3) —0.104 300 028 (-8)  —0.458203 437 (-8) —0.444 719 366 (-7)
¢(4) 0.130 435 703 (-9) 0.570 723262 (-9)  0.558 104 009 (-8)
\%
¢\(/5) —0.182029 512 (-13)  0.609 060 117 (-12) —0.662 164 445 (—11)
PO
Tvm = Z(ﬁv m-  0.210672 711 0.106 993 121 0.242 605 476
=0
Yo 1 1 85
* Number between parentheses is a multiplicative power of 10

** Ref [24]
*** Omitted figures are identical to those in the leading entry

3 NUMERICAL APPLICATION

The present formulation is applied to the ground state of the molecule CO by using a Dunham

potential [23] in the case of Raman transitions where J'-J = j=22 with a( :%,a1 =-1 and

a =% (Eq.(6d)). In order to have the successive values of ES) and ¢\(]1) , the ¢\(]0) are computed

2
from Eqs(32), (33) and (34) and then by using alternatively Eqs.(16) and (39). The values of
ES) fori=0,1,2...6 and 0 <v <29 are presented in Table 2 (first entry); the comparison of these

values to those calculated from Egs. (8) (second entry), by using the data of Table 1 (calculated by

using a highly accurate method [17]), shows the excellent agreement up 10 significant figures and

more. The values of ¢\(}1) (0 <i<5) calculated from Egs. (32) and (39) for m = -5, x = 0.03, 0.06
and 0.09 for the different vibrational levels v =0,5,10 are showed in Table 3.
The comparison of the wave function calculated from Zqﬁ\(ll)mi (Eq.(52)) to those calculated by

direct numerical method [24] shows an excellent agreement between these values up to seven
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significant figures, or more, for the considered vibrational levels and for the different values of x.

Table 4. Values of the successive approximations of the wave function W,(x) = S, (Egs. (32), (39)) compared
to W, calculated from a direct numerical method [24] fromm=-3, -7, -11 and v=0, 5, 10 at x = 0.06 A

x=0.06 A
m v=0 v=>5 v=10
So 0.503 481503 —0.591 231205 0.344 191 238
s1 0.503 624 057 —0.509 737339  0.343 190 738
52 0.503 730935 —0.510197917 0.342 439 767
53 0.503 730965 —0.510 197 788  0.342 438 873
" S4 0.503 730976 —0.510 197 740  0.342 438 536
Ss 0.503 730976 —0.510 197 741  0.342 438 535
5.
‘Pvm=2¢9)ml 0.503 730 976  —0.510 197 741  0.342 438 535
i=0 6* 1 5
kk
‘"Pvm
So 0.503 481580 —0.509 123 120  0.344 191 238
s1 0.503 814026 —0.510556298  0.341 856 738
52 0.504395917 —0.513063891 0.337 768 121
53 0.504396297 —0.513 062250 0.337 756 757
77 S4 0.504396 630 —0.513 060821 0.337 746 776
Ss 0.504396 631 —0.513 060835 0.337 746 694
5 ..
Pym= 2 A mi 0.504396 631 —0.513 060835 0.337 746 694
. i=0 1 44 47
Yym
So 0.503 481580 —0.509 123 120  0.344 191 238
sl 0.504 003996 —0.511375257  0.340 522 739
. 0.505 440908 —0.517 567475  0.330 426 356
53 0.505 442385 —0.517561 107  0.330 382261
1 < 0.505 444514 —0.517552394  0.330 321394
55 0.505 444417 -0.517552534  0.330320615
5 ..
‘I’vm=2¢9)m1 0.505 444417 —0.517522534  0.330320615
i=0 95 661 19 882

ok

\Pvm

In Table 3 the wave function ‘Pvm (x) is represented by successive approximations as:
_40)
SO - ¢V
_ (D
S1 =S o™ ¢V m

_ )2
S,=8,+4'm
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_ 3),,3
S3 —82 +¢V m

_ 4) 4
S, =Sy +4, 'm

_ (5)..5
Sy =S, +¢.~'m

form=-3,x=0.03 A, 0.06 A, 0.09 A and for the vibrational levels v = 0, 5, 10. The comparison of

S 5 to ‘Pvm calculated by direct method [24] shows an excellent agreement between these values

up to seven significant figures, or more, for all the considered vibrational levels and for the different
values of x. The comparison of Si to ‘Pvm calculated by a numerical method [24] shows that (i) a

good agreement can be obtained by third order of correction; if highly accurate wave functions are
needed the fourth and the fifth order of correction are required; (ii) the agreement decreases slightly
with the increasing value of |m|, this is may explained by the perturbative aspect of the present

formulation.

4 CONCLUSIONS

For any transition vJ <> v']' (infrared, Raman, ...), the corresponding eigenfunctions and
eigenvalues are expressed for the two considered states in terms of the same transition number m as:
1) i (1 i
E = E( E = E
> EVm' E, = ¥ El/m

viIb o i=o V¥

o 5 A0 e 3
1=0 0

\%
1=

where the coefficients ES) and ¢\(}1) are given by analytical expressions (Eqs.(16), (32) and (39)).

This approach is governed by three coefficients a a and a ) (Egs. (3d)). The type of a transition

0’
is defined by the value of j in ap and a, (j= %1 in infrared and j= =2 in Raman transitions) and the
rovibrational state is defined by the sign of a; (a; = —1 for the lower state and a; = +1 for the upper
state). The numerical application to the ground state of the molecule CO in Raman transitions
shows the excellent accuracy of the m—representation of the eigenvalue and the eigenfunction. By

using this formulation, the calculation of the matrix elements for a transition is greatly simplified.
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