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3RO\QXFOHDU PHWDO FRPSOH[HV ZLWK EULGJLQJ OLJDQGV KDYH
EHHQ LQFUHDVLQJ LQWHUHVW GXH WR WKHLU GLYHUVH VWUXFWXUHV DQG
PDJQHWLF SURSHUWLHV���� 7KH WHWUDR[R DQLRQV VXFK DV FKUR�
PDWH� PRO\EGDWH� DQG WXQJVWDWH KDYH EHHQ NQRZQ WR DFW DV
EULGJLQJ OLJDQGV ZKLFK FRQQHFWHG SDUDPDJQHWLF PHWDO FHQ�
WHUV� )RU H[DPSOH� RQH�GLPHQVLRQDO QLFNHO�,,� FRPSOH[ FDW�

HQD��µ�&U2��2�2
�>1L,,�F\FODP�@ ± �+�2 �F\FODP  ���������
WHWUDD]DF\FORWHWUDGHFDQH� UHYHDOHG DQ RFWDKHGUDO JHRPHWU\
DURXQG HDFK QLFNHO�,,� LRQ DQG VKRZHG ZHDN LQWUDFKDLQ IHU�
URPDJQHWLF LQWHUDFWLRQ� ZKLFK LV H[SODLQHG E\ PHDQV RI WKH
DFFLGHQWDO GHJHQHUDF\ RI WKH σ�W\SH IURQWLHU RUELWDOV�� ,Q
GLQXFOHDU FRSSHU�,,� FRPSOH[HV >^&X,,�DFSD�`��µ�02��@ �0
 &U� 0R� �DFSD 1����DFHW\O���SURS\ULGHQH����S\ULG\OPHWK�
\O�DPLQH�� WZR VTXDUH SODQDU FRRUGLQDWLRQ SODQHV RI WKH FRS�
SHU�,,� LRQV DUH EULGJHG E\ WKH >02�@�− DQLRQ DQG H[KLELWHG
IHUURPDJQHWLF DQG DQWLIHUURPDJQHWLF LQWHUDFWLRQV�� 5HFHQWO\�
DQ R[RPHWDODWH EULGJHG RQH�GLPHQVLRQDO FRRUGLQDWLRQ SRO\�
PHUV ZDV SURYLGHG E\ =XELHWD HW DO� ZKR XVHG PRO\EGDWH WR
IRUP RQH� DQG WZR�GLPHQVLRQDO RUJDQLF�LQRUJDQLF FRPSRVLWH
VROLGV OLQNHG WKURXJK >0�ELS\�@�� IUDJPHQWV �0 &R� 1L� DQG
&X� E\ K\GURWKHUPDO V\QWKHVLV���� +HUH ZH UHSRUW WKH VWUXF�
WXUH DQG PDJQHWLF SURSHUWLHV RI DQ DQWLIHUURPDJQHWLF FKDLQ
V\VWHP FDWHQD��µ�0R2��2�2
�>1L,,�/�@ ± �+�2 ��� �/ 
���������WHWUDPHWK\O����������WHWUDD]DF\FORWHWUDGHFDQH��

([SHULPHQWDO 6HFWLRQ

0DWHULDOV DQG 3K\VLFDO 0HDVXUHPHQWV� $OO FRPPHUFLDOO\
DYDLODEOH SURGXFWV ZHUH XVHG ZLWKRXW IXUWKHU SXULILFDWLRQ�
7KH FRPSOH[ >1L�/��+�2��@&O� ZDV SUHSDUHG E\ WKH OLWHUD�
WXUH PHWKRG�� ,5 VSHFWUD ZHUH UHFRUGHG RQ D 3HUNLQ�(OPHU
3DUDJRQ ���� )7�,5 VSHFWURSKRWRPHWHU XVLQJ .%U SHOOHWV�
6ROLG�VWDWH HOHFWURQLF VSHFWUD ZHUH PHDVXUHG E\ WKH GLIIXVH
UHIOHFWDQFH PHWKRG RQ D &DU\ ��� 89�YLV VSHFWURSKRWRPH�
WHU� 6ROXWLRQ VSHFWUD ZHUH REWDLQHG RQ D -DVFR 8YLGHF ���
VSHFWURSKRWRPHWHU� 0DJQHWLF PHDVXUHPHQWV RQ SRZGHU VDP�
SOHV ZHUH FDUULHG RXW XQGHU ��� 7 XVLQJ D 4XDQWXP 'HVLJQ
0306�� 648,' PDJQHWRPHWHU� 7KH GLDPDJQHWLF FRUUHF�
WLRQV RI � ZHUH HVWLPDWHG IURP 3DVFDO©V FRQVWDQWV� (OHPHQWDO
DQDO\VHV ZHUH FDUULHG RXW E\ WKH .RUHD %DVLF 6FLHQFH ,QVWL�
WXWH�
6\QWKHVLV RI FDWHQD��µµ�0R2��2�2
�>1L,,�/�@ ± �+�2 ����

$ PHWKDQRO VROXWLRQ ��� P/� RI >1L�/��+�2��@&O� ���� PJ�
� PPRO� ZDV DGGHG WR D VROXWLRQ RI WULHWK\ODPLQH ���� PJ� �
PPRO� DQG .�0R2� ���� PJ� � PPRO� LQ ZDWHU �� P/�� 7KH
VROXWLRQ ZDV ILOWHUHG WR UHPRYH LQVROXEOH PDWHULDO� $IWHU WKH
VROXWLRQ ZDV OHIW WR VWDQG DW URRP WHPSHUDWXUH RYHU D SHULRG
RI VHYHUDO GD\V� D TXDQWLW\ RI SLQN FU\VWDOV SUHFLSLWDWHG�
7KHVH ZHUH ILOWHUHG RXW DQG RQH RI WKHP ZDV VXEMHFWHG WR WKH
;�UD\ DQDO\VLV� $QDO� &DOFG IRU &��+��1�1L�0R�2��� &�
������ +� ����� 1� ������ )RXQG� &� ������ +� ����� 1� ������
,5 �.%U�� ���� �V�� ���� �V�� ���� �V�� ���� �V�� ���� �P��
���� �P�� ���� �P�� ���� �P�� ���� �P�� ���� �Z�� ����
�Z�� ���� �Z�� ���� �Z�� ���� �V�� ���� �P�� ���� �P�� ���
�P�� ��� �P�� ��� �V�� ��� �Z�� ��� �Z� FP−�� 89�YLV LQ
ZDWHU >λPD[� QP �ε� 0−� FP−��@� ��� ����� LQ GLIIXVH UHIOHF�
WDQFH �λPD[� QP�� ����
;�UD\ &U\VWDOORJUDSK\� 7KH FU\VWDO RI FDWHQD��µ�0R2��

2�2
�>1L,,�/�@ ± �+�2 ��� �GLPHQVLRQV ���� × ���� × ����
PP�� ZDV PRXQWHG RQ DQ (QUDI�1RQLXV &$'� GLIIUDFWRPH�
WHU DQG LQWHQVLW\ PHDVXUHPHQWV ZHUH FDUULHG RXW DW URRP
WHPSHUDWXUH XVLQJ JUDSKLWH�PRQRFKURPDWHG 0R�.α UDGLD�
WLRQ �λ ������� c�� $FFXUDWH FHOO SDUDPHWHUV DQG DQ RULHQ�
WDWLRQ PDWUL[ ZHUH GHWHUPLQHG IURP WKH OHDVW�VTXDUHV ILW RI
�� UHIOHFWLRQV� $Q DV\PPHWULF XQLW RI LQWHQVLW\ GDWD ZHUH
FROOHFWHG LQ WKH ω��θ VFDQ PRGH� 7KH LQWHQVLW\ GDWD ZHUH
FRUUHFWHG IRU /RUHQW] DQG SRODUL]DWLRQ HIIHFWV� $Q HPSLULFDO
DEVRUSWLRQ FRUUHFWLRQ EDVHG RQ ϕ�VFDQ ZDV DSSOLHG �7PLQ 
������ 7PD[ ������� $ WRWDO RI ���� UHIOHFWLRQV ZHUH PHD�
VXUHG LQ WKH ����R � θ � �����R� DQG ���� UHIOHFWLRQV ZHUH
DVVXPHG WR EH REVHUYHG DSSO\LQJ WKH FRQGLWLRQ , ! �σ�,��
7KH VWUXFWXUH ZDV VROYHG E\ GLUHFW PHWKRGV DQG UHILQHG XVLQJ
ZHLJKWHG IXOO�PDWUL[ OHDVW�VTXDUHV RQ ) ������� $OO K\GURJHQ
DWRPV ZHUH LQFOXGHG LQ FDOFXODWHG SRVLWLRQV DQG UHILQHG XVLQJ
D ULGLQJ PRGHO� $OO QRQ�K\GURJHQ DWRPV ZHUH UHILQHG DQLVR�
WURSLFDOO\� 7KH FU\VWDOORJUDSKLF GDWD RI � DUH OLVWHG LQ 7DEOH �
DQG WKH VHOHFWHG ERQG GLVWDQFHV DQG DQJOHV LQ 7DEOH ��

5HVXOWV DQG 'LVFXVVLRQ

$Q 257(3 YLHZ RI � ZLWK WKH DWRPLF QXPEHULQJ VFKHPH
LV SUHVHQWHG LQ )LJXUH �� 7KHUH DUH WZR FU\VWDOORJUDSKLFDOO\
LQGHSHQGHQW FDWHQD��µ�0R2��2�2
�>1L,,�/�@ ± �+�2 ���
FRPSOH[HV� 7KH FU\VWDO VWUXFWXUH RI � FRQVLVWV RI D >0R2�@�−

DQLRQ� ZDWHU PROHFXOHV DQG WZR NLQGV RI FU\VWDOORJUDSKLFDOO\
LQGHSHQGHQW >1L�/�@�� FDWLRQV ORFDWHG RQ WKH FHQWHU RI LQYHU�
VLRQ� 7KHVH FDWLRQLF XQLWV DUH EULGJHG E\ PRO\EGDWH DQLRQV
WR JLYH D FKDLQ VWUXFWXUH LQ WKH ODWWLFH� ,Q WKH FKDLQ VWUXFWXUH�


7R ZKRP FRUUHVSRQGHQFH VKRXOG EH DGGUHVVHG� 7HO� ��������
��������� (�PDLO� N\FKRL#NQX�NRQJMX�DF�NU� )D[� ������������
����
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HDFK QLFNHO�,,� LRQ H[LVWV LQ GLVWRUWHG RFWDKHGUDO HQYLURQPHQW
ZLWK WKH IRXU VHFRQGDU\ DPLQHV RI WKH PDFURF\FOH LQ ZKLFK
WZR WUDQVPRO\EGDWH LRQV KDYH DVVHPEOHG DURXQG HDFK PHWDO
FHQWHU� 7KH QLFNHO DWRP DQG WKH IRXU QLWURJHQ DWRPV RI WKH
PDFURF\FOH DUH H[DFWO\ LQ D SODQH� 7KH ERQG GLVWDQFHV IURP
WKH QLFNHO�,,� LRQV WR WKH R[\JHQ DWRPV RI WKH PRO\EGDWH

OLJDQGV DUH 1L����2��� ��������� 1L����2��� ��������� 1L����
2��� �������� DQG 1L����2��� �������� c� 7KH IRXU ERQG
DQJOHV UHODWHG WR WKH PRO\EGDWH OLJDQGV DUH 1L����2����
0R��� ��������� 1L����2����0R��� ��������� 1L����2����
0R��� �������� DQG 1L����2����0R��� ��������R� WKH ODUJHU
DQJOHV FRUUHVSRQGLQJ WR WKH VKRUWHU ERQG GLVWDQFHV� )XUWKHU�
PRUH� WKH GLKHGUDO DQJOHV EHWZHHQ WZR QHLJKERULQJ 1L1�

SODQHV DUH ������� DQG �������R� UHVSHFWLYHO\� 7KH 1L����
1L��� DQG 1L����1L��� GLVWDQFHV LQ WKH FKDLQ VWUXFWXUHV DUH
�������� DQG �������� c� UHVSHFWLYHO\� ZKHUHDV WKH FORVHVW
1L����1L��� DQG 1L����1L��� GLVWDQFHV EHWZHHQ QHLJKERU�
LQJ FRPSOH[HV DUH �������� DQG �������� c� UHVSHFWLYHO\�
7KH FRRUGLQDWLRQ JHRPHWULHV DURXQG WKH 0R DWRPV DUH
SVHXGRWHWUDKHGUDO� ZKHUH 0R�2 ERQG GLVWDQFHV DUH LQ WKH
UDQJH RI ����������������� c ZLWK WKH 2�0R�2 ERQG DQJOHV
RI �����������������R� >0R2�@�− DQLRQV EULGJH WKH QLFNHO�,,�
LRQV DQG IRUP D RQH�GLPHQVLRQDO FKDLQ ZLWK 1L�0R VHSDUD�
WLRQV IURP �������� WR �������� c� 7KH DYHUDJH 1L�1 �VHF�
RQGDU\ DPLQHV� ERQG GLVWDQFH RI �������� c LV VLPLODU WR WKDW
REVHUYHG IRU WKH RFWDKHGUDO QLFNHO�,,� FRPSOH[HV ZLWK ���
PHPEHUHG WHWUDD]D PDFURF\FOHV�������� 7KH 1�1L�1 DQJOHV RI
WKH VL[�PHPEHUHG FKHODWH ULQJV DUH ODUJHU WKDQ WKRVH RI WKH
ILYH�PHPEHUHG FKHODWH ULQJV� $OVR� WKH D[LDO 1L�2 ERQGV DUH
QRW SHUSHQGLFXODU WR WKH 1L1� SODQHV DV WKH 2D[LDO�1L�1EDVDO

DQJOHV UDQJH IURP ������� WR �������R�
7KH GLIIXVH UHIOHFWDQFH DEVRUSWLRQ VSHFWUXP RI � VKRZV

PD[LPXP DEVRUSWLRQ DW ��� QP� ZKLFK LV WKH FKDUDFWHULVWLF
VSHFWUXP H[SHFWHG IRU D KLJK�VSLQ G� QLFNHO�,,� LRQ LQ DQ
RFWDKHGUDO HQYLURQPHQW������ +RZHYHU� LW GLVVROYHV LQ ZDWHU
DQG GHFRPSRVHV LQWR WKH EXLOGLQJ EORFN� ZKLFK ZDV LGHQWL�
ILHG E\ WKH 89�YLV VSHFWUXP VKRZLQJ WKH FKDUDFWHULVWLF FKUR�
PRSKRUH �λPD[ ��� QP� RI WKH VTXDUH�SODQDU QLFNHO�,,� PDFUR�
F\FOLF FRPSOH[HV������

7KH PDJQHWLF VXVFHSWLELOLWLHV �χP� ZHUH PHDVXUHG LQ WKH
WHPSHUDWXUH UDQJH ������� .� 7KH χP DQG µHII YV 7 SORWV IRU �
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)LJXUH �� $Q 257(3 YLHZ RI � ZLWK WKH DWRPLF QXPEHULQJ
VFKHPH� 7KH ZDWHU PROHFXOHV DUH RPLWWHG IRU FODULW\� 7KHUPDO
HOOLSVRLGV DUH GUDZQ DW ��� SUREDELOLW\�



1RWHV %XOO� .RUHDQ &KHP� 6RF� ����� 9RO� ��� 1R� � ���

DUH VKRZQ LQ )LJXUH �� :KHQ WKH WHPSHUDWXUH LV ORZHUHG� WKH
χP YDOXH UHDFKHV D VKDUS PD[LPXP DW DURXQG � .� 7KH PDJ�
QHWLF PRPHQW �µHII� RI � �SHU RQH 1L� LV ���� µ% DW ��� .�
+RZHYHU� WKH PDJQHWLF PRPHQWV JUDGXDOO\ GHFUHDVH ZLWK
GHFUHDVLQJ WHPSHUDWXUH� VXJJHVWLQJ WKH SUHVHQFH RI DQ DQWL�
IHUURPDJQHWLF LQWHUDFWLRQ EHWZHHQ WKH QLFNHO�,,� LRQV� 7KH
1L�1L VHSDUDWLRQV ZLWKLQ WKH LQWUDFKDLQ DUH �������� DQG
�������� c� 7KH PDJQHWLF VXVFHSWLELOLW\ GDWD DUH LQWHUSUHWHG
ZLWK )LVKHU©V PRGHO���� IRU WKH FODVVLFDO�VSLQ FKDLQ V\VWHP �6
 � DQG +FKDLQ  − -Σ6L ± 6L���� 7KH χP GDWD FDQ EH H[SUHVVHG
DV

χP ^1 �β �J�6�6�����N7`^���X����−X�` ���
ZLWK

X  FRWK>-6�6����N7@ − >N7�-6�6���@

7KH EHVW�ILW SDUDPHWHUV DUH REWDLQHG XVLQJ D QRQOLQHDU
UHJUHVVLRQ DQDO\VLV ZLWK J  �������� -  −������� FP−� DQG
5  ��� × ��−� �5  >Σ�χREV−χFDOF���ΣχREV

�@����� ,Q FRQWUDVW WR
IHUURPDJQHWLF FKDLQ FRPSOH[ FDWHQD��µ�&U2��2�2
�>1L,,�
�F\FODP�@ ± �+�2 �J  �������� -  ������� FP−���� FRPSOH[
� H[KLELWV RQO\ D ZHDN DQWLIHUURPDJQHWLF LQWHUDFWLRQ� 7KLV
LQGLFDWHV WKDW WKH FRPSOHWHO\ ZHDN DQWLIHUURPDJQHWLF LQWHU�
DFWLRQ REVHUYHG LQ � GRHV QRW RFFXU WKURXJK WKH >0R2�@�−

XQLW EXW UHVXOWV IURP WKH PDJQHWLF GLSROH�GLSROH LQWHUDF�

WLRQ�����

$FNQRZOHGJPHQW� 7KLV ZRUN ZDV VXSSRUWHG E\ WKH
1RQGHVWUXFWLYH 5HVHDUFK /DERUDWRU\ RI &XOWXUDO 3URSHUW\
�15/&3�� $ 1DWLRQDO 5HVHDUFK /DERUDWRU\ RI .RUHD� �����
6XSSOHPHQWDU\0DWHULDO� $WRPLF FRRUGLQDWHV� ERQG OHQJWKV

DQG DQJOHV DQG WKHUPDO SDUDPHWHUV DUH DYDLODEOH IURP DXWKRU
.��<� &KRL RQ UHTXHVW�

5HIHUHQFHV

�� *DWWHVFKL� '�� .DKQ� 2�� 0LOOHU� -� 6� 0DJQHWLF 0ROHFXODU

0DWHULDOV� 3DODFLR (�� (G�� .OXZHU $FDGHPLF 3XEOLVKHU�

7KH 1HWKHUODQGV� �����
�� &R[� 3� $� ,Q 7UDQVLWLRQ 0HWDO 2[LGHV� &ODUHQGRQ 3UHVV�

2[IRUG� �����

�� .DKQ� 2�0ROHFXODU 0DJQHWLVP� 9&+ 3XEOLVKHU� 1HZ <RUN�
�����

�� 2VKLR� +�� 2NDPRWR� +�� .LNXFKL� 7�� ,WR� 7� ,QRUJ� &KHP�

����� ��� �����
�� 2VKLR� +�� .LNXFKL� 7�� ,WR� 7� ,QRUJ� &KHP� ����� ���

�����

�� =DSI� 3� -�� :DUUHQ� &� -�� +DXVKDOWHU� 5� &�� =XELHWD� -� -�
&KHP� 6RF�� &KHP� &RPPXQ� ����� �����

�� =DSI� 3� -�� +DXVKDOWHU� 5� &�� =XELHWD� -� &KHP� 0DWHU�

����� �� �����
�� +DJUPDQ� '�� =XELHWD� &�� 5RVH� '� -�� =XELHWD� -�� +DXVK�

DOWHU� 5� &� $QJHZ� &KHP� ,QW� (G� (QJO� ����� ��� �����

�� &KRL� .��<�� &KRL� 6� 1�� 6XK� ,��+� 3RO\KHGURQ ����� ���
�����

��� 6KHOGULFN� *� 0� $FWD &U\VWDOORJU� ����� $��� ����

��� 6KHOGULFN� *� 0� 6+(/;/���� 3URJUDP IRU WKH 5HILQH�
PHQW RI &U\VWDO 6WUXFWXUHV� 8QLYHUVLW\ RI *|WWLQJHQ� *HU�

PDQ\� �����

��� 0RFKL]XNL� .�� .RQGR� 7� ,QRUJ� &KHP� ����� ��� �����
��� &KRL� .��<�� 5\X� +�� 6XK� ,��+� 3RO\KHGURQ ����� ���

�����

��� &KRL� .��<�� 5\X� +�� 6XK� ,��+� ,QRUJ� &KLP� $FWD �����
���� ����

��� &RRUGLQDWLRQ &KHPLVWU\ RI 0DFURF\FOLF &RPSRXQGV� 0HO�

VRQ� *� $�� (G�� 3OHQXP 3UHVV� 1HZ <RUN� ����� S ����
��� +D\� 5� :�� /DZUHQFH� *� $� -� &KHP� 6RF�� 'DOWRQ 7UDQV�

����� �����

��� +D\� 5� :�� 3LSODQL� 3� '� -� &KHP� 6RF�� 'DOWRQ 7UDQV�
����� �����

��� )LVKHU� 0� (� $P� -� 3K\V� ����� ��� ����

)LJXUH �� 3ORWV RI χP YV 7 � 9 � DQG µHII YV 7 � 8 � IRU �� 7KH VROLG
OLQH UHSUHVHQWV WKH EHVW ILW RI WKH H[SHULPHQWDO GDWD WR HT ��


