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The time-dependent tracking inversion method is studied to extract the potential energy surface of the electronic
excited state in the photodissociation of triatomic molecules. Based on the relay of the regularized inversion
procedure and time-dependent wave packet propagation, the algorithm extracts the underlying potential energy
surface piece by piece by tracking the time-dependent data, which can be synthesized from Raman excitation
profiles. We have demonstrated the algorithm to extract the potential energy surface of electronic excited state
for NO2 molecule where the wave packet split on a saddle-shaped surface. Finally, we describe the merits of
the time-dependent tracking inversion method compared with the time-independent inversion method and dis-
cussed several extensions of the algorithm.
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Introduction
 
The dissociation of molecules through the absorption of

UV photons is the most fundamental problem of photochem-
istry and chemical processes. This phenomenon is well
suited for the study of intra- and intermolecular dynamics,
coupling among different bonds, energy transfer from one
mode to the others, the breaking of bonds and the formation
of new ones. During the last two decades, the improving
state of the art of crossed-beam techniques in combination
with ultrashort laser pulses and high-resolution spectro-
scopic techniques has provided details of photodissociation
processes in polyatomic molecules. Complete identification
of the initial state in the ground state and dynamics calcula-
tions for the excited state surfaces enable researchers to
obtain a sequence of snapshots of a molecular system from
its preparation all the way through to the product.

Using highly successful modern experimental techniques,
theoreticians have greatly advanced computational methods
to treat photodissociation processes. The power of modern
computers allows access to the dissociation dynamics of tri-
atomic molecules by exact quantum mechanical methods
without any approximation. In the field of photodissociation,
the close interplay between experiment and theory has con-
tributed greatly to the understanding of photochemical pro-
cesses.

However, the potential energy surface (PES) of triatomic
molecules has complicated topology, especially for excited
electronic states. Avoiding crossings of the PES of interest
with the PES’s of other electronic states can lead to potential
barriers or potential wells. Also, in addition to the unique
dissociation channel, there are other channels, including the

breakup into three atoms. Thus, the exact information of the
PES is important to the study of dissociation dynamics.1 The
determination of PES has been studied for many years by
two different approaches.2-4 One approach is to perform ab
initio calculation’s within the Born-Oppenheimer approxi-
mation,5 which is a forward method, and the other, which is an
inverse method,6-8 is to perform inversion of experimental data.

In recent years, ab initio calculations have been very
advanced but still limited to relatively small systems and
lacking the accuracy demanded by quantitative dynamical
calculation. Most of existing numerical procedures to extract
PES from laboratory data use a traditional least-squares fit-
ting methods,9 but these methods have the drawback of con-
straining PES’s to follow a fixed function form, making
good fits difficult to obtain. Without the assumption of any
PES form, a direct inversion method is available for the sim-
ple case of diatomic molecules. It is known as the semi-clas-
sical Rydberg-Klein-Rees (RKR) method.10 Although the RKR
method has been used successfully to determine of one-
dimensional PES, it cannot be applied to replusive PES's and
to a PES with more than one minimum.11

Recently, a regularized inversion method was developed
within the framework of the Tikhonov regularization proce-
dure.12 The method is related to the iterative inversion algo-
rithm, which extracts the underlying PES, based on the func-
tional derivatives of the experimental data with respect to the
PES. One important aspect of this method is that it allows
the value of the PES at every point in space to vary indepen-
dently compared with the parameter-fitting methods. Because
there are more discretization points for PES than data points
(i.e., ill-posedness of the inversion12-16), reasonable regulari-
zation constraints have to be included for the stability of the
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solution, e.g., smoothness of the potential.
In general, experimental data can be obtained from either

stationary (frequency-domain)7-8 or time-dependent experi-
ments. The latter just recently became available as exciting
real-time dynamical experiments, such as femtosecond tran-
sition-state spectroscopy (FTS).17-22 Both frequency-domain
and time-dependent measurements can reflect the same
basic information about the molecules involved.20 Gruebele
et al.21 have reported on the use of FTS to yield accurate
spectral information (vibrational and rotational) via Fourier
transformation and to directly invert to the PES, using the
semiclassical RKR method. (i.e., frequency-domain inversion).23

In the present study, we expand our earlier time-dependent
tracking inversion method to systems with more than one
internal degree of freedom. This method applies to the tri-
atomic system to extract PES of the electronic excited state
from tracking the time-dependent data24 (i.e. the correlation
function) which can be synthesized from frequency-domain
measurements, such as the Raman excitation profile (REP)
in photodissociation processes. The merits of the time-
dependent tracking inversion method24 are as following;
First, there is no need to assign energy level labels. In poly-
atomic molecules, this task is notoriously difficult in the fre-
quency-domain inversion approach. However, the assignment
problem is completely avoided in the tracking algorithm,
since the time ordering of data does the assigning. Second,
compared with the iterative inversion method in frequency
domain, the proposed inversion algorithm is direct and com-
putationally efficient because it solves the inversion problem
at each time step extracting the PES piece by piece.

In the following section, we outline the time-dependent
inversion method based on the Tikhonov regularization pro-
cedure to extract the PES from the correlation function.
Next, we simulate the inversion of the PES of the excited
electronic state of NO2 where the wave packet split on a sad-
dle-shaped surface from the REP in photodissociation pro-
cesses. This is followed by discussions on possible applica-
tions of the inversion method to problems involving the
dipole function and the PES, simultaneously.

Theory

Figure 1 shows the photodissociation of a triatomic mole-
cule ABC into products A and BC. Before the absorption
process, the molecule is assumed to be in a particular initial
vibrational state |φi> in the ground electronic state (S0). Absorp-
tion of a photon promotes a molecule to the excited elec-
tronic state (S1) on which the initial wave packet |ψ (0)> is
propagated, according to the time-dependent schr dinger’s
equation. The corresponding PES’s will be denoted by Vg

and Ve, respectively. If the upper-state potential is purely
repulsive along the dissociation coordinate R, the molecule
dissociates immediately into the fragments A+BC. If, on the
other hand, Ve has a barrier that blocks direct dissociation,
the bond dissociation will be delayed.

When molecules are excited to a photodissociative conti-
nuum, the absorption spectrum σabs(w) measures the proba-

bility of absorbing a photon with specific frequency irrespective
of the fate of the excited molecule. It depends primarily on
the shape of the PES in the Franck-Condon (FC) region. The
vast majority of excited molecules dissociate without any
emitted radiation. A very small fraction will exchange one of
the incident photons ω for one of a different wavelength ω',
thereby returning to a different vibrational level of the
ground electronic state |φf >. Because the lifetime of the dis-
sociating molecule is usually less than the order of picosec-
onds and much shorter than the lifetime for spontaneous
emission, which is of the order of nanoseconds, the intensity
of the emitted light is extremely low. Nevertheless, it can be
measured with sensitive detectors, and its intensity is given
by the Raman scattering cross-section σfi(w).

, (1)

where ω and ω' are the incident frequency and the scattered
frequency, respectively.

The dependence of the cross-section for a given transition
upon the excitation frequency ω will be referred to as the
Raman excitation profile (REP). It reflects the motion of the
dissociating complex in the excited electronic state and is
used to extract information about Ve. Because the REP
involves the overlap of the wave function in the upper elec-
tronic state with the excited vibrational states in the ground
electronic state, it is sensitive to a wider region of the upper
PES than the absorption spectrum σabs (w). αfi(ω) in Eq. (1)
is the polarizability appropriate to this transition and
expressed as

 
, (2)

σfi ω( ) ωω′3 αf i ω( ) 2=

αf i ω( ) td
0

∞

∫ e
i ω Ei+ h iΓ+⁄( )t

Sfi t( )=

Figure 1. The UV photodissociation of triatomic molecule ABC
into products A+BC. The electronic excitation occurs from the
molecule in a particular initial state |φ i > in the ground electronic
state (S0) to the excited singlet electronic state (S1). The corresponding
PES are Vg and Ve, respectively. σabs(w) and σfi(ω) denote the
absorption cross section and the Raman scattering cross section,
respectively.31
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where Ei is the energy of the initial vibrational state and Γ is
the usual phenomenological damping parameter (i.e., the
inverse of the lifetime). Sfi(t) is the correlation function defined
as

, (3)

where He is the nuclear Hamiltonian in the excited electronic
state, and µ represents the transition dipole moment.

For simplicity, we assume that the ground electronic state
is understood so well that its vibrational eigenfunctions and
energies are available. Then, with the knowledge of the
excited electronic state’s PES, Ve and the transition dipole
moment µ, it is straightforward to calculate the REP for
every possible transition given in Eqs (2) and (3). However,
is it possible to get the information about Ve from the REP’s.

With the known initial wave packet and the correlation
function, which can be obtained from the REP, we want to
extract the PES of the excited electronic state on which the
wave packet is propagated. In the limit of the Condon
approximation (to ignore dependence of the transition
moments on internal nuclear coordinates), the initial non-
stationary wave packet on the excited PES in the FC region
can be prepared as |φ i > = |ψi(0)>, and the initial wave
packet is propagated on the excited PES according to the
time-dependent Schrödinger’s equation. The solution can be
expressed as |φ i (0) > = |ψi(t) >. Then, Eq. (3) can be
rewritten as following

. (4)

Further differentiating Sfi(t) with respect to t, the PES of
the excited state can be related to it as

, (5)

where the Hamiltonian of the excited electronic state is parti-
tioned into kinetic and potential operators He = T+Ve. The
time derivative of the correlation function and the kinetic
energy operator T is known and the potential Ve is what we
want to extract. Rearranging Eq. (5) gives the Fredholm
integral equation of the first kind as

, (6)

where the known term gj(t) and the kernel Kj( ) in Eq. (6)
are

(7)

. (8)

If we put t=0 in Eq. (5), the solution of the integral equa-
tion gives the local excited potential Ve

0, where the initial
non-stationary states ψj(0) are localized in the FC region.

Then, this piece of potential Ve
0 is used to propagate the

wave function ψj(0) to the next time ψj(t), according to the
time-dependent schr dinger equation by the split operator
method of Feit and Fleck.27 The wave function at the next
time step can be expressed as

. (9)

With the known φ f and ψi(t) [i.e., using the correlation
function Sfi(t)], Eq. (6) gives the next piece of the potential
Ve

1. With Ve
1, the wave function at the next time step φ i(2t)

can be obtained by propagation, and wave functions φ f and
ψ i(2t) allow obtaining Ve

2 from Eq. (8), etc. The relay of the
inversion process and the wave packet propagation continue
until the wave functions have sampled all dynamically
accessible regions of the PES. Finally, the potential is the
sum of these pieces, Ve

i.
In general, with the known PES’s, the correlation function

can be calculated from Eq. (4), because this forward prob-
lem is usually well-posed problem and it has a unique solu-
tion. However, the inverse problem of extracting PES from
experimental data is ill-posed problem because it corre-
sponds to the determination of the continuous PES from a
given set of discrete data (observable measurements). A rea-
sonable regularization constraint, e.g. smoothness of PES, is
needed to solve Eq. (7). For this, Eq. (7) can be transformed,
via integration by parts as

, (10)

where 

.

Here we have taken into account the fact that the potential,
as well as its derivative, V(n)( ), usually approach zero quickly
as the dissociation coordinate becomes infinite. Then, the
regularized solution in Eq. (10) is achieved by minimizing
the following functional7

. (11)

The regularization parameter α denotes the tradeoff
between reproducing the data and obtaining a smooth solu-
tion. If we choose too small an α value, PES is overfitted
with the data and lose smoothness. On the other hand, the
resolution of PES may be very poor if we try to oversuppress
the smoothness of PES by choosing too large an α value.
Consequently, it is necessary to properly choose an α value
for Eq. (11) to yield an adequate PES. The solution of Eq.
(11) can be obtained by a singular value decomposition
method as 

Sfi t( ) φf µe
iHet h⁄–

µ φ i〈 〉=

e iHet h⁄–

Sft t( ) φf ψi t( )〈 〉=

ih
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,

where uj, vj( ) are the singular function for the kernel Kj
T

and Kj, with singular values wj

(13)

. (14)

For a more detailed derivation, see Ref. 12.

Calculations

In our previous numerical study, a simple diatomic-like
model was used to demonstrate the applicability of the time-
dependent tracking inversion method to absorption spectra.
In the present paper, we expand this method to systems with
more than one internal degree of freedom. Our target mole-
cule is NO2.28-36 The coordinates r1, r2 and θ define the
dynamics for NO2, where r1 and r2 denote the distances from
N to each of the O atoms. The coordinate θ is the bending
angle between the two radial NO directions. In these coordi-
nates, the two-dimensional Hamiltonian for NO2 is defined by

, (15)

where µ−1 = mO
−1 + mN

−1 and mO and mN are the masses of
the oxygen and nitrogen, respectively.

The time-dependent study of NO2 photodissociation is
defined by two PES, S0 and S1, corresponding to the elec-
tronic ground and excited states, respectively.29 The S0 sur-
face typically has a pronounced well leading to the presence
of bound states. The S1 surface may have a shallow well,
which may not be able to support bound states. The S1 sur-
face is based on the ab initio data. The original expression
given by Hirsch and Buenker37 as

, (16)

where

(17a)

(17b)

. (17c)

All parameters are given in Ref. 31.
The ground PES is used for determining the ground state

wave function to be used as the initial wave packet on the S1

surface. For simplicity, the bending angle θ is frozen at a
selected equilibrium value θeq. Using the equilibrium value
re = 2.27a.u., for r1, r2, the ground Morse PES is given as

(18)

and the corresponding ground state gaussian wave functions
are given as

(19a)

,

(19b)

where Ln(x) is a Laguerre polynomial,

(19c)

. (19d)

These parameters in atomic unit (D, re, a) = (0.2953, 2.27,
1.3164) can be found in Ref. 36.

To perform the wave packet dynamics calculation, the
ground state wave function was first computed on the S0 sur-
face. This ground state wave functionvert |φ i> was vertically
shifted to the S1 surface to provide the initial wave packet
propagated on the excited PES. Starting at an N-O distance
of 1.6 a.u., 256 grid points were placed every 0.05 a.u. in
each coordinate. It should be pointed out that in all calcula-
tions presented here the vibronic coupling between the S0

and the S1 surface is neglected. However, the dynamics on
the isolated diabatic S1 surface of NO2 gives reasonable
spectroscopic data and provides a significant test for the fea-
sibility of the time-dependent tracking inversion method.

Figure 2 shows the wave packetvert |ψ(t)> as a function of
the symmetric stretch coordinate r1 + r2 and the asymmetric
stretch coordinate r1 − r2 at 0, 12, 24, 48 and 120 fs. The cor-
responding PES V(r1, r2, θ0) of the S1 state is given for a
fixed value θeq = 133.89o, which is the equilibrium bending
angle in the ground state. It has been found that the wave
packet spreads along the dissociation coordinate during the
propagation. Initially, the compact wave packet moves in the
direction of the symmetric stretch coordinate r1 + r2. Since
the motion occurs on the saddle of the PES, strong spreading
of the wave packet in the direction of the asymmetric stretch
coordinate r1 − r2 was found. After about 24 fs, the turning
point of the symmetric stretch motion is reached. The wave
packet becomes extremely broad and starts moving toward
the potential valleys.

The amplitude of the correlation function is shown in Fig-
ure 3. Two recurrences are apparent, one at approximately
48 fs and the other at 120 fs. The first recurrence corresponds to
the symmetric stretch resonance that occurs because some
portion of the wave packet is reflected from the symmetric
stretch barrier and returns to the FC region. Another portion
is reflected from the barrier toward the repulsive wall to the
dissociation valleys. Because of the geometry of the PES,
some portion is reflected back toward the barrier and then
redirected back to the FC region at approximately 120 fs.

The REP σf`i(E) is obtained from Eq. (1) and (2) as the
Fourier transform of the correlation function. This is shown
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in Figure 4 as the solid line for f = (0,0). When the final
vibrational state f` is the same as the initial state, the correla-
tion function becomes the auto-correlation function and the
REP becomes the absorption spectrum. The overall enve-
lope of the absorption spectrum is controlled by the width of
the correlation functions and small spikes can be explained
by the oscillation period of the symmetric stretch resonance
and the hyperspherical resonance.

From differentiating Sfi(t) with respect to t and initial con-
ditions, we have performed the relay of the inversion proce-

dure and the wave packet propagation to extract the underlying
PES piece by piece. Comparisons of the inverted potentials
with the exact one, according to the time evolution of the
wave packet, are shown in Figure 5. In Figure 5(a), the com-
parison is shown along r1 at the fixed equilibrium position
(r2 = 2.4125 a.u.) of S1 surface. Figure 5(b) displays along
the symmetric stretch coordinate (r1 + r2) at a fixed asym-
metric stretch coordinate (i.e. r1 = r2). We found that the
inversion algorithm extracts the potential beyond the FC region
function, and that the inverted potential closely resembles

Figure 2. the wave packetvert ψ(t) > as a function of the symmetric stretch coordinate r1 + r2 and asymmetric stretch coordinate r1− r2 at (a) 0,
(b) 12, (c) 24, (d) 48 and (e) 120 fs (θ = 133.89o).
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the exact one until the wave packet reaches the turning point
in the symmetric coordinate. Beyond the turning point, there
is a sizable difference from the exact ones at the large dis-
tance where the wave packet cannot reach.

Table 1 presents the FC region and inverted PES region.
The data show that the time-dependent inversion algorithm
can extract the excited electronic PES beyond the FC region
until the wave packet reaches the turning point.

The FC region of the S1 surface of the NO2 molecule is
inverted exactly because it has two kinds of resonances and
is trapped temporarily in the resonance before the dissocia-
tion. However, the S0 surface has a pronounced well and the
ground state wave functions are localized around the equilib-

rium position, the amplitude of the correlation function
decays quickly in exit channels. Extraction of the PES along
the entire dissociation channel may be accomplished by using
the PES of another known electronic state for the final state
with shallow well. Another way to extract the PES along the
dissociation coordinate is to use the measured mean position
of atoms in the molecules by ultrafast x-ray or electron dif-
fraction.

Discussion

The time-dependent inversion method has been applied to
extract the PES of the excited electronic state from tracking
the time-dependent data (i.e. the correlation function), which
can be synthesized from the Raman excitation profile (REP)
in the photodissociation process. To demonstrate the feasi-
bility of the time-dependent inversion algorithm, we have
simulated the inversion of the PES of the NO2 molecule in
the UV photodissociation process. Using the inversion
algorithm and the wave packet propagation by turns, we
have demonstrated that this algorithm extracts underlying
PES piece by piece.

The results show that we can obtain the excited electronic
PES along the dissociation path from the FC region to the
exit channel as far as the propagated wave packet on the
excited PES overlaps with excited vibrational states in the
ground electronic state. This numerical experiment should
be regarded as extremely encouraging for extracting the
detailed structure of non-FC regions from frequency mea-
surement. Because the inverse algorithm included the
asymptotic condition of the exit channels in Eq. (10), it can

Figure 4. Raman Excitiation Profile. σfi(E). f = (0,0), (0,1), (1,0), (1,1) (θ = 133.89o).

Figure 3. The amplitude of the correlation function (θ = 133.89o).
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extract the PES smoothly without any assumption. Also,
even in the case of splitting dissociation, such as NO2

31,
FNO31,39 etc, the inversion algorithm extracts the potential
beyond the FC region and the inverted potential closely
resembles the exact one until the wave packet reaches the turn-
ing points in the symmetric and the asymmetric coordinates.

Compared with the time-independent inversion methods,
the time-dependent tracking inversion approach has several
advantages. In the time-independent method, it is necessary
to assign quantum numbers to compare the experimental data
with the corresponding data generated from the trial poten-
tial. The assignment process is very difficult in many situa-
tions, for example, when the potential is multidimensional
and when the spectra are non-separable. However, in the
tracking approach the assignment is avoided completely,

since the time carries out the assigning.
Also, the proposed tracking inversion method is a quite

different approach from the fitting methods. Usually, the
deviation of the fitted from the exact potentials becomes
larger as the dissociation coordinates move further from the
equilibrium position. But, the tracking algorithm automati-
cally satisfies the boundary condition, avoiding the discre-
pancy far from the equilibrium position.

Moreover, we note that the proposed approach can be
extended to extract the underlying PES and dipole functions
simultaneously from tracking the mean position of wave
packets. Most of the PES's can be obtained by the control of
the wave packet trajectories.
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