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WLVWLFDO�SHUWXUEDWLRQ�WKHRU\��637���,Q�FRPSDULQJ�WKH�UHODWLYH�IUHH�HQHUJLHV�IRU�LQWHUFRQYHUVLRQ�RI�RQH�LRQ�SDLU�
5E��WR�.���LQ�+�2��7,3�3��LQ�WKLV�VWXG\�ZLWK�WKH�UHODWLYH�IUHH�HQHUJLHV�RI�WKH�FRPSXWHU�VLPXODWLRQV�DQG�WKH�H[�
SHULPHQWDO��ZH�IRXQG�WKDW�WKH�ILJXUH�LQ�WKLV�VWXG\�LV������ � �����NFDO�PRO�DQG�WKRVH�RI�WKH�FRPSXWHU�VLPXODWLRQV
DUH������ � �����������DQG������NFDO�PRO��7KH�H[SHULPHQWDO�LV������NFDO�PRO��7KHUH�LV�JRRG�DJUHHPHQW�DPRQJ�YDU�
LRXV�VWXGLHV��WDNLQJ�LQWR�DFFRXQW�ERWK�PHWKRGV�XVHG�WR�REWDLQ�WKH�K\GUDWLRQ�IUHH�HQHUJLHV�DQG�VWDQGDUG�GHYLD�
WLRQV�� 7KHUH� LV� DOVR� JRRG� DJUHHPHQW� EHWZHHQ� WKH� FDOFXODWHG� VWUXFWXUDO� SURSHUWLHV� RI� WKLV� VWXG\� DQG� WKH
VLPXODWLRQV��DE�LQLWLR�DQG�WKH�H[SHULPHQWDO�UHVXOWV��:H�KDYH�H[SODLQHG�WKH�GHYLDWLRQ�RI�WKH�UHODWLRQVKLS�EHWZHHQ
WKH�IUHH�HQHUJ\�GLIIHUHQFH�DQG�WKH�2QVDJHU�GLHOHFWULF�IXQFWLRQ�RI�VROYHQWV�E\�WKH�HOHFWURQ�SDLU�GRQRU�SURSHUWLHV
RI�WKH�VROYHQWV��)RU�WKH�5E��DQG�.��LRQ�SDLU��WKH�2QVDJHU�GLHOHFWULF�IXQFWLRQ�RI�VROYHQWV��RU�VROYHQW�SHUPLWWLYLW\��
GRQRU�QXPEHU�RI�VROYHQW�DQG�WKH�GLIIHUHQFHV�LQ�VROYDWLRQ�GRPLQDWH�WKH�GLIIHUHQFHV�LQ�WKH�UHODWLYH�IUHH�HQHUJLHV
RI�VROYDWLRQ�DQG�SDUWLWLRQ�FRHIILFLHQWV��

,QWURGXFWLRQ

7KH�VWXG\�RI�PHWDO�LRQV�LQ�VROXWLRQ�LV�RQH�RI�WKH�PRVW�DFWLYH
DUHDV�LQ�VROXWLRQ�FKHPLVWU\�GXH�WR�WKH�ODUJH�QXPEHU�RI�SK\VL�
FRFKHPLFDO�DQG�ELRFKHPLFDO�SURSHUWLHV�GLUHFWO\�FRQWUROOHG�RU
LQGLUHFWO\� FRQGLWLRQHG� E\� LRQLF� HIIHFWV� LQ� PDQ\� ILHOGV� RI
FKHPLVWU\��ELRFKHPLVWU\��DQG�FKHPLFDO�HQJLQHHULQJ�����'XH�WR
WKH�ODUJH�QXPEHU�RI�SDUWLFOHV�IRUPLQJ�WKHVH�V\VWHPV�DQG�WKH
YDULHW\�RI�GLIIHUHQW�LQWHUDFWLRQV�HVWDEOLVKHG��FRPSXWHU�VLPX�
ODWLRQV�UHSUHVHQW�D�SDUWLFXODUO\�DGHTXDWH�WKHRUHWLFDO�WRRO�IRU
XQGHUVWDQGLQJ� DQG� SUHGLFWLQJ� WKH� SK\VLFRFKHPLFDO� SURSHU�
WLHV� RI� WKRVH� VROXWLRQV� DW� WKH� PLFURVFRSLF� OHYHO����� 8QGHU�
VWDQGLQJ� WKH� SKHQRPHQD� UHODWHG� WR� WKH� VROYDWLRQ� RI� LRQLF
VSHFLHV�KDV�EHHQ�DQ�LPSRUWDQW�TXHVW�LQ�FKHPLFDO�SK\VLFV��DQG
RI�FRXUVH�LQ�PDQ\�UHODWHG�ILHOG��ZKHUH�WKLV�SKHQRPHQRQ�KDV
D�UHOHYDQW�UROH��0DQ\�LQWHUHVWLQJ�SUREOHPV�LQ�ELRPROHFXODU
DQG�ELRPLPDWLF�FKHPLVWU\�LQYROYH�LQWHUDFWLRQ�ZLWK�PHWDO��RU
RWKHU��LRQV�LQ�RQH�ZD\�RU�RWKHU��
&\FODFHQHV�DQG�FROODUHQHV��DUH�NQRZQ�WR�EHKDYH�DV�LRQR�

SKRUHV�DQG�UHFHSWRUV��7KHVH�PROHFXOHV�LQWHUDFW�ZLWK�FDWLRQV
E\�WKH�FDWLRQ�π�LQWHUDFWLRQ��D�E�GLVFRYHUHG�E\�'RXJKWHUW\�DQG
KLV�FRZRUNHUV����7KH�GLIIHUHQFHV�LQ�FDWLRQLF�DIILQLW\�IRU�F\FOD�
FHQHV� DQG� FROODUHQHV� DUH� LQWHUHVWLQJ� LVVXHV�� &\FORGHSVLSHS�
WLGHV�DUH�RIWHQ�SUHVHQW�LQ�ELRORJLFDO�V\VWHPV��PDQ\�RI�ZKLFK
DUH�FRPSOH[LQJ�DJHQWV�IRU�DONDOL�DQG�DONDOLQH�HDUWK�PHWDO�FDW�
LRQV����7KH�GLIIHUHQFHV�LQ�FDWLRQLF�DIILQLW\�IRU�DPLGH�FDUER�
Q\O�JURXSV�RU�HVWHU�FDUERQ\O�JURXSV�LQ�F\FORGHSVLSHWLGHV�DUH
DOVR�LQWHUHVWLQJ�LVVXHV��7KHUHIRUH��LW�LV�LPSRUWDQW�WR�LQYHVWL�
JDWH� WKHLU� VWUXFWXUH� DV�ZHOO� DV� ELQGLQJ� HQHUJHWLFV�ZLWK� FDW�
LRQV��$QG�FRPSOH[LQJ�DJHQWV�OLNH�FURZQ�HWKHUV�DQG�FU\SWDQGV
DUH�DOVR�NQRZQ�WR�HIIHFW�D�GUDPDWLF�FKDQJH�LQ�WKH�LQWHUDFWLRQ
RI�FDWLRQV�ZLWK�WKHLU�FRXQWHULRQV���

7R�XQGHUVWDQG� WKRVH�TXHVWLRQV� DQG�SKHQRPHQD��ZH�QHHG
LQIRUPDWLRQ�RQ�FDWLRQ�VWDELOLW\�RUGHULQJ�LQ�VROXWLRQ��7KLV�FRXOG
EH�REWDLQHG�IURP�WKH�UHODWLYH�IUHH�HQHUJLHV�RI�LRQ�PXWDWLRQ�LQ
VROXWLRQ��6HYHUDO�VWDWLVWLFDO�PHFKDQLFDO�SURFHGXUHV�KDYH�HYROYHG
IRU�FRPSXWLQJ�IUHH�HQHUJ\�GLIIHUHQFHV��7ZR�SDUWLFXODUO\�SURP�
LVLQJ�DSSURDFKHV�DUH�XPEUHOOD�VDPSOLQJ������DQG�D�SHUWXUED�
WLRQ�SURFHGXUH������LQ�ZKLFK�RQH�LRQ�LV�PXWDWHG�LQWR�WKH�RWKHU�
7KH�DELOLW\�WR�DFFXUDWHO\�FDOFXODWH�VROYDWLRQ�IUHH�HQHUJLHV�RI
PROHFXOHV�XVLQJ�SHUWXUEDWLRQ�SURFHGXUH�LV�RQH�RI�WKH�LPSRU�
WDQW�DQG�UHFHQW�GHYHORSPHQWV�LQ�FRPSXWDWLRQDO�FKHPLVWU\���

7KH� GLVWULEXWLRQ� RI� DQ� LRQ� ELQGLQJ� RUJDQLF� VROXWH� EHWZHHQ
SRODU� RU� OHVV� SRODU� DQG� QRQ�SRODU� PHGLD� LV� DQ� LPSRUWDQW
SDUDPHWHU�IRU�VWUXFWXUH�DFWLYLW\�DQDO\VHV�LQ�SKDUPDFRORJLFDO
UHVHDUFK�������0DQ\� SURFHGXUHV� KDYH� EHHQ� GHYLVHG� WR� HVWL�
PDWH�WKH�ORJDULWKP�RI�WKH�SDUWLWLRQ�FRHIILFLHQW��ORJ�3��IRU�D
VROXWH�EHWZHHQ�ZDWHU�DQG�VROYHQWV������

,W� LV� NQRZQ� WKDW� VROYHQW� HIIHFWV� RIWHQ� SOD\� DQ� LPSRUWDQW
UROH�LQ�GHWHUPLQLQJ�HTXLOLEULXP�FRQVWDQWV��WUDQVLWLRQ�VWDWHV�DQG
UDWHV�RI�UHDFWLRQV��π�IDFLDO�VHOHFWLYLW\��FRQIRUPDWLRQV��DQG�RWKHU
TXDQWLWLHV� RI� FKHPLFDO�� FKHPLFDO� SK\VLFV� DQG� ELRFKHPLFDO
LQWHUHVW��
%XW��IHZ�VWXGLHV�RI�VROYHQW�HIIHFWV�RQ�ERWK�WKH�UHODWLYH�IUHH

HQHUJLHV�RI�VROYDWLRQ�DQG� WKH�GLIIHUHQFH� LQ�SDUWLWLRQ�FRHIIL�
FLHQWV��ORJ�3��IRU�DONDOL�PHWDO�LRQV�DUH�DYDLODEOH�
,Q�WKLV�VWXG\��ZH�KDYH�VWXGLHG�VROYHQW�HIIHFW�RQ�LQWHUFRQ�

YHUVLRQ�RI�RQH�DONDOL�PHWDO�LRQ�SDLU��5E��WR�.���XVLQJ�0RQWH
&DUOR�VLPXODWLRQV�ZLWK�VWDWLVWLFDO�SHUWXUEDWLRQ�WKHRU\��637��
7KH� IROORZLQJ� VROYHQWV�ZHUH� VHOHFWHG��+�2� �7,3�3��7,3�3
PRGHOV���&+&O���&+�&1��7+)��&+�2+��&&O���&+�&O���0H20H�
DQG�&�+���7KH\�ZHUH�FKRVHQ�EHFDXVH�WKH\�KDYH�WKH�YDULHW\
RI� WKH� VROYHQW� SURSHUWLHV� DQG� WKH� DYDLODELOLW\� RI� SRWHQWLDO
IXQFWLRQ�SDUDPHWHUV����7KH�IXQGDPHQWDO�DQG�WKHRUHWLFDO�DS�
SURDFK� WR�FRPSXWLQJ�VROYHQW�HIIHFW�RQ�GLIIHUHQFHV� LQ�SDUWL�
WLRQ�FRHIILFLHQWV�DV�ZHOO�DV� WKH�UHODWLYH�IUHH�HQHUJLHV� LV�� IRU
WKH� ILUVW� WLPH�� H[SORUHG� EDVHG� RQ� IOXLG� VLPXODWLRQV� DW� WKH


&RUUHVSRQGLQJ� DXWKRU��7HO�� ������������������)D[�� ��������
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DWRPLF�OHYHO�IRU�WKRVH�LRQV�LQ�WKLV�VWXG\��7KLV�VWXG\�SURYLGHV
VRPH�LQVLJKW�LQWR�VROYHQW�HIIHFW�RQ�QRW�RQO\�YDULDWLRQV�RI�WKH
∆*��DQG�∆*��FRPSRQHQWV�LQ�(T������DQG�KHOSV�DVVHVV�WKH�YLD�
ELOLW\�RI� WKLV� VROYHQW� HIIHFW� DSSURDFK� WR� HVWLPDWLQJ�∆ORJ�3�
7KLV� VWXG\�DOVR�SURYLGHV�DGGLWLRQDO� LQWHUHVWV�RI� WKH� VROYHQW
HIIHFW�RQ�HTXLOLEULXP�FRQVWDQWV��WUDQVLWLRQ�VWDWHV��UDWHV�RI�WKH
RUJDQLF�UHDFWLRQ��π�IDFLDO�VHOHFWLYLW\���F�FRQIRUPDWLRQV��DQG�WKH
RWKHU�TXDQWLWLHV�RI�FKHPLFDO��ELRFKHPLFDO�LQWHUHVW�DQG�FKHP�
LFDO�SK\VLFV�

&RPSXWDWLRQDO�3URFHGXUH

7KH� SURFHGXUH� XVHG� KHUH� LV� VLPLODU� WR� WKDW� HPSOR\HG� WR
VWXG\� LQWHUFRQYHUVLRQ� RI� RUJDQLF� VROXWHV� DQG� LRQV� PXWD�
WLRQ�������7KH�PRGHOHG�V\VWHPV�FRQVLVWHG�RI�WKH�LRQ�SOXV����
VROYHQW� PROHFXOHV� LQ� D� FXELF� FHOO� ZLWK� SHULRGLF� ERXQGDU\
FRQGLWLRQV��)LUVW��WKH�0RQWH�&DUOR�VLPXODWLRQV�DUH�GHVFULEHG�
LQFOXGLQJ�D�VXPPDU\�RI�WKH�PHWKRG�IRU�FRPSXWLQJ�WKH�UHOD�
WLYH�IUHH�HQHUJ\�FKDQJHV�DQG� WKHQ�D�EULHI�GLVFXVVLRQ�RI� WKH
SRWHQWLDO�IXQFWLRQV�LV�JLYHQ�
0RQWH�&DUOR�6LPXODWLRQV� 0RQWH�&DUOR�VLPXODWLRQV�ZHUH

FDUULHG�RXW�LQ�WKH�LVRWKHUPDO�LVREDULF�HQVHPEOH�DW����R&�DQG
�DWP�IRU�V\VWHPV�W\SLFDOO\�FRQVLVWLQJ�RI�WKH�LRQ�SOXV�����VRO�
YHQW�PROHFXOHV�LQ�D�FXELF�FHOO�ZLWK�SHULRGLF�ERXQGDU\�FRQGL�
WLRQV��7KH�IUHH�HQHUJ\�FKDQJHV��∆*��DQG�∆*���ZHUH�REWDLQHG
YLD�D�VHULHV�RI���VHSDUDWH�VLPXODWLRQV�ZLWK�637�������,Q�0RQWH
&DUOR�VLPXODWLRQV�ZLWK�637��ZH�XVHG�GRXEOHZLGH�VDPSOLQJ���

7KH�SHUWXUEDWLRQ�DSSURDFK�LV�EDVHG�RQ�(T��������

���

LQ�ZKLFK�N%�LV�%ROW]PDQV�FRQVWDQW���7�LV�WKH�WHPSHUDWXUH��(�LV
WKH�WRWDO�SRWHQWLDO�HQHUJ\�IRU�WKH�IXOO�V\VWHP��L�DQG�M��7KH�IUHH
HQHUJ\�GLIIHUHQFH�EHWZHHQ�D�UHIHUHQFH�V\VWHP��M��DQG�D�SHU�
WXUEHG�V\VWHP��L��LV�JLYHQ�DV�D�IXQFWLRQ�RI�WKH�DYHUDJH�HQHUJ\
GLIIHUHQFH� EHWZHHQ� WKH� WZR� V\VWHPV���� 7KH� QRWDWLRQ� ��!M

LPSOLHV�WKDW�WKH�FRQILJXUDWLRQDO�VDPSOLQJ�LV�EDVHG�RQ�WKH�UHI�
HUHQFH�V\VWHP��
,I�RQH�FRQVLGHUV�WKH�WKHUPRG\QDPLF�F\FOH�EHORZ�IRU�WZR

LRQV��$�DQG�%��LQ�WZR�VROYHQWV��ORJ�3�IRU�WKH�LRQV�LV�GHILQHG
LQ�(T������DQG�����LQ�WHUPV�RI�WKH�IUHH�HQHUJLHV�RI�WUDQVIHU�
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)URP�WKH�F\FOH��(T������LV�REWDLQHG��ZKLFK�\LHOGV�(T�������
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∆ORJ3� �ORJ3%�−�ORJ3$� ��∆*��$%��−�∆*��$%������57 ���
7KH�ODVW�H[SUHVVLRQ�DVVRFLDWHV�WKH�GLIIHUHQFH�LQ�ORJ�3©V�ZLWK
WKH�GLIIHUHQFH�LQ�IUHH�HQHUJLHV�IRU�PXWDWLQJ�$�WR�%�LQ�WKH�WZR
VROYHQWV��

∆*��DQG�∆*��DUH�DYDLODEOH�IURP�0RQWH�&DUOR�VLPXODWLRQV

LQ�ZKLFK�$�LV�PXWDWHG�WR�%�LQ�WKH�VROYHQWV��&RPSXWDWLRQV�RI
WKLV�W\SH�KDYH�EHHQ�XVHG�LQ�D�UDQJH�RI�DSSOLFDWLRQV��LQFOXGLQJ
VRPH�SUHOLPLQDU\�UHVXOWV�IRU�UHODWLYH�SDUWLWLRQ�FRHIILFLHQWV���

,W�PD\�EH�QRWHG�WKDW�DEVROXWH�ORJ�3©V�FRXOG�DOVR�EH�FRPSXWHG
E\�GLUHFWO\�FDOFXODWLQJ�WKH�IUHH�HQHUJ\�RI�WUDQVIHU��7KLV�ZRXOG
UHTXLUH�WDNLQJ�WKH�GLIIHUHQFH�LQ�DEVROXWH�IUHH�HQHUJLHV�RI�VRO�
YDWLRQ�IRU�WKH�LRQ��ZKLFK�FRXOG�EH�REWDLQHG�IURP�VLPXODWLRQV
LQ�ZKLFK�WKH�LRQ�LV�PDGH�WR�YDQLVK�LQ�WKH�WZR�VROYHQWV������

,Q�WKLV�VWXG\��HDFK�VLPXODWLRQ�HQWDLOHG�DQ�HTXLOLEUDWLRQ�SHULRG
IRU� � × ���� FRQILJXUDWLRQV� VWDUWLQJ� IURP� HTXLOLEUDWHG� ER[HV
RI�VROYHQW��IROORZHG�E\�DYHUDJLQJ�IRU��× ����FRQILJXUDWLRQV�
/LWWOH�GULIW�LQ�WKH�DYHUDJHV�ZDV�IRXQG�GXULQJ�WKH�ODVW��× ���

FRQILJXUDWLRQV����0HWURSROLV�DQG�SUHIHUHQWLDO�VDPSOLQJ�ZHUH
HPSOR\HG��DQG�WKH�UDQJHV�IRU�DWWHPSWHG�WUDQVODWLRQV�DQG�URWD�
WLRQV� RI� WKH� VROXWH� DQG� VROYHQW�PROHFXOHV�ZHUH� DGMXVWHG� WR
JLYH�DQ�DSSUR[LPDWHO\�����DFFHSWDQFH�UDWH�IRU�QHZ�FRQILJX�
UDWLRQV���

,QWHUPROHFXODU�3RWHQWLDO�)XQFWLRQV � 7KH�VROYHQW�VROYHQW
DQG�LRQ�VROYHQW�LQWHUDFWLRQV�ZHUH�GHVFULEHG�E\�SRWHQWLDO�IXQF�
WLRQ� LQ� WKH� VWDQGDUG� /HQQDUG�-RQHV� SOXV� &RXORPE� IRUPDW
�(T������

���

7KH�LRQ�DQG�PROHFXOHV�DUH�UHSUHVHQWHG�E\�LQWHUDFWLRQ�VLWHV
ORFDWHG�RQ�QXFOHL� WKDW� KDYH� DVVRFLDWHG� FKDUJH��TL� DQG�/HQ�
QDUG�-RQHV� SDUDPHWHU�σL� DQG� εL�� 6WDQGDUG� FRPELQLQJ� UXOHV
DUH�XVHG�VXFK�WKDW�$LM  �$LL$MM�����DQG�&LM  �&LL&MM������)XUWKHU�
PRUH�� WKH�$� DQG�&� SDUDPHWHUV� PD\� EH� H[SUHVVHG� DV�$LM  
�εLσL

���DQG�&LM  �εLσL
���ZKHUH�σ�DQG�ε�DUH�WKH�/HQQDUG�-RQHV

UDGLXV�DQG�HQHUJ\� WHUPV�DQG�L�DQG�M� LQGLFHV�VSDQ�DOO�RI� WKH
VROYHQWV�DQG�ZDWHU�VLWHV�
7KH� 23/6� �RSWLPL]HG� SRWHQWLDO� IRU� OLTXLG� VLPXODWLRQ�

SRWHQWLDO� SDUDPHWHU� IRU� WKH� LRQ� DQG� VROYHQWV� DUH� XVHG� DQG
WKRVH�DUH�EDVHG�RQ�D�XQLWHG�DWRP�PRGHO�������+RZHYHU�� WKH
7,3�3�DQG�7,3�3�PRGHO�KDV�EHHQ�XVHG�IRU�ZDWHU���

7KH�FKDUJHV�DQG�/HQQDUG�-RQHV�SDUDPHWHUV�KDYH�EHHQ�VHOHFW�
HG�WR�\LHOG�FRUUHFW�WKHUPRG\QDPLF�DQG�VWUXFWXUDO�UHVXOWV�IRU
SXUH� OLTXLGV����7KH\�DUH� OLVWHG� LQ�7DEOH����7KH�UHVXOWV�ZHUH
REWDLQHG� IURP�0RQWH� &DUOR� VLPXODWLRQV� XVLQJ� ZHOO�HVWDE�
OLVKHG�SURFHGXUHV�������,Q�DOO�WKH�FDOFXODWLRQV��WKH�ERQG�OHQJWKV
DQG�ERQG�DQJOHV�KDYH�EHHQ�NHSW� IL[HG��7KH� LQWHUPROHFXODU
LQWHUDFWLRQV�� L�H�� ORQJ�UDQJH� IRUFHV�� ZHUH� VSKHULFDOO\� WUXQ�
FDWHG�DW�������������� c��GHSHQGLQJ�RQ�ER[�VL]HV�RI�WKH�VRO�
YHQWV�DQG�WKH�UHDFWLRQ�ILHOG�PHWKRG�ZDV�XVHG���

�
5HVXOWV�DQG�'LVFXVVLRQ

5HODWLYH� IUHH� HQHUJLHV��7R� H[SORUH� VROYHQW� HIIHFW� RQ� WKH
GLIIHUHQFHV� LQ� SDUWLWLRQ� FRHIILFLHQWV� DV� ZHOO� DV� WKH� UHODWLYH
IUHH�HQHUJLHV�IRU�LQWHUFRQYHUVLRQ�RI�RQH�LRQ�SDLU��5E��WR�.��
REWDLQHG�IURP�D�0RQWH�&DUOR�VWDWLVWLFDO�VLPXODWLRQ�VWXG\��ZH
FRPSXWHG�WKH�UHODWLYH�IUHH�HQHUJ\�RI�+�2��7,3�3��IRU�FRP�
SDULVRQ�ZLWK�WKH�H[SHULPHQWDO�DQG�FRPSXWHU�VLPXODWLRQV�RI
+�2��:H�KDYH�DOVR�FRPSXWHG�WKRVH�LQ�WKH�RWKHU�VROYHQWV��
7KH� UHODWLYH� IUHH� HQHUJLHV� IRU� LQWHUFRQYHUVLRQ�RI�RQH� LRQ

SDLU��5E��WR�.���IURP�WKH�SUHVHQW�FDOFXODWLRQV�DORQJ�ZLWK�WKH
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FRPSXWHU�VLPXODWLRQV�DUH�OLVWHG�LQ�7DEOH����7KH�UHODWLYH�IUHH
HQHUJLHV�RI�VROYDWLRQ�YHUVXV�WKH�2QVDJHU�GLHOHFWULF�IXQFWLRQ
RI� VROYHQW� �SHUPLWWLYLW\�� DUH�SORWWHG� LQ�)LJXUH����7KH�FRP�
SXWHG� RUGHULQJ� RI� WKH� IUHH� HQHUJLHV� RI� VROYDWLRQ� LQ� VHYHUDO
VROYHQWV� LV�&�+�� !�&&O�� !�&+&O�� !�&+�&O�� !�0H20H�!
7+)� !� +�2�7,3�3�� !� &+�&1� !� +�2�7,3�3�� !� &+�2+�
7KLV�FRPHV�DERXW�E\� WKH�FKDQJH� LQ�VROYDWLRQ� IUHH�HQHUJLHV
IRU�$�JRLQJ�WR�%�ZKLFK�LV�PRUH�IDYRUDEOH�LQ�&+�2+�WKDQ�LQ
WKH�SRODU�DQG�OHVV�SRODU�RU�QRQ�SRODU�VROYHQWV��∆*����∆*����
$V�VKRZQ�LQ�)LJXUH����WKH�UHODWLYH�IUHH�HQHUJLHV�RI�VROYD�

WLRQ�YV��WKH�2QVDJHU�GLHOHFWULF�IXQFWLRQ�RI�VROYHQW�KDYH�WZR
JURXSV�� 2QH� GHFUHDVHV� ZLWK� LQFUHDVLQJ� 2QVDJHU� GLHOHFWULF
IXQFWLRQ�RI�VROYHQWV��7KLV�WUHQG�RI�WKH�UHODWLYH�IUHH�HQHUJLHV
RI�VROYDWLRQ�FRXOG�EH�H[SODLQHG�E\�WKH�GLIIHUHQFHV�LQ�VROYD�
WLRQ��7KH�RWKHU� WUHQG� LV� WKDW�RI�&+�2+��&+�&1��7+)�DQG
0H20H��7KH�UHODWLYH�IUHH�HQHUJLHV�RI�VROYDWLRQ�5E��.��SDLU
LQ�&+�2+��&+�&1��7+)�DQG�0H20H�FRXOG�EH�H[SODLQHG

E\� WKH� IDFW� WKDW� WKH� VWURQJ� LRQ�VROYHQW� LQWHUDFWLRQV� H[LVW� LQ
&+�2+��&+�&1��7+)�DQG�0H20H�VROXWLRQV�HYHQ�WKRXJK
WKH� 2QVDJHU� GLHOHFWULF� IXQFWLRQ� RI� &+�2+�� &+�&1�� 7+)
DQG�0H20H�DUH�VPDOO��7KH�VWURQJ� LRQ�VROYHQW� LQWHUDFWLRQV
LQ�&+�2+��&+�&1��7+)�DQG�0H20H�VROXWLRQV�DUH�GXH�WR
WKH�HOHFWURQ�SDLU�GRQRU�SURSHUWLHV�RI�WKH�VROYHQWV�WR�LRQ��L�H��
GRQRU�QXPEHU��'1��RI�&+�2+��&+�&1��7+)�DQG�0H20H
HVWDEOLVKHG�E\�*XWPDQQ���

,Q�WKH�DEVHQFH�RI�VWURQJ�K\GURJHQ�ERQGLQJ��WKH�PROHFXOH
RU�LRQ�ZLWK�WKH�ODUJHU�GLSROH�PRPHQW�FRXOG�EH�H[SHFWHG�WR�EH
PRUH�IDYRUDEO\�VROYDWHG����7KH�5E��.��SDLU�LQ�&�+��SURYLGHV
D�VWULNLQJ�H[FHSWLRQ�WKDW�SRLQWV�RXW�WKH�LPSRUWDQFH�RI�ORFDO
HOHFWURVWDWLF�LQWHUDFWLRQV�RU�KLJKHU�PXOWLSROH�PRPHQWV����7KH
FRPSXWHG�GLIIHUHQFH�LQ�IUHH�HQHUJLHV�RI�VROYDWLRQ�IRU�LRQV�LQ
&�+��LV�FRPSDUDWLYHO\�VPDOO��
&OHDUO\��WKH�UHSODFHPHQW�RI�WKH�VWURQJHU�LRQ�VROYHQW�LQWHU�

DFWLRQV�ZLWK�WKH�ZHDNHU�LRQ�GLSROH�LQWHUDFWLRQV�LV�UHVSRQVL�
EOH�IRU�WKH�GHFUHDVLQJ�HIIHFW��
&RPSDULQJ�WKH�UHODWLYH�IUHH�HQHUJLHV�IRU�LQWHUFRQYHUVLRQ�RI

7DEOH �� 23/6�SRWHQWLDO�SDUDPHWHUV�IRU�VHYHUDO�VROYHQWV

6ROYHQW VLWH T��H σ c ε�NFDO��PRO
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D0�LV� D� SRLQW� RQ� WKH�ELVHFWRU�RI�+2+�DQJOH�� �����c� IURP� WKH�R[\JHQ
WRZDUG�WKH�K\GURJHQV�

7DEOH �� 5HODWLYH�*LEEV�)UHH�(QHUJLHV��NFDO�PRO��RI�VROYDWLRQ�LQ
VHYHUDO�VROYHQWV�DQG�SHUPLWWLYLW\�ε��DQG�2QVDJHU�GLHOHFWULF�IXQFWLRQ
�ε−���ε���G�RI�VROYHQWV

�6ROYHQW ∆*�5E�→.�� ε H ε −���ε��

+�2�7,3�3�
+�2�7,3�3�
+�2�ULJLG�63&�D

+�2�/'�&6��E

+�2�63&�F

([SHULPHQWG
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DUHI�� ���� EUHI�� ���� FUHI�� ���� GUHI�� ��� H*DXVVLDQ���8VHUV�5HIHUHQFH� �����
S����� I���.�GDWD�IURP�¦+DQGERRN�RI�&KHP��	�3K\V�§���VW (G��&�5�&�
3UHVV�������

)LJXUH �� 3ORW� RI� UHODWLYH� *LEEV� IUHH� HQHUJ\� RI� VROYDWLRQ�YV�
2QVDJHU�GLHOHFWULF�IXQFWLRQ�RI�VROYHQWV�DW���� .�DQG���DWP�



��������%XOO��.RUHDQ�&KHP��6RF��������9RO������1R��� +DJ�6XQJ�.LP

WKH�VROXWH�LRQV��5E��WR�.���LQ�+�2��7,3�3��LQ�WKLV�VWXG\�ZLWK
WKRVH� LQ� UHIV�� ���� ���� ��� DQG� ��� 7KDW� RI� +�2� �7,3�3�� LV
����� � ����� NFDO�PRO� LQ� WKLV� VWXG\�� WKDW� LQ� UHI�� ��� LV� �����
� ����NFDO�PRO��REWDLQHG�IURP�K\GUDWLRQ�IUHH�HQHUJLHV�RI�5E�

������ � ����NFDO�PRO��DQG�.�������� � ����NFDO�PRO���WKDW�RI
H[SHULPHQW�LQ�UHI����LV������NFDO�PRO��WKDW�LQ�UHI�����LV������
NFDO�PRO��REWDLQHG�IURP�K\GUDWLRQ� IUHH�HQHUJLHV�5E��������
NFDO�PRO��DQG�.���������NFDO�PRO��DQG�WKDW�LQ�UHI�����LV������
NFDO�PRO�REWDLQHG��IURP�K\GUDWLRQ�IUHH�HQHUJLHV�RI�DQG�5E�

������ � ����NFDO�PRO��DQG�.�������� � ����NFDO�PRO���UHVSHF�
WLYHO\��7KHUH�LV�JRRG�DJUHHPHQW�DPRQJ�VHYHUDO�VWXGLHV�LI�ZH
FRQVLGHU� ERWK� PHWKRGV� XVHG� WR� REWDLQ� WKH� K\GUDWLRQ� IUHH
HQHUJLHV�DQG�VWDQGDUG�GHYLDWLRQV��)URP�WKLV�FRPSDULVRQ��WKH
FRPSXWHG�GDWD�IRU�WKH�RWKHU�VROYHQWV�DUH�H[SHFWHG�WR�EH�UHOL�
DEOH�� 7KH� UHODWLYH� IUHH� HQHUJLHV� IRU� LQWHUFRQYHUVLRQ� RI� RQH
LRQ�SDLU��5E��WR�.���LQ�+�2��7,3�3��DUH�VPDOOHU�WKDQ�WKDW�RI
+�2��7,3�3���7KLV�GLIIHUHQFH�RI�VROYDWLRQ�FRXOG�EH�H[SODLQHG
E\�WKH�GLIIHUHQFH�LQ�SRODULW\�EHWZHHQ�WZR�ZDWHU�PRGHOV��7KH
WUHQG�RI�ELQGLQJ�HQHUJLHV�RI�F\FORGHSVLSHSWLGHV�DQG�>Q@�FRO�
ODUHQHV�ZLWK�WKRVH�LRQV�REWDLQHG�E\�DE�LQLWLR�DUH�FRLQFLGHQW
ZLWK�RXU�UHVXOWV�IRU�WKH�UHODWLYH�IUHH�HQHUJLHV�RI�K\GUDWLRQ�����

3DUWLWLRQ�FRHIILFLHQWV��7KH� FDOFXODWHG� ORJDULWKPV�RI� VRO�
YHQWV��ZDWHU� >+�2��7,3�3�@�SDUWLWLRQ�FRHIILFLHQWV�DUH� OLVWHG
LQ�7DEOH����,I�FRQWULEXWLRQV�IURP�LQWHUQDO�GHJUHHV�RI�IUHHGRP
DUH� LJQRUHG��∆*��DQG�∆*�� LQ� (T�� �� DUH� MXVW� WKH� GLIIHUHQFH
EHWZHHQ�IUHH�HQHUJLHV�RI�VROYDWLRQ�IRU�$�DQG�%��)RU�H[DPSOH�
LI� VROYHQW� �� LV�&+�2+�DQG� VROYHQW� �� LV� WKH� SRODU� DQG� OHVV
SRODU�RU�QRQ�SRODU�VROYHQW��ODUJHU�YDOXHV�RI�ORJ�3�LPSO\�WKDW
WKH� FKDQJH� IURP� 5E�� WR� .�� UHVXOWV� LQ� JUHDWHU� DIILQLW\� IRU
&+�2+�RYHU� WKH�SRODU�DQG�OHVV�SRODU�RU�QRQ�SRODU�VROYHQW�
$QG� ODUJHU�YDOXHV�RI�∆ORJ�3� LQGLFDWH� WKDW� WKH�FKDQJH�IURP
5E��WR�.��UHVXOWV� LQ� LQFUHDVHG�DIILQLW\�IRU� WKH�&+�2+�RYHU
WKH�RWKHU�VROYHQWV��:H�FRXOG�QRW�FRPSDUH�WKH�GDWD�IURP�WKLV
VWXG\�ZLWK�SUHYLRXVO\�SXEOLVKHG�UHVXOWV�EHFDXVH�WKHUH�ZHUH
QR�VWXGLHV�IRU�ORJDULWKPV�RI�VROYHQWV�&+�2+�SDUWLWLRQ�FRHI�
ILFLHQWV�IRU�LQWHUFRQYHUVLRQ�RI�RQH�LRQ�SDLU��5E��.���
,W�LV�QHFHVVDU\�WR�QRWH�WKDW�WKH�VLJQ�DQG�PDJQLWXGH�RI�WKH

FDOFXODWHG�∆ORJ�3©V�FORVHO\�SDUDOOHO�WKH�UHODWLYH�IUHH�HQHUJLHV
RI� VROYDWLRQ�� 7KLV� UHIOHFWV� WKH� OLPLWHG� YDULDWLRQ� LQ� WKH� IUHH
HQHUJLHV�RI�VROYDWLRQ� LQ�&�+�� UHODWLYH� WR� WKH�RWKHU�VROYHQWV
DQG�HPSKDVL]HV�WKH�GRPLQDQFH�RI�WKH�IUHH�HQHUJLHV�RI�VROYD�
WLRQ� LQ� GHWHUPLQLQJ�� WKH� SDUWLWLRQLQJ�EHKDYLRU� LQ� RWKHU� VRO�
YHQWV�YHUVXV�&�+���
6WUXFWXUDO� SURSHUWLHV�� 7KH� VROYHQWLRQ� VWUXFWXUH� FDQ� EH

FKDUDFWHUL]HG� WKURXJK� UDGLDO� GLVWULEXWLRQ� IXQFWLRQV� �UGIV��
JDL�U���ZKLFK�JLYH�WKH�SUREDELOLW\�RI�ILQGLQJ�DQ�DWRP�RI�W\SH�L
D�GLVWDQFH�U�IURP�DQ�DWRP�RI�W\SH�D��7KH�FDOFXODWHG�UGIV�RI
DWRP�5E��.��LRQ�DUH�VKRZQ�LQ�)LJXUH���WR�)LJXUH���DQG�KDYH
EHHQ�VRUWHG�LQWR�IRXU�SDWWHUQV��DFFRUGLQJ�WR�WKH�VROYHQWV��7KH
SRVLWLRQV�RI�WKH�ILUVW�PD[LPXP�LQ�LRQ��2��1��&O�DQG�&+���LQ
VROYHQWV� REWDLQHG� IURP� UGIV� DUH� OLVWHG� LQ� 7DEOH� ��D��� 7KH\
GHFUHDVH�ZKHQ�5E��LRQ�WUDQVIRUPV�WR�.��LRQ�LQ�DOO�VROYHQWV�
7KH�QXPEHUV�RI�VROYHQW�PROHFXOHV�LQ�WKH�ILUVW�FRRUGLQDWLRQ
VKHOO�RI�5E��.��LRQV�FDQ�EH�HYDOXDWHG�E\�LQWHJUDWLQJ�LRQ��2�
1��&O�DQG�&+���LQ�VROYHQWV�UGIV�WR�WKHLU�ILUVW�PLQLPXP��6HH
7DEOH� ��D��� 7KH� QXPEHU� RI� VROYHQW� PROHFXOHV� LQ� WKH� ILUVW
FRRUGLQDWLRQ�VKHOO�RI�5E��.��LRQV�DOVR�GHFUHDVHV�ZKHQ�5E�

LRQ�WUDQVIRUPV�WR�.��LRQ�LQ�DOO�VROYHQWV�H[FHSW�IRU�&+&O��
7KH�UGIV�RI�DWRP�5E��.��LRQ�LQ�VROYHQWV�WKDW�KDYH�2�DWRP

GLVSOD\�WZR�ZHOO�GHILQHG�SHDNV��ZKHUHDV�WKH�5E��LRQ�WUDQV�
IRUP�WR�WKH�.��LRQ��,Q�WKH�ILUVW�UGI©V�SDWWHUQ�VKRZQ�LQ�)LJXUH��
WR�)LJXUH����WKH�DWRP��2��LQ�VROYHQWV�5E��.��LRQ�K\GURJHQ
ERQGLQJ�LV�UHIOHFWHG�LQ�WKH�KLJK��ILUVW�SHDN�LQ�UGIV��%XW�DV�λ
LQFUHDVHV��WKH�PD[LPXP�SHDN�SRVLWLRQV�RI�2�5E��.��LRQ�UGIV
PRYH�WR�WKH�VPDOOHU�U�YDOXH�DV�VKRZQ�LQ�)LJXUH���WR�)LJXUH���
DQG�WKH�LQWHQVLW\�RI�WKH�PD[LPXP�SHDN�RI�2�5E��.��LRQ�UGIV
LQFUHDVHV��7KLV�PHDQV�WKDW�WKH�2�LRQ�ERQGLQJ�IHDWXUHV�EHFRPH
VWURQJHU�DV�λ�LQFUHDVHV�DQG�5E��LRQ�VPRRWKO\�WUDQVIRUPV�WR
.��LRQ�
([SHULPHQWDO�GDWD�RI�WKH�LRQ�VROYHQW�VWUXFWXUH�LQ�5E��DQG

.��LRQV�DTXHRXV�VROXWLRQV�DUH�HVVHQWLDOO\�OLPLWHG�WR�WKH�ILUVW
VKHOO��,Q�7DEOH���E��DQG��F���WKH�SRVLWLRQV�RI�WKH�ILUVW�PD[L�
PXP�LQ�LRQ�R[\JHQ�UGI©V�REWDLQHG�IURP�WKLV�VWXG\�DUH�FRP�
SDUHG�ZLWK�YDULRXV�VLPXODWLRQV��DE�LQLWLR�DQG�WKH�H[SHULPHQWDO
UHVXOWV�������7KHUH�LV�JRRG�DJUHHPHQW�EHWZHHQ�RXU�UHVXOWV�DQG
WKH�VLPXODWLRQV��7KH�UHVXOWV�RI�WKLV�VWXG\�DUH�XQLIRUPO\�JRRG�
,QWHUHVWLQJO\��WKH�RSWLPL]HG�ERQG�OHQJWKV�LQ�VPDOO�LRQ�PROH�
FXOH�FOXVWHUV�XVLQJ�IXQFWLRQ�IURP�DE�LQLWLR�FDOFXODWLRQV�DJUHH
ZHOO�ZLWK� WKH� DTXHRXV�.�� VROXWLRQ���� 5DR� DQG�%HUQH� KDYH
QRWHG� WKDW� ORFDO� VROYDWLRQ�VWUXFWXUHV� LQ�DTXHRXV� LRQLF� VROX�
WLRQV�DUH�VLPLODU�WR�WKRVH�LQ�UHODWLYHO\�VPDOO�FOXVWHUV����
7KH�FDOFXODWHG�FRRUGLQDWLRQ�QXPEHUV�IRU�LRQV�LQ�DTXHRXV

VROXWLRQV�DUH�DOVR�FRPSDUHG�ZLWK�WKH�FRPSXWHU�VLPXODWLRQV

7DEOH �� 'LIIHUHQFHV�LQ�WKH�ORJDULWKPV�RI�VROYHQWV�&+�2+�SDUWLWLRQ
FRHIILFLHQWV

6ROYHQW ORJ�3%�−�ORJ�3$
+�2�7,3�3��
+�2�7,3�3��
&+�&1
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)LJXUH �� &RPSXWHG� UDGLDO� GLVWULEXWLRQ� IXQFWLRQ� EHWZHHQ� 2� RI
+�2��7,3�3��DQG�LRQ�FRQYHUWHG�IURP�5E��WR�.���'LVWDQFHV�DUH�LQ
DQJVWURPV�WKURXJKRXW�



6ROYHQW�(IIHFW�RQ�5E��WR�.��,RQ�0XWDWLRQ��0RQWH�&DUOR�6LPXODWLRQ�6WXG\ �%XOO��.RUHDQ�&KHP��6RF��������9RO������1R�����������

DQG�WKH�H[SHULPHQWDO�UHVXOWV�LQ�7DEOH���E��DQG��F���%RWK�WKH
FDOFXODWHG�DQG� WKH�H[SHULPHQWDO� UHVXOWV�DUH� VHQVLWLYH� WR� WKH
GHILQLWLRQ�RI�FRRUGLQDWLRQ�QXPEHU��$�ZLGH�UDQJH�RI�H[SHUL�
PHQWDO�K\GUDWLRQ�QXPEHUV� LV�DYDLODEOH� IURP�PRELOLW\�PHD�
VXUHPHQWV���� 7KHVH� YDOXHV� FRUUHVSRQG� WR� WKH� QXPEHU� RI
VROYHQW�PROHFXOHV�WKDW�KDYH�XQGHUJRQH�VRPH�FRQVWDQW�FULWL�
FDO� FKDQJH� GXH� WR� WKH� LRQ�� D� FKDQJH� WKDW� LV� VXVFHSWLEOH� WR
PHDVXUHPHQW�E\�D�SDUWLFXODU� H[SHULPHQWDO� WHFKQLTXH��6XFK
K\GUDWLRQ�QXPEHUV�DUH�RIWHQ�TXLWH�GLIIHUHQW�IURP�FRRUGLQD�
WLRQ�QXPEHUV�EDVHG�RQ�D�VWUXFWXUDO�GHILQLWLRQ��OLNH�WKRVH�IURP

GLIIUDFWLRQ�H[SHULPHQWV���

0H]HL�DQG�%HYHULGJH�REWDLQHG�WKHLU�YDOXHV�E\�LQWHJUDWLQJ
WKH�LRQ�FHQWHU�RI�PDVV�RI�ZDWHU�UGI©V�XS�WR�WKH�PLQLPXP�RI
WKH�ILUVW�SHDNV����7KHVH�YDOXHV�ZLOO�QRW�EH�VLJQLILFDQWO\�GLI�
IHUHQW� LI� WKH\� DUH� EDVHG� RQ� LRQ�R[\JHQ� UGI©V�� 7KLV� LV� D
VWUDLJKWIRUZDUG�GHILQLWLRQ�DQG�WKLV�KDV�EHHQ�DGRSWHG�IRU�DOO
WKH�FDOFXODWHG�YDOXHV�IRU�WKRVH�LRQV��)RU�WKH�SUHVHQW�UHVXOWV�
WKH�FRRUGLQDWLRQ�QXPEHU�LV�UHSRUWHG�RQ�WKH�EDVLV�RI�LQWHJUD�
WLRQ�WR�WKH�PLQLPXP�DIWHU�WKH�ILUVW�SHDN�LQ�WKH�LRQ�R[\JHQ�
$V�VKRZQ�LQ�7DEOH����E��DQG��F���WKH�FDOFXODWHG�FRRUGLQDWLRQ
QXPEHUV�IURP�WKH�LRQ�R[\JHQ�UGI©V�FRPSDUH�IDYRUDEO\�ZLWK
WKH� YDULRXV� VLPXODWLRQV��DE� LQLWLR� DQG� H[SHULPHQWDO� UHVXOWV
WDNLQJ�LQWR�DFFRXQW�WKH�SUREOHPV�LQ�WKH�GHILQLWLRQ��%DVHG�RQ
WKLV�FRPSDULVRQ�� WKH�FRPSXWHG�VWUXFWXUDO�SURSHUWLHV�GDWD� LQ
WKH�RWKHU�VROYHQWV�DUH�H[SHFWHG�WR�EH�UHOLDEOH
7KH�VHFRQG�SDWWHUQ�RI�WKH�UGI©V�RI�WKH�2�DWRP�LQ�VROYHQWV�

5E��.�� LRQ� GLVSOD\V� RQH�ZHOO�GHILQHG� SHDN��ZKLOH� WKH�5E�

LRQ�LV�WUDQVIRUPHG�WR�WKH�.��LRQ�DV�VKRZQ�LQ�)LJXUH����%XW
WKH�2�DWRP�LQ�VROYHQWV��5E��.��LRQ�ERQGLQJ�LV�DOVR�UHIOHFWHG
LQ�WKH�KLJK��QDUURZ�ILUVW�SHDN�LQ�WKH�UGIV��$V�λ�LQFUHDVHV��WKH
PD[LPXP�SHDN�SRVLWLRQV�RI�WKH�2�DWRP�LQ�VROYHQWV��5E��.�

LRQ�UGIV�DOVR�PRYH�WR�WKH�VPDOOHU�U�YDOXH�DV�VKRZQ�LQ�WKH�ILUVW
SDWWHUQ� UGIV��7KH� LQWHQVLW\�RI� WKH�PD[LPXP�SHDN�RI� WKH�2

7DEOH �� 6WUXFWXUDO�UHVXOWV�IRU�WKH�ILUVW�VKHOO
�D��6WUXFWXUDO�SURSHUWLHV�RI�5E��.��LRQ�LQ�VHYHUDO�VROYHQWV

6ROYHQW 5E� LRQ .��LRQ

5L�R�c� &RRUGLQDWLRQ
1XPEHU

5L�R�c� &RRUGLQDWLRQ
1XPEHU

+�2�7,3�3� ��� ��� ��� ���

+�2�7,3�3� ��� ��� ��� ���

&+�2+ ��� ��� ��� ���

7+) ��� ��� ��� ���

0H20H ��� ��� ��� ���

5L�1�c� &RRUGLQDWLRQ
1XPEHU

5L�1�c� &RRUGLQDWLRQ
1XPEHU

&+�&1 ��� ��� ��� ���

��5L�&O���c� &RRUGLQDWLRQ
1XPEHU

��5L�&O���c� &RRUGLQDWLRQ
1XPEHU

&+�&O� ��� ��� ��� ���

&+&O� ��� ��� ��� ���

&&O� ��� ��� ��� �

5L�&+�
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