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The general formulas for SCF atomic orbita’s {5s >> and [6p > have been derived separately by expressing the spherical
harmonics part in terms of the coordinate(r;, r;) of the reference point, and by translating the exponential part, r4 exp
(~fr), in terms of ry and rp and the modified Bessel functions. Master formulas for overlap and dipole moment matrix
elements are derived. The computed values of overlap and dipole moment matrix elements for hyopthetical NO mole.ule
are =xactly in agreement with those for the previous methods.

1. Introduction

The first systematic and comprehensive study of two center
overlap integrals was carried out, adopting Slater type atomic
orbitals’. The evaluation of two center integrals has been
performed using the spheroidal coordinate system?. In this
spheroidal coordinate system, it is required to transform the
spherical polar coordinate to the spheroidal coordinate for
evaluation of two center integrals. Since two atoms must
lie in one coordinate axis to evaluate two center integral in
the spheroidal coordinate system3, namely the z axis, this
required, in general, a different coordinate transformation
of each matrix element. To overcome the inconvenience of
different coordinate transformations, the expansion method
for spherical harmonics has been developed by Golding and
Stubbs?. This method was applied to evaluate specific physical
molecular properties such as dipole moments®5, quadrupole
moments”-8, polarizabilities®>!® and NMR shifts in para-
magnetic systems!! 12, In the previous works* 13, the expansion
formulas for Slater type orbitals, [1s>, [2p>, [3d>,
125>, |3p>, |4d>, 35>, |4p>, |5d>, [4s>, and |5p>
have been derived to evaluate two center integrals for
any pairs of those Slater type orbitals. However, it is required

to derive the expansion formulas for SCF atomic orbitals!4
|5s> and |6p> to calculate the NMR chemical shift for
SCF atomic orbitals |5d>.

The purpose of this work is to derive the general expansion
formulas for SCF atomic orbitals |5s>> and |6p> and to
apply these formulas to obtain the analytical formulas for
overlap and dipole moment matrix elements for any pairs
of SCF atomic orbitals. We also compare the computed
results obtained from the analytical formulas with those of
Mulliken’s method.

2. Derivation of the Expension Formulas for SCF Atomic
Orbital | 5s < and | 6p™>

If a SCF atomic orbital is assumed to be located at the
point B of Figure 1, the spherical harmonic part may be
expressed in terms of the reference point A, using the following
identities?s,
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Where < Ijlymm;|Ll;] m>> is Clebsch-Gordan coefficient.
The exponential part may also be translated into the follow-
ing form

rRlexp(—r) =47 33 ka(riy 1) 15

Y* (01, 61) Yar(6z, ¢2) (2
because |¢z>=NrK exp(—pfr) Yi, (0, d) (3)
In equation (3), if K=1, k,(ri, r2)=b,(r1, r2)3
if K=1+1, ky(r, r2)=z,(r1, r2)%
if K=142, ky(r1, r2) =h,(ry, r)!® and
if K=143, kalry, ro)=a,(r, m*
Where
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In this expression I, and K, are the modified Bessel functions
and the coefficients, A;, are as follows.
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If equation (4) is differentiated with respect to 3, we may
obtain the expansion formula for r* exp(-fr) as given by
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Figure 1. The coordinate system for two center integral of the
expansion method.
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3. Overlap Matrix Elements

Combining the SCF atomic orbital located at the point
A with the SCF atomic orbital which is expressed in a com-
mon coordinate system represented by equation (7) gives the
general formula for overlap matrix element,
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Where |¢a>=MrU exp (—pr2) Yigm (02 62)

Substitution of the numerical values of 3-j symbols!® for
the specified #, I, m, k, I; and m; and the radial integrals into
equation (8) leads to master formulas of two center overlap
matrix elements listed in Table 2.

The radial integrals involving the modified Bessel functions
are evaluated in elsewhere!”. We denote the radial integrals,
depending on n and K as represented in Table 1.

4. Dipole Moment Matrix Elements

If a LCAO MO is used, the dipole moment matrix element
for molecular orbitals is given by

LU\ 2| ¥> =22, 2,CuCil Sl ril 6. )

Where <@,|r:|¢,> is called the dipole moment matrix
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TABLE 1: Definition of the Radial Part Integrals

o n
K foda(rl,rz)rz exp(—aradrz
1 2 3

2 E, Ey
3 F, Fy F
4 G, Go G G
5 H, Hy H1 H: H;
6 I, I Iy I I3
7 Iy Jo N1 J2 J3

TABLE 2: Master Formulas for Two Center Overlap Matrix
Elements

LIsT] 5s > = (32/14175)(a/B) Eo

<25 | 58 > = (32/42525)%(a/B)FFy

<2, | 53 > = (32/14175)% (a/B)icos 0 Fy
<, | 5s > = (32/14175)  (a/p)Fsin O cos ¢ Fy
<2p, | 5 > = (32/14175)F (a/B)Fsind sing F

<3s | Ss > = (8/135X1/35) (@/B) Go
<3p. | 5s > = (8/45)(1/105) (a/B)Pcos O Gy
pa | 5s > = (8/45)(1/105) (a/B)isin @ cosé Gy

<3py | 55 > = (8/45)(1/105)% (a/B)¥sinf sin g G
<3dal 55 > = (@4/135X1/7) (@/B)*(2cos™—sin%) Gy
3daal Ss > = (8/45)(1/21)F (@/B)Fcos O sinf cos ¢ Go
L3d,] 5s > = (8/45)(1/21)% (@/B)Pcos O sind sin Gy
<3d,,] 5> = (8/45)(1/21)% (@/f)%sin 0 sin ¢ cos ¢ Ga
<{3d.r.2) 58 > = (2/45)(1/21)%(a/13)’7[sin20 (cos?p—sinZ@) G
<ds | 55 > = (4/945)2/5) @/ Ho

Zap, | 5s > = (4/315) 15 (a/BFcosd H;

<ap. | Ss > = (4/315)2/15)F (a/B)'sin 6 cos ¢ Hi
Zhp, | 55 > = (4/315)2/15)F (@/f)’sin 6 sing H,

<55 | Ss > = (8/14175)e/B) o

<5p, | 55 > = (8/14175)(3)F (a/B)¥cost I

il

i

]

il

<Spe | 5s > = (8/14175)3) (e/B)¥sin 6 cos é I
<5p, | 5s > = (8/14175)(3) (a/B)sin 0 sing Iy

element in terms of the atomic orbitals. The dipole moment
matrix elements along the x, ¥ and ¢ axes can be obtained by
replacing the dipole moment operator r by z, v and z.

In this paper, the dipole moment operators are expressed
in spherical harmonics form,!® for convenience, namely

w=(2/3) r {Yi1(0, &)— Y (8, $))
y= 2/ r (Y1210, 8) + Y0 (6, )

2= (4/3)%r Y1,(0, &) (10)

To represent the dipole moment matrix elements in analyti-
cal forms, the dipole moment operators must be expressed
in terms of the coordinate system of the reference point. If
an arbitrary point is taken as the reference point, the dipole
moment operator may be represented in the general form,

r3Y1p(0s, ¢3) =raY1p (02, ¢2) +RY1p(62, &2) 11
Where P=0 or +1.

Combining the general form of the dipole moment operator
with the expansion formulas for SCF orbitals gives the general
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formula for the imaginary form of the dipole moment matrix
element.

<¢A [r3Y1p (03, ¢3) | ¢B> = <¢A {ry Y1p (02, ¢2)
|¢5>+RY1p(02, P2)<oaidp> 12)

Where the first part is the imaginary form of the dipole
moment matrix element when point A in Figure 1 is taken
as a reference point. The general formula is given by
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Substituting the numerical values of the 3-j symbols for
the specified n,lmh,P,l; and m; and the radial integrals
gives the imaginary form of the dipole moment matrix ele-
ments. The dipole moment matrix elements may be obtained
by transforming the imaginary form of the dipole moment
matrix elements into the real form, The dipole moment

matrix elements between pairs of SCF orbitals centered at
two different atoms are listed in appendix.

5. Results and Discussion

For a hypothetical NO molecule, the calculated overlap
integrals using the analytical formulas listed in Table 2 are
represented in Table 3 with Mulliken’s results. As shown in
Table 3, the numerical values of two center overlap integrals
is exactly in agreement with those for Mulliken’s method.

As shown in Table 4, the numerical values of the dipole
moment matrix elements evaluated using the analytical
formulas listed in Appendix are also exactly in agreement
with those of the transformation method of the dipole
moment matrix eclement into overlap matrix elementsS.

TABLE 3: The Numerical Values of Two Center Overlap Integrals
for a Hypothetical NO Molecule (o =1.950, 5=2.275 and r=1.504)

Numerical value

Overlap integral

This method Mulliken’s method

<ls | 55> 0.264763 0.264763
<2s | 55> 0.402010 0.402010
<2p,| 55> 0.259706 0.259706
<3s | 55> 0.504653 0.504653
<3p.| 55> 0.377752 0.377752
<d4s | 55> 0.570577 0.570577
<4p,| 55> 0.480267 0.480267
<5s | 55> 0.601650 0.601650
<5p.] 55> 0.557729 0.557729
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TABLE 4: The Num rical Results for the Dipole Moment Matrix
Elements and the Corresponding Transfromed Overlap Integrals
(@=1.950, $=2.275 and r=1.50 A)

Dipole moment Numerical Transformed Numerical
matrix elements value overlap integrals value
s | z] 55> 0.070480 (1/a)<2p,|5s> 0.070480
L2 |z | 55> 0.162092 (2/5)’}(1/a)<3p,|53> 0.162092
3s| z| 55> 0.281560 (14/3)71(1/a)<4p,l55> 0.281560
<4s| z | 55> 0.414514 (15/2)%(1/a)<5p,l55> 0.414514
<5s| z | 55> 0.543160 (11)’:’(1/a)<6p,[55> 0.543160
<2p,| z | 55> 0.255091 (5/2)71(1/a)<3s|5s> 0.255091
(/@) <3dal 55>
L3p,l z | 55> 0.417419 (14/3)71(1/a)<4s!5 > 0417419
+(56/15)¥(1 /)
<4d,:| 55>
<4p;l z | 55> 0.594937 (15/2)21(1/a)<55|55> 0.594937
(6 (1/a)<5d] 55>
<5p.] z | 55> 0.768339 (11)%(1/a)<65|55> 0.768339
+(44/5)4(1/a)
<6d,2|55>

Such results indicate that we may evaluate two center integrals
such as the overlap and the dipole moment matrix elements
for any pairs of SCF orbital |5s>>, |6p > without coordinate
transformations into spheroidal coordinate. We have evalua-
ted the hyperfine integrals for 4d” systems!? and calculated
the NMR chemical shift for a 4d! system in a strong crystal
field environment of octahedral and tetragonal symme-
tries?%. 21,

To calculate the NMR chemical shift and the hyperfine
interaction tensor components for 5d! systems, the expansion
formula for r¢ exp(-fr) is required.

Therefore, this work may be applied to calculate the two
center overlap and dipole moment matrix elements for second
and third series of transition metal complexes. As mentioned
in the previous paragraph, the expansion formula for SCF
orbitals |5s>> and |6p> can be used to calculate the NMR
chemical shift and the hyperfine interaction tensor com-
ponents for 54# system.

APPENDIX: Master Formulas for Dipole Moment MatrixElements

LIs  |z]Ss>= (32/14175) a/BF(1/B) cos Fi
<25 |z[5s>= (32/42525) (a/B)¥(1/p) cosb Gy
<2p. |z|55>= (4/135)(2/7)%(a/ﬁ)% (1/8){Go+(2co?
—sin?d) G2}
<2, |z155>= (4/45)2/7)* (@/B¥(1/8) cos 8 sinf cos$ Gy
<2py, lz|5s>= (4/45)(2/7)71(a/,8)§(1/,8) cosf sinf sing Gy
<3s |zISs>= (8/135)(1/35)7 (@/B)F(1/8) cos 8 Hi
<3p. |z]5>= (8/135)(1/105)71(a/ﬁ)g(l/ﬁ){Ho+(2C0520
—sin%f) Hy}
3p, z]55>= (8/45)(1/105)% (a/B)(1/B) cos b sind cosé H
<3p, lz|Ss>= (8/45)(1/105)% (@/B)7(1/B) cosf sin 0 sing H
<3da |2155>= (/6T @/BH(1/) cost
{4H1+3(200520 3sm2¢9) Hj}
<3d,: |z]|5s>= (8/225)(1/21)’[(01/,3)7(1/13) sind cos ¢

{H;+-(4cos20—sin?f) Hs)
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(8/225)(1/21) (a/B)¥(1/8) sin @ sin ¢
{H1+(4cos?0—sin?0) H}
(8/45)(1/21)* (/ BY¥(1/8) cos 0 sin20
sin¢ cos¢ Hs

3 | 2] 55> =(4/45)(1/21)F (/) (1/) cosh sin%
(cos?p—sing) Hy

<{3dye z|5s>=

3d,, [z]5s>=

<4s  |z|5s>= (4/945)(2/ 5)%(01/.3)72(1/13) cosé I
<dp, 1z15>= (4/945)2/15)* (@/B)H(1/8)
{Io-+(2cos20 —lsinzﬁ) gI 2}
<4p, |z|5s>= (4/315)(2/15)7(a/ﬁ)f(]/ﬁ) cosd sinf cos¢ Iy
<dpy |z[5s>= (4/315)(2/15)7(05//3)7(1/,5) cosf sind sing I
<55 [z]5s>= (8/14175)(a/ﬁ)7(1/,6’) cosd J;
<5p. |z|5s>= (8/14175)(1/3)’(05/5)7(1/19)
{Jo+(2cos20 —sin2f) Ja}
<5p, |z|5s>= (8/14175)(3)%(a/ﬁ)¥(1/ﬁ) cos @ sinf cos ¢ J2
<5p, |zI5s>= (8/14175)3)F (a/B)¥(1/B) cosf sind sing Ja
<ls |x|5s>= (32/14175) (@/B)3(1/B) sin O cos$ Fy
<2s |z|5s>= (32/42525)17(a/,8)57(1/13) sinf cos¢ Gy
<2p, {x]|5s>= (32/14175)17(a/,3)’g(1/,8) cos @ siné cos ¢ Gz
<p. [x]5s>= Q/135X2/ D @/BF/B) {Go-(2cos—
sin?f)— 3sin%f(cos?p —sinZP)) Ga}
p, [x|5s>= (32/14175)F (@/B)P(1/6) sin% sin  cos ¢ Ge
<3s |x|5s>= (8/135)(1/35)% (@/B)*(1/B) sinf cos¢ Hi
3p. |x|5s>= (8/45)(1/105)71(a/ﬁ)’}(l/ﬁ) cos@ sinf cos¢ H,
<3p: |x|5s>= (4/135)(1/21)71(d/ﬂ)’}(1/13) {Ho— ((2cos?—
sin?f)— 3sin2f(cos?p—sin2p)) H )
<p, [x|5s>= (8/45)(1/105) (a/B)¥(1/P) sin% sin ¢ cos¢ Ha
<3da |x[5s>= (4/1575)@/B)F (1/6) sin 6 cos ¢
{3(4cos?0—sin 20) H3—2H}
<. [XI5>= @/675)3/T @/87(1/8) cos 0 (2H)— (205
— 3sin2f) — 5sin%f(cos2p—sin’P)) H3}
e [x]55>= (8/45)(1/21)% (@/BF(1/P)
cos 0 sin?@ sing cos¢ Hs
<3d,, [x155>= (2/225)(1/20)% (@/BF(1/B) sin 8 sing (4H,+

(5sin 8(3 —2sin2p)—(4cos20—sin 20] Hg}

<3d,s_,z| x| 55> =(2/225)(1/21)% (a/ﬁ)’}(l/ﬁ) sinf cos ¢
{4H;+ (5sin 0(3 —4sin2p)— (4cos?d —sin2f)) Hs)

Cds |xISs>= (4/945)(2/5)F (@/B)E(1/B) sin® cos$ I
<dp, |x[|3s>= (4/315)(2/15)’1"(11/,3)"2 (1/8) cos 8 sinf cos¢ I
<dp, |x|5s>= (2/945)2/15) @/8)%(1/8)

{Io— ((cos20 —sin20)— 3sin20(cos?p —sind)] I}
<dp, 1x|5s>= (4/315)2/14)F (@/B)*(1/B) sin® sin cos § I5
<5s o Lx|Ss>= (8/18175)(@/ByE(1/8) sinf cos  J:
<Sp. |x]5s>= (8/14175)3)F (a/B)¥(1/B) cos b sinf cos ¢ J;
<Spe [x158>= (@/14175)1/3)% /B (/) (Jo— [(2c020—sin%)

—3 sin %¥(cos?p—sin2g)) J2}
<5p, |xI5s>= (8/14175)3)* (@/B)*(1/B) sin% sing cos e J
s |yl5s>= (32/14175)F (@/B)F(1/8) sin 6 sin é Fy
<2s |y|Ss>= (32/42525)%(01/19)%(1/5) sinf sin¢ G;
<2p, |yISs>= (32/14175) (@/B)¥(1/B) cos 0 sin 8 sing G,
2p, |ylSs>= (32/14175) (a/p)F(1/B) sin® sind cos ¢ Go
<2p, |y[Ss>= (2/135)(2/7)%@/13);(1/13) {Go— ((2cos?0—

sin26)+ 3sin2f(cos?p—sin?@)) Ga}
<3s  |y|5s>= (3/135)(1/35)’1(d/ﬁ)%(l/ﬁ) sind sin¢ H;
3. 1y155>= (8/45)(1/105)7 (/B)¥(1/B) cos  sin 0 sing H
<3p: |y|5s>= (8/45X1/ 105)"} (a/ﬁ)’}(l/ﬁ) sin% sin ¢ cos$ H,



The Crystal and Molecular Structure of Pholorizin Dihydrate

<py 1y15S>= @/135)(1/21) @/87(1/B)  (Ho— ((2cos?—
sin2)-+ 3sin0(cos?p—sinZp)} Ha}

<3da |yISs>= (4/1575)a/pF (1/B) sin 6 sin ¢
{3(4cos20—sin%) Hs—2H;}

<3d, [y]5s>= (8/45)1/21)% (@/B)*(1/B)
cosfsin®dsin ¢ cos¢ Hgy

<3d,. |y]5s>= (4/675)3/1)% (e/B)*(1/B) cos & {2H+
((2cos20 — 3sin20) — 5sin2f(cos2p—sin?p)) Hs}

<3d;; |y|5s>= (2/225)(1/21)”(a/ﬁ)%(l/ﬁ) sing cos¢

{(Ssin 0(4cos?p— 3)-+(4cos20—sinf)) H3—4H,}

3o | 91553 =(2/225)(1/21 (@/BF(1/8) sin 8 sin ¢ {(5sin 6
(3—4sin%p) +(4cos20—sin2)) Hs—4H}

<ds IyIS>= @/94N/5)} @/BHA/P) sin sing 1y

<4p. |y|Ss>= (4/315)(2/15)’ (a/ﬂ)f(l/,@) cos§ sin @ sin ¢ I,

<4p: ly[Ss>= (4/315)(2/15)7@/5)’(1/.5) sin?f sin ¢ cosg I,

<4p, |y15s>= (2/945)2/ 15)’[ (a/ﬁ)"(l/ 8) {Io— ((2cos20—
sin?d) -+ 3sin?f(cosP —sin?g)) I2}

<Ss |y|Ss>= (8/18175)a/B)*(1/B) sin 8 sing Jy

<Sp. |yI5s>= (8/14175)3)E (a/B)*(1/8) cosd sind cosé Js

<Sp. |¥1Ss>= (8/14175)(3) (a/B)*(1/B) sin% sin ¢ cos ¢ J;

<5py IpISs>= (4/14175)1/3)F @/BF(1/B) (o ((2c05%-

sin2f)-- 3sin?f(cos2p—sin2g)) Jo}
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The crystal structure of phlorizin, a 8-D-glucopyranoside of a flavonoid dihydrochalcone phloretin, has been determined
by single crystal diffraction methods u:ing diffractometer data obtained by the w-26 scan technique with Cu Ke radiation
from a crystal with space group symmetry P2;2,2; and unit cell parameters a=4.9094 (2), $=19.109 (1), ¢ = 23.275 (4) A.
The structure was solved by direct methods and refined by full-matrix least-squares to a final R = 0.047 for the 1697 observ-
ed reflections. The dihydrochalcone moiety is flat and fully extended. The glucose ring has the 4C; chair conformation
and the conformation of thz primary alcohol group is gauche-gauche. The crystal packing is dominated by an extensive
hydrogen bond ng pattern. There sre one strong and two weak intramolecular hydrogen bonds in the phlorizin molecule.

Introduction

Some of the flavonoid dihydrochalcones and their sac-
charide derivatives display an intensely sweet taste and have
potential use for the nonnutritive sweetners, while the cor-

responding flavanones are usually bitter compounds.!™3
Little is known about the conformational characteristics of
the flavonoid dihydrochalcones themselves and their modes
of linkage to the saccharides. Phlorizin, 2-8-D-~glucopyrano-
side of phloretin. is a sweet compound with bitter aftertaste,



