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The NMR chemical shift arising from 4d electron angular momentum and 4d electron spin dipolar-nuclear spin angular momen-
tum interaction for a 4d' system in a strong crystal field of octahedral symmetry, when the threefold axis is chosen as the
quantization axis, has been investigated. A general expression using a nonmultipole expansion method is derived for the
NMR chemical shift. From this expression all the multipolar terms are determined. We find that the nonmultipolar results
for the NMR chemical shift, AB, is exactly in agreement with the multipolar results when R>0.20 nm. It is also found that
the 1/R” term contributes to the NMR chemical shift almost the same as the 1/R® in magnitude. The temperature dependence
analysis of AB/B(ppm) at various values of R shows that the 1/T? term has the dominant contribution to the NMR chemical
shift but the contributions of other two terms are certainly significant for a 4d' system in a strong crystal field of octahedral
symmetry when the threefold axis is chosen to be the axis of quantization.

Introduction

For a decade a great deal of interest has been focussed on
the interpretation of the NMR shift in 3d" and 4f* paramagnetic
systems. From NMR studies of paramagnetic molecules!-*
detailed information about the electronic structure and, in cer-
tain cases, the conformation of molecules can be yielded. For
instance, we can determine, from the NMR spectra, the
magnitude and sign of the various electron—-nuclear hyperfine
interaction constants throughout a paramagnetic molecule.

Theoretically the NMR shift has been classified as arising
from the Fermi contact interaction,®’ the electron angular
momentum, and the electron spin dipolar-nuclear spin angular
momentum interaction. The latter two terms have been
treated as a multipole expansion in R, where R is the distance
between the NMR nucleus and the electron bearing atom.s
Dipolar expansion method® has been used almost exclusively
to interpret the NMR chemical shifts in 3d” and 4f
systems, ®t3 although the higher multipole expansion
method'+'* has been developed recently and was applied to
calculate (2L + 1) independent anisotropy coefficients for each

harmonic order L.'s More recently, nonmultipole expansion
method has been developed whereby, from a set of experimen-
tal results, an estimate might be made of the various contribu-
tions to the NMR shifts.*®

We adopted the nonmultipole expansion method to’
calculate the NMR shifts for 4d* and 4d? systems in a strong
crystal field environment of octahedral symmetry*®!” when
the fourfold axis was chosen as the quantization axis.

In this work, we derive a general formula for the NMR
chemical shift in a 4d* system in a strong crystal field environ-
ment of octahedral symmetry, when the threefold axis is
chosen as the quantization axis, adopting the nonmultipole ex-
pansion method. We calculate the NMR chemical shifts, us-
ing this formula and compare the NMR results with the
multipolar results.

As far as we are aware no previous calculation has been
performed to detemine the NMR chemical shift arising from
the 4d electron angular momentum and the 4d electron spin
dipolar-nuclear spin angular momentum interaction when the
threefold axis is chosen to be the axis of quantization.
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Theory

The hamiltonian representing the various interaction in this
work may be written as'®
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Here 7 and rw are the electron radius vectors about the
electron bearing atom and the nucleus with nuclear spin
angular momentum /, respectively.

The quantity B is the.applied magnetic field, V() is the
crystal field potential of octahedral symmetry when the
threefold axis is chosen as the quantization axis and a, is the
required crystal field parameter for the 4d electron system.
The other symbols have their usual meaning.

When the threefold axis is taken as the quantization axis
the required axial wave function may be expressed in the real
notation as*
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Here we adopt SCF wave functions?® for 4d orbitals ex-
pressed, in the real from, as
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A 44’ system in a strong crystal field environment of oc-
tahedral symmetry results in a *T, ground state. This ground
state is split by the spin orbit coupling interactions with
relative eigenvalues of - %2 ¢ and ¢ where ¢ is the spin orbit
coupling constant.

Hyperfine integrals. In order to investigate the NMR
chemical shifts for a 4d* system in a strong crystal field en-
vironment of octahedral symmetry, it is required to evaluate
the hyperfine integrals for all pairs of 4d orbitals in addition
to the hyperfine integrals for any pair of 4d.., 4d,, and 4d,,.

The hyperfine integrals are evaluated using the method
reported previously.?* The required hyperfine integrals are
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listed in appendix A and B.

Calculation of the NMR chemical shift. To determine the
NMR chemical shift in liquid solution we calculate the prin-
cipal values o,, of the NMR screening tensor by considering
the magnetic field interaction parallel to the x, y and z direc-
tions and averaged assuming a Boltzmann distribution. It
follows that the contribution to the NMR chemical shift, AB,
is given by

AB=§B<axx+ayy+au> (5)

where

peum (D<H>
a 5#:1 é‘Ba peBmo

and p=gyusl

The term <H,> refers to the Boltzmann average of the
hyperfine interaction represented by eq.(3). To calculate the
hyperfine interaction, we use the hyperfine integrals evaluated
in this work and the previous work.?* When the threefold axis
is chosen as the quantization axis, the NMR chemical shift
arising from the electron angular momentum and the electron
spin'dipolar—nuclear spin angular momentum interactions is
given by
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For the case of the free atom we may take RO to find

AB_ pe 2 4} 9-1501-exp(3¢/2KT)IKT/L
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When we have long range coupling, the term in eq.(7) may
be expressed as
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When the threefold axis is chosen to be our axis of quan-
tization the calculated NMR chemical shifts along the x, y and
z axes for a 4d system in a strong crystal field environment
of octahedral symmetry are listed in Table 1 and 2. We also
list the calculated NMR chemical shifts along the <1,1,1>,
<-1,-1,-1>, <-1,1,-1>, <1,-1,1>, <1,-1,-1>,
<-1,-1,1>,<1,1,-1>, and < -1,1,1> directions in Table 3
and 4, respectively.

Temperature dependence of the NMR chemical shifts.
We may separate the contributions of the Fermi contact in-
teraction and the pseudo contact interaction to the NMR
chemical shift for a 4d* system in a strong crystal field en-
vironment of octahedral symmetry by the temperature depend-
ence for AB/B and the NMR chemical shift may be expressed
as

AB/B=A+B/T+C/T* (10)

In eq.(10) the last two terms arise from the Fermi and the
pseudo contact terms, respectively.

The NMR chemical shift over the temperature range from
200 to 400K from the nonmultipole results of AB/B given by
eq.(7) may be fitted almost precisely to an expression of the
form given by eq.(10) some vaules of A, B and C are given
in Table 5.

Results and Discussion

To calculate the NMR chemical shift for specific R-values
for a 4d! system in a strong crystal environment of octahedral
symmetry when the threefold axis is chosen as the quantiza-
tion axis, we choose the spin orbit coupling constant, ¢ as 500
cm,™ and # as 3.2679/ a,, which are the appropriate values
for the Zr'**ion, where a, is the Bohr radius and the temperature
T is taken as 300 K.>

As shown in Table 1, the NMR chemical shift, AB/B,
decreases in magnitude rapidly, as R increases. Along the
<1,0,0> axis AB/B(ppm) changes sign around R~0.20 nm.
Along the <0,1,0> and <0,0,1> axes, AB/B(ppm), however,
changes sign around 0.10 nm, the AB/B(ppm) values being
negative for small R values and positive for greater R values.
However, along the <1,0,0> and <1,1,0> axes, AB/B(ppm)
is positive for all values of R while along the <0,0,1> axis,
AB/B(ppm) changes sign around R~0.10 nm for all 3d
system.?? Along the <1,0,0>, <0,1,0> and <0,0,1> axes, a
comparison of the multipolar terms with the nonmultipolar
NMR chemical shift obtained from eq.(7) shows that 1/R® term
and 1/R? term contribute almost equally to the chemical NMR
shift, while for a 3d' system, 1/R” term contributes dominantly
to the NMR chemical shift for all values of R.?? Along the
<1,1,1> axis, the NMR chemical shift, AB/B(ppm), is negative
for all values of R while along the <1,1,0> axis AB/B(ppm)

Bull. Korean Chem. Soc. Vol. 7, No. 2, 1986 91

Table 1. A Comparision of the Nonmultipole Result of AB/B(ppm)
Obtained using Equation (7) with the Multipolar Terms for Specific
R-values when the Threefold Axis is Chosen to be the Axis of
Quantization

1a) Along the <1,0,0> Axis ({=500cm™,
$=3.2679/a, and T =300 K)

AB/B(ppm)
O™ e VR’ sumofall e
multipolar terms
0.05 360.137 -79.846 280.291 ~1316.584
0.10 68.872 -60.194 8.678 -45.587
0.15 6.590 -9.158 -2.568 -3.181
0.20 1.389 -1.386 0.0028 -0.001
0.25 0.452 -0.293 0.1590 0.159
0.30 0.1817 -0.0818 0.0999 0.0999
0.35 0.0841 ~-0.0278 0.0562 0.0562
0.40 0.0431 -0.0109 0.0322 0.0322
0.45 0.0293 ~0.0048 0.0191 0.0191
0.50 0.0141 -0.0023 0.0118 0.0118

1b) Along the <0,1,0> Axis ({=500cm™,
B=3.2679/a, and T =300 K)

AB/B(ppm)
Sum of all
R(nm) Y. (8,0) 1/R® 1/R?” multipolar from eq.(7)
terms
0.05 -1596.875 135.052 18.631 153.683 -1443.192
0.10 -54.265  25.827 14.046 39.874 -14.392
0.15 -0.6129 2471 2.713 4.608 3.995
0.20 -0.004 0.521 0.324 0.845 0.841
0.25 0 0.1696 0.0684 0.2380 0.2380
0.30 0 0.0681 0.0191 0.0872 0.0872
0.35 0 0.0315 0.0065 0.0380 0.0380
0.40 0 0.0162 0.0025 0.0187 0.0187
045 0 0.0090 0.0011 0.0101 0.0101
0.50 0 0.0053 0.0005 0.0058 0.0058

1c) Along the <0,0,1> Axis (¢(=500cm™,
$ =3.2679/a, and T =300 K)

AB/B(ppm)

Sum of all

Rinm) v, (s,¢) 1/R® 1/R” multipolar from eq.(7)

terms
0.05 -1596.875 135.052 31.272 166.324 -1430.551
0.10 -54.265 25827 23.576 49.403 -4.862
0.15 -0.623 2.471 3.587 6.058 5.445
0.20 -0.004 0.521 0.543 1.064 1.060
0.25 0 0.1696 0.1148 0.2855 0.2844
0.30 0 0.0681 0.0321 0.1002 0.1002
0.35 0 0.0315 0.0109 0.0424 0.0424
0.40 4] 0.0162 0.0042 0.0204 0.0204
0.45 0 0.0090 0.0018 0.0108 0.0108
0.50 0 0.0053 0.0009 0.0062 0.0062
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Table 2. A Comparision of the Nonmultipole Result of AB/B{ppm)
using Equation (7) with the Multipolar Terms for Specific R-Values
when the Threefold Axis is Chosen as the Quantization Axis

2a) Along the <1,0,0> Axis (¢=500cm™,
B =3.2679/a, and T=300 K)
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Table 3. A Nonmultipolar Results of AB/B(ppm) Obtained
from Equation (7} for Specific R-Values along the <1,1,1>,
<-1,-1,-1>,<-1,1,-1> and <1, - 1,1> Axes when the Three-
fold Axis is Chosen to be the Axis of Quantization

AB/B(ppm)
R(nm)

AB/B(ppm) <LLI>  <-1,-1,-1> <-1,1,-1> <1,-1,1>

Sum of all 0.05 —-1754.660  -1754.660 —1754.660 —1754.660

R(nm)  v,.(6,9) /R /R”  multipolar from eq.(7) 0.10 -94.428 -94.428 ~-94.428 -94.428

terms 0.15 ~5.212 -5.212 ~5.212 ~5.212

005 -1596.875 360.137 -79.846 280.291 -1316.584 0.20 -0.853 -0.853 -0.853 -0.853
0.10 -54.265 68.872 -60.194 8678  -45.597 0.25 -0.2410 -0.2410 -0.2410 -0.2410
0.15 ~0.6129 6590 —9.158 -2.568 ~3.181 0.30 -0.0888 -0.0888 -0.0888 -0.0888
0.20 ~0.004  1.389 —1.387 0.003 ~0.001 0.35 -0.0389 -0.0389  -0.0389  -0.0389
0.25 0 0.2541 -0.2931  0.1590 0.1590 0.40 -0.0192 -0.0192  -0.0192  -0.0192
0.30 0 0.1817 -0.0818  0.0999 0.0999 0.45 -0.0104 -0.0104  -0.0104  -0.0104
0.35 0 0.0841 —-0.0279  0.0562 0.0562 0.50 —0.0060 -0.0060  -0.0060  -0.0060

0.40 0 0.0431 -0.0109  0.0322 0.0322

g;g 3 ggiii ggg;z 831?; ggi?é Table 4. A Nonmultipolar Results of AB/B(ppm) Obtained using

2b) Along the <1,1,0> Axis (¢{=500cm™,
B =3.2679/a, and T=300 K)

AB/B(ppm)

Sum of all

Rnm) v, (6,4) 1/Rs /R’  multipolar from eq.(7)

terms
0.05 -1596.875 135.052 24.951 160.003 -1436.872
0.10 -54.265  25.827 18.811 44.638 -9.627
0.15 © -0.613 2.4712 2.862 5.333 4.720
0.20 -0.004 0.521  0.433 0.954 0.950
0.25 0 0.1696 0.0916 0.2612 0.2612
0.30 0 0.0681 0.0256 0.0937 0.0937
0.35 0 0.0315 0.0087 0.0402 0.0402
0.40 0 0.0162 0.0034 0.0196 0.0196
0.45 0 0.0090 0.0015 0.0105 0.0105
0.50 0 0.0053 0.0007 0.0060 0.0060

2c) Along the <1,1,1> Axis ({=500cm™,
f =3.2679/a, and T =300 K)

AB/B(ppm)

Sum of all
R(nm) Y..(0,4) 1/R$ 1/R? multipolar from eq.(7)

terms

0.05 -1596.875 -140.032 -17.7563 -157.785 —1754.660

0.10 -54.265 -26.779 -13.384 -40.163 —94.428
0.15 -0.613 -2.562 -2.036 -4.599 -5.212
0.20 -0.040 -0.5402 -0.308 -0.813 -0.853
0.25 0 -0.1758 -0.0652 -0.2410 -0.2410
0.30 0 -0.0706 -0.0182 -0.0888 -0.0888
0.35 0 -0.0327 -0.0060 -0.0389 -0.0389
0.40 0 -0.0168 -0.0024 -0.0192 -0.0192
0.45 0 -0.0093 -0.0011 -0.0104 -0.0104
0.50 0 -0.0055 -0.0005 -0.0060 -0.0060

Equation (7) for Specific R-Values along the <-1,-1,1>,
<1,1,-1>,<1,-1,~-1> and <-1,1,1> Axes when the Threefold
Axis is Chosen to be the Axis of Quantization

AB/B(ppm)

R(nm)

<-1,-1,1> <1,1,-1> <1,-1,-1> <-1,1,1>
0.05  -1754.660 -1754.660 -1754.660 -1754.660
0.10 -94.428 -94.428 -94.428 -94.428
0.15 -5.212 -5.212 -5.212 -5.212
0.20 -0.8526 -0.8526 ~0.8526 -0.8526
0.25 -0.2410 -0.2410 -0.2410 -0.2410
0.30 —-0.0888 -0.0888 ~0.0888 —-0.0888
0.35 —-0.0389 -0.0389 ~0.0389 -0.0389
0.40 -0.0192 -0.0192 ~0.0192 -0.0192
0.45 -0.0104 -0.0104 ~0.0104 -0.0104
0.50 -0.0060 -0.0060 ~0.0060 -0.0060

changes sign around R~0.10 nm, AB/B(ppm) being negative
for small R values and positive for greater R values as shown
Table 2. For 3d* system, AB/B(ppm) is positive for all values
of R. A comparison of AB/B(ppm) obtained from eq.(7) with
multipolar results also shows that the 1/R% term and 1/R” term
contribute almost the same magnitude to the NMR chemical
shift along the <1,1,0> and <1,1,1> axes while the 1/R’ term
contributes dominantly to AB/B(ppm) for all values of R for
a 3d’ system. However, for a 3d! system, the 1/R” term is in-
adequate to describe accurately the NMR chemical shift for
R<0.50 nm, and the nonmultipolar NMR results are in agree-
ment with the multipolar resuits when R20.20 nm. Such the
large difference between nonmultipolar and multipolar NMR
chemical shift arises because the multipolar terms only include
the long range coupling term?* represented by eq.(9) and con-
stant term represented by eq.(8) is neglected.

The multipolar results of AB/B(ppm) obtained from eq.(7)
for specific R values along the <1,1,1>, <-1,-1,-1>,
<-1,1,-1> and <1,-1,1> axes are listed in Table 3 when
the threefold axis is chosen as the quantization axis. AB/
B(ppm) are exactly in agreement with those along the
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Table 5. The Temperature Dependence of AB/B(ppm) at Various
Values of R expressed in Terms of the Coefficients along <1,1,1>,
when the Threefold Axis is Chosen to be the Axis of Quantiza-
tion, {=500cm™, 8 =3.2679/a,

R(nm) Alppm)  B(ppm-K)x10? C(ppm-K?) x 10*

0.10 1439 -21900 106400

0.20 -4.553 37.36 -215.80

0.30 -0.1303 -1.567 4.460

0.40 -2.295 18.694 -8.600

0.50 0.0503 -1.044 5.3610
-1,-1,1>,<1,1,-1>,<1,-1,-1> and <-1,1,1> axes as

shown in Table 4.

As shown in Table 3 and 4, the sign of the nonmultipolar
results of AB/B(ppm) for specific R values along the <1,1,1>,
<-1,-1,-1> <-1,1,-1> and <1,~-1,1> axes are exactly
same as those along the<-1,-1,1>,<1,1,-1>,<1,-1,-1>
and <-1,1,1> axes while the NMR chemical shift, AB/B(ppm)
along the <1,1,1>,<-1,-1,-1>,<-1,1,-1>and<1,-1,1>
axes has the opposite sign for a 3d* system.

The temperature dependence analysis of AB/B(ppm) at
various values of R expressed in term of A, B and C along
the <1,1,1> axis over the temperature range from 200 to 400
K shows that the values of A, B and C depend markedly on
the R values. We find that the major contribution to the NMR
chemical shift arises from the 1/T? term but the contributions
of other two terms are certainly significant and the
temperature dependence analysis of 4B/B(ppm) for a 4d"
system is not simply proportional to 1/T? when the threefold
axis is chosen as the quantization axis.
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Appendix A. Radial series

a) Specific formulas for l,,/ri integrals

¢ ‘yz+( x1+—xz)+(

ts=y,+ (

14

2
=Yy, (=

w.,+ w2)+v,

4
15 é )+ wet— w,)—f—ul
9

1 11
10x,+10 wa+ w,) 4o,

7
3
7
)+(6

4 4
t,=€ (x,—x,) +§~ (Wo—w,)

=y, + (%x1+'§13) +3w,tv,

5

2
ty=y,+ (_Elx|+35_6xx) + (‘Z§Wo+%zwz) +v,

3
7 2
t|o=yz+ (——114—*2353)—}' (_Ewo“"z ’Wz) +1J,
5 5 3
42 33 7 38
ta=y, ot oxy) + owetow,) +v,

25 25 15 15

y2+(5 e 21 + x:>+ 0+%w2)+vl

Here we define the radial integrals as®'
R (1) =4g* (~R)- [ rith B, r)dr
0

where t=28R and further, for convenience

un () =Ry (t)
va () =RV (t)
wa () =R3 (2)
xa (1) =Ry (t)
yn(t) =R ()

b) Specific formulas for dipolar integrals

T,

=Y, (

4, = 6 —x,) + (7 wo+g§—;w,+~§~w‘) + (%v,-FEv

5175 3 5 sl T
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18 2 21 12 3 18 2
T.=y,+ (5 x,+— 5 z,) + (_w +'7_w2+£w4) + (€”|+_5_va) +u,
16 4 9 4
T, 2, 20, 494, 1 9
yz+(5 +5 )+( o+21wz+ w‘)«}—(—v +5 v,) tu,
Th=y,+ (15 2 x,) + (;wn+4w2+ w4)+( v, +8 ) Tu,
8 12 7 95 87 8 12
T.=~y,+ (€x1+ x5) + (30 o+" +7_6 w,)+ (€”|+ 5 v,) +u,
13 7 28 7
Tis=y,+ (Ex‘+§x’) + ( 0+2—1 +£ w,)+ (—v + vy) +u,

2 10
Tu=£ {(x,—xy) +7

17 3 56 44 . 6 17
(Gatgm)+ (gmtypmtggw) T3

263 35 ., 121 47 . 77 83
et o) + (G pwtom) + (onts

242 58 627
75 s T Q75 s

682 . 50
183° 183"

(wy—w,)+ (v,—v,)}

T~y,+ ”1+%’-’3) +u,

F=y,+ (== )+u2

423 v+ (A28, o

125

34 0)) 1,

297 | 69 704 516
1 e T Gps? a0 T

176, 444
1w’+31w‘> + 5" s

Fu=yt+( xy) + (5w,

F=y.+ ( x3+_“xs) + ( 3 vy)

93

F y|+4x + (39“’2+ 3 WL) + (%’M’*‘%’h) +u2

o R B B3 4
Fzs*y4+(1513+1515)+( 35Wz+ 35w4)+( +25

154 74 297 501 43
7 = T g g T (95" *

209,43 187 107
63 Tea™ T g e * ( +

Fu—sit Gonnt 2o + (-3} +§?’—w.>+< o+ +u,

Appendix B. The hyperfine mtegrals
a) The integrals of (¥,|ly./r3|¥,)

4 144 v)) +u,

361},) +u,

Fo=y,+ = v;) tu,

i 4dx’—y® 1, /r3 |4dzy)

6¢ __\/——Y;oe Q

441
i4dat—y?| 1, /r} |4dyz)

\/:[1/,1(9,@) Y, (6, 0))t,— 1\/_‘[Y.leds

4\/—
315

4\/_

o005 1o(6 @) fy

294 15 588
- Y. (6, 9))
1
-V s (6, 9) - Y (6, 91,
i (4dzy| 1, /r} |4dzz)

_ 3.7 _
— A5, (6.0) - ¥ (6. 0 iV T (YL (8.0)
Yo (6, 9))f, - 1;6«/35[1% ~Y., (8, &)},
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i4dx®~y*| 1,./r3 |4dyz)

_..I _4} 1 27z
315 % (6, 9)n +441 5 (6. 9) hL98v 15
V—
Y, t _‘\/
+Y,(6,0))t, ‘o Y, (8, &)f vyl 1O[Y. (6, d)
+Y. (8 tb)]f,-ﬁ 35 XY, (6, )+ Y. (6, &))f,

i{ddxy| 1, /r)4dz?)

2.4/2 /
_g”[yz—l(e. Q) zx 9 @ ]t +- 2”[Y4 1(9 ¢

T 141 294
V (Y., (6, &) -

42" 105
i4dyz| L, /r) |4d2?)

v Y, (
105 w(6, 9)m, +147 15

22V, (6,0)f,-

+Y.(6,9))f,

(8, 9))f, - Y (6, 8)3f,

Y8, ®)t 294 45[ -2 (8,

\/-[Y. . (6,0)

t.+
Ya)Jts T1477 30

iddx®~y?| 1, /r3|4dz?)

1,/211'
Y. (6, 8))1, 294 15[ o
V (Y.,

42 ° 105
i4dx’—y?| 1,y r) |4dxz)

—_ 2 ez
1! 5 (B (6.0)-

9¢]f1 43(9¢Jfl

=——V ,/ 1/ 2
3157 3 (6, O)mt V2 (6, 9)t 5o 45
1
Y, Y, t AT 1T
(Y,-.(8, &)+ Y,(8 ¢) +735 —Y, (6, ¢) f1+441 30
(Y. (8,8)+ Y, (8,8))f, - -V 22 (Y., (8, 8) + Y (6,8)),
126" 105
i<4dxz[1~y/r;;l4dz’>
- 2
—_—— Yo ( I \/
105\/— w(6, &)n 147 15Y“’ 6. o)t 294 45

(%_,(6, 6)+ Y, (6, ds)Jt,—%g\/%Y.o(a )f,

147\/30Y (6, 8)+Y, (8 0)f,

b) The integrals of (¥,|T.s|¥,)
<4dyz l Tzz |4dxy>

—%‘é—s_m (8,0)N, 725\/—3’” (6,8)T. 245\/—2_"[16 (6, 0)
+ Y, (6, 9) T, 21/,; Yoo (6, 8)Fro- 1;‘7\/:;& ,(6,0)
Va6, 00F, — -V 2 (%, (6, 8) + Y (6, O+ T
% (6,0)5,- 25V 2E 13,,(6,0) + % (6,0))S,

o)
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4d2 | Tox l4d2)

2
— Wy oo, eV Ere o Ty g g

2205 147
8z, 4 ,/
+Y;z(9.¢)]T1— 2695 co 19 1617 [Y4 2" 9 Q
[z 4 [ n_
_Yn(9¢ 22 539 Y;o 9¢ S + 1365 s 2(945

+Y,(6,0)]S,
d.*| Ty |dd.*)

_ 4 2 2r
2205 7205 Yo (6.0)N,- 147 Y“' 6.9)7T, 147 5 (¥ (6.0)
8vx
Y, T,-2¥Z A /=
+ 22(9,¢)] 2695 .0(945 ]9+1617 IO[Y‘ 2 8¢
4 /— 4.7
+Y.,(6,8))F, 227 539 Y;o(e ?)S 1365[){5 (0,9)

—Y62(6,¢)]Sl
4d,"—y*|T,.[4d." —y*)

8y g Nt \/—Yw(a@ -y o oF

2205 441 24255
8
~593 35 Y, (6,8) + Y, ( 9¢]F+—1m\/13y,., 6,0)S
2 .2
Zslvgf[Y, (6,0)+Y,(6,0))S
4d,’ —y*| T, l4d,*— )
Wz 2 [x I
2205}2., 6,0)N VTl Yz.,(ezp T+ I (Y,_.(6,0)
32/
+Y,(6,6))T,+ 54255 Y, (6,9) F—539\/ (Y,_,(6,0)
+Y,(8,8))F,+— 4 (Yt (6,0)+Y,,(0,0)F, Fo--24/Z
1 693 35 4—4 44 ) 8 1617
1./2x»
1+77V 1365[14 :(6,8)+Y;,(6,0))S, 531V or

(Y. i(0,8)+Y,(8,8)S, +7\/3003 (Y. s(6,0)+Y,(606)S

<4d ’— leyyl‘id - 2>

;Egﬁm (6,)N, 421\/_1’20945 T—~ z—g’—[nz(e,sp)
T (0,00 T+ 2Ty g O+ v 60)
+¥a(8,0)Ft 2V X (X, (6,0) + Y. (6,0))Fi - ﬁ*fg
Y, (6,0)S 717‘/;;%,845 )+ Y. (8,018, -ﬁ«f?
(Y%..(6,6)+Y,(8,6)S, - 1 %[Ys +(8,0) +Y,(6,0)S,

<4dz’| 24d;*)

8 16y
2005 0 (6.9, 147 g 2695

Y (6,0)F,
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2 VIv. 80,

539
<4dz2 'szl4d - ’>

4
=—ﬁ§«/§¥oo<a¢wl+

2 '/
+Y,(60)T,- 3 YAO 6,0)F,s+

147 15}’,,,(945 0 441

4‘/—[Y (6,9)

2
5—”(1@2(9,45)

8085 1617 ' 30
4 2 [z
+Y,(8,8))F,— 71 105[Y..(9¢)+Y4.(9¢)]Fls+539 39
4 [T
Y, (6,6)S,— 21 455[14,2945 Y.(8,8)]S,

1 2n
=/ Y, . Y,
77 273[ -.(6,0) +Y,(8, 0)1S,

<4dzz|Tyy|4d P 2>

1
735\/ 2 Yoo (8,8)N, ~ 2V Z Y, (6,0) Tio -

27{
147" 15 V5 (69
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8085 ' 1617 30[Y’(9¢

2
105 (K (6.0) 4 X (0. 8-V K

4 2
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<4dxy| TI.‘V l4d 2>

735«/ x,oequJrli?v Y0 (6,8) Tyo— 2/ 2 LY (6.0 Fs

+Y.,(6,9)]F, +ﬁ 105

8085
+%1 e 9¢)+K4<6¢JF,5+5§9\/—3;YW (6,6)S,
77\/3%[14 J(8,0)+ Y, (6,8))S,
4d, | Ty l4d,* —
: f oo oo
Y, (6,8))Ty+ f‘lg Yo (6,0) 1.,+1é[1’7\/—[Y .(8,0)
+ Y (6,0))F,, - 4—22 P = (%-.(6.0) + %, (6,0)F, - 1(?17\/—172
Y% (6,0)S,~ 221@[)’ .(6,0) 1 %,(6,0)S,~ 231‘/;

(%-.(6,0)+ Y., (8,8)]S,
<4d 2- :'Txx|4dxz>

L2210y (0.6)- % (8,00, -- 22 = (%, (6,9)

7 15 4851
1./ 2 ,/
— “ 6¢]F21+99 35 [Y4 3 GQ) 43 {9¢JF+231 273
3.0 =
(Y., (6,9)-Y,(6,0)]S,~ 7 1365[K3(9¢ Y. (6, 9))8,
\/ (Y s(6,0) - Y (6,8))S

1001
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<4dxyl Txy ,4‘1::2_ y2>

_ 1 1.,./27 4 E3
YTART: =(Y,.,(6,0)+Y,(6,0) T, ——1617\/ lo[x_z(e,qs)
1 / 1./ =

(Y4 (6,0) + %, (6,9)]S,

<4dxz“ ;v2 I Tyy |4dxz>

—_ 142 1
- 147 15 [Y2—1(9 @) Zl (6 ¢)]TID+ J—_S—[ 4 1(9 ¢)

1
-Y.(8,0))F, - 693‘/;[113(645 2(8,0))F, 77\/1365
Yy (6,0) — Yoy (6,0))S,— oV —Z— (Y, (6,0) - ¥,; (6.0))S,

21" 1001
(4dx®—y®| Tzz|4dxz)
2

— 7 15[1’21(945) z19¢]T+69—3V T (Y..(6,9)
2 2r
Y, (6,0))F 693\/ (Y., (6,8) - Y (6,0))F, - 231 273

Y...(6,0)-Y,(80)S +ﬁ\/ 1365[Y. :(6,0) - Y,(6,0))8

4dx?*—y*|Txz Udxz)
_2/x.

2
795 o= Y (6,0) N+735v =Y, (6,9) T+147V 5 (Y,-.(6.0)

2 ,/
‘/_Y:o 9¢ 10+— [K 2 9¢

Y,
Y (6,00 F - 16177 10

n
Zx 1y . (6,0)+ Y. (6,0)F, +ﬁ\f;§

8 2 2
8y Y., Y., ( B s
Yo Si- 231 1365[ (6.9))+¥.: (6,0))S, +231 91

Y- (6,0)+Y,(6,8)S,
(4dz*®| Tyz |4dzy)

+Y.(8 ¢)]F,,+231 35

2 2= 1 ,(z
=7V (Y-, (8,0) - Y,,(ecb)JT+231 15[Y. ,(6,8)

1, [=
(9¢]Fao+231 105[Y4 :(6,0) -

,2\/_0;,9«5

77 455

2r

43(6;¢)]F31 231 91

[Y;—l (9, Q) - u (8 ¢)]
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<4dx!_yz|Txy |4dyz>

AV 00) - 0,00 T - oV EE L 0.9)
Yo 6¢]T,,+2§1\/;[K,9¢ Y, (6,0))F,, 717«/—13_65
(%-.(8,8) - ¥, (6,9)]S, 211@[1@ +(6,8) - Y,;(8,0))S,

(4d2?| Tez |4dx2)
735\/_160 9¢N+§5\/1—5Y,0 (8,0) Ty -z 2”[Y, .(6,0)
Y680V Y (8.0) F,,+2§1«/;[Y. .(6,0)
+Y,(68,8))F~ 529\/;1@0 6,0)S 231\/4;[12 (6,0)

+Y.(6,0))S,
4dyz| Tyz|4dz")

2 7. NES 1 .[7x
=735 ¥ 3N (8.0 NV s Y (6.0) Ty =70V

4
NT,-——VZ 2 \x
(Y-, (6,6)+Y.,(6,0)) 3085 YmG@D nT 531 Vg
Y _—
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(Y._,(8,0)+Y,(8,@)S,
4dxy | Tx y|4dx’ —y*)
1 4
iV (% (8,00 +Y, (80N T 1V T
1.7
[Y._z(9,¢)+Y.,(9,cb)]F.+231 1365[Y; 2 (6,8) +Y,(8,8))S
1\/ (Y, o (8,0)+ Y (0,0))S,
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4dx?—y*| Txz)4d2?)
_ 2 42z NES
_735 5 [Y2-1(6'¢) 21 9¢)] Tla+231 15
1
(Y, ,(8,0) — Y (8,8))Fso— 2V (Y-, (6,0) - Y5 (6,01 F,

231 " 105

1 2
~231Y o1 (Y., (8,0) - ¥,,(6,9))S +77V 55

[Y;-a (9. ¢) - Y;z (9, ¢)] Sl



